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1. Wave Equation

[15 marks] Find the solution to the wave equation:
U = Cugz on 0 < x <1,

with «(0,t) = 0, u(l,t) = 0, and:
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2. Separation of Variables
[30 marks] The Laplace Equation is given by uye + ty, = 0, for u(z,y).
Solve the laplace equation on the infinite rectangle:
S={0<zr<1,0<y <0}
with the boundary conditions:
u(0,y) =0 u(l,y) =0
Jim u(z,) =0
u(z,0) = o(x)
(Intuitively, we can view the variable y as the variable ¢.)
1. Using separation of variables u(z,y) = X (z)Y (y). define the separation constant with
XII
F==
2. Recall for f(z), the solutions to the ODE f”(z) = kf(z) is given by f(z) = AeVEke 4 Be-vhz,
3. Apply the boundary conditions u(0,y) = 0 and u(l,y) = 0, to find A.
4. Apply the boundary condition hl'{.lo u(z,y) =
Py
5. Apply the boundary condition u(z,0) = ¢(z), and write the solution u(z,y).
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3. Schrodinger Equation

l ;
[20 marks] Consider a quantum particle in a box of length 5 obeying the Schrédinger Equation:

Q 3 th¥; = —;illl”
m

. R . 1
Initially, its probability density is uniformly distributed in the box (of size 5)
At time ¢ = 0, the box suddenly doubled in size to length /.
Thus the domain has increased to 0 < z < [, while the initial condition is:

l
( Y
)<ac<2

N 0<z<£
T(z,0) = ¢(x) = . 2
0 §<:L'<l

—

. Find the normalization constant N.

nre —ifnt

o0
i the s i b = in—-e 7
2. Find the solution ¥(z,t) ,é:l Ay sin e

0o

1 nw ..
. Using Parseval's Equality, evaluate »_ —(1 — cos -)*
3. Using Parseval’s Equality, e\auae":lnz( cos 2)

o0
3 : 1
Explain how this series is different to the standard p-series Z =5
e a=l ™
i.e. How is the extra term (1 — cos T)z affecting the series?
\./“——'—'—-—_“— [ g T e R

\._—/’—‘
u)l-%:\, \M:J% a) normalization constant

D wad b Ve | SN=\sart(frac(2)(s 2.5

§ P —— — v
SWMe  Secies dti\‘m;bw, 2

g w S:V\'\T‘i—;} % (Gz(‘(\’ ot ’«"f-\"?i"!,««( {gr i(x LIL)
0]
N

M
L RWE Lt o, = .2 NCUARRY
Sin . - - ;P\)-M(,a\>( 3 /-3\0 = m,ﬂ(('”“( 5 )~\!

T\f\?\ S :3.,‘;\-‘ A "

=L

=

ey \0\3}*(\ A= 2 ,\_;— \E (-co5F) S?Y\V%x) <A J‘
L et

b) correct value of $A_n$ and solution 7.5

https://app.crowdmark.com/score/03b4c27e-f565-43c8-ac33-3bce72baa536?print=true Page 8 of 20



Crowdmark 2025-04-19, 5:19 PM

midterm-1-b8025

#15 9 of 18

(extra space)

i

) Pumoals Whapdlly’ W ropdre ReeabIZEa

2 L SR
s oK W
\= S R e = Wi Z Vo) sw e | o
b
(o] 0 2
‘ L g A\ - 1 ™ Ax
‘ - 2 Wit (- g sl
| wnet o
U \/‘j"\//
2 Y Ly R
. . i o \-fo) 5
1 S5 Kk phoagl,
ey - .
Thes V= 2 v\gm (- o dhe  seder 1
W= ; /
| N AN o .
’ v?j\ s Y L c) series is $\frac{\pi*2}
1 SO {4}$ 7.5
b s, G etk b
| — ( = S,"\:Y i
NE V4 Py _i._ﬂ N :’x.
W odt Wt T Roda
| ny . 5
1 The 1= Co,S 7 Hovels  bdwen 0, 1, WL t}/ | Okt Jown h
| P Geciey G LW s rommes Sov ladvley  Somy

https://app.crowdmark.com/score/03b4c27e-f565-43c8-ac33-3bce72baa536?print=true Page 9 of 20



Crowdmark

2025-04-19, 5:19 PM

' ) mistake -1
feanys

1 lamyt o \ 2 3 :
3 (e = . % 2% 7 c)values of $(1-

\cos{\frac{n \pi}{2}})*2$
- are $1,4,1,0% and it
makes the series bigger. 2.5

||\.n- R L e

=
i)

AL

Wik 8 Wk el A
il

R e N L

series $\sum \frac{1}{n"2}$? -1

[=]
g‘:
=

:HE 6B52 7TB65-121A-4C88-8F48-75E8DC4C142C

midterm-1-b8025

#15 10 of 18

(extra space)

https://app.crowdmark.com/score/03b4c27e-f565-43c8-ac33-3bce72baa536?print=true Page 10 of 20



Crowdmark 2025-04-19, 5:19 PM

10

DSA291CC-935E-4FCT-9BEE-36B2

midterm-1-bg025

#15 11 of 18

(extra space)

https://app.crowdmark.com/score/03b4c27e-f565-43c8-ac33-3bce72baa536?print=true Page 11 of 20



Crowdmark

https://app.crowdmark.com/score/03b4c27e-f565-43c8-ac33-3bce72baa536?print=true

2025-04-19, 5:19 PM

11

.
E E E3B7945E-4A22-4D59-879E-179894EDCDAC
| M midterm-1-b8025
E. #15 12 of 18
4. Fourier Scries
[20 marks] Let f(z) = = with « € (0,1).
Consider its Fourier Sine Series F(z), and its Fourier Cosine Series G(x), on x € (0,1),
> 21 nwr l ks 4l nnx
= F(z) = S (=12 gin (27E ) =3 - it
z = F(z) "2::1( 1) s sm( 7 ) z =G(x) 3 + "Xm;d -y cos( 7 )
For each of the above 2 series, explain whether we are able to take derivatives on both sides of the
equation to attain the Fourier Series of f'(x).
If so, take derivatives on both sides, and find f’(z) with its Fourier Series on the appropriate domain.
If not, explain why not.
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5. Fourier Series

[15 marks] Consider rcal valued functions defined on [~1,1].
Define the inner product (or "dot product”) between 2 functions f,g to be

(fr9) = / ll f(z)g(z) dz (when this integral exists)
This in turn, gives, || f|l, the norm (or length) of a function f. as
1 W12 =465 = /lz flx)*dz (when this integral exists)
This in turn, gives d(f,g), the ”distance” between 2 functions f,g. as

ol
d(f,9)2 = IIf —gl> = / (f(=x) - g(:l:))2 dz (when this integral exists)
-t
This space of functions is typically called L2, with the above distance (metric).
(Each function f, is a "point” in this space of functions L%)

Take a function f in this space. We would like to investigate how the Fourier Series approximate
the function f. in this distance (metric).

Consider a Fourier Series g(x) written in general form with coefficients ay:
o
—
glz) =Y arXi(z)
k=1

where Xj,(z) are orthogonal functions: (Xpy Xm) = 0if k # m.

1. Consider the first n terms of the series:

gn(®) = 1 X1(x) + 02X (@) + o + anXn(x) = Y 0k Xi(2)
k=1

Consider the (squared) distance between f and gn:
n

Dr=d(fygn)? = If = gall2 = (f = gn. f — ga) = {F = D_arXis f = D amXom)
k=1 1

m=

Expand and simplify this expression using the orthogonality relation.

| X
é 9. Choose the coefficients aj to be the Fourier coefficients: ap = M
: (X, X}

Using the fact that 0 < Dy, show Bessel’s Inequality:
n l ) { )
St [ @ < [ 1
k=1 ~ =t
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- Recall the definition of a series, given {si}:
o0 n
D o= lim 3 s
k=1 k=1
We say the Fourier Serics g(x) converges to f(x) in the L? distance when:
lim D, =0
n—o0
Show that if this is the cas¢, then we attain Parseval’s Equality:
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