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1. First Order Linear Equation B Y =

[25 marks] Consider u = u(z, ).
e uz +uy =0

1. Using a suitable change of variables, find the general solution to the PDE.
2. Sketch some characteristic lines on the xy-plane.
3. Let the initial condition be given by u(z,0) = ¢(x).
Find the particular solution u(z,y), based on the initial condition.
In which region of the xy-plane is the particular solution u(z, y) uniquely determined by

O the initial condition?
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2. Duhamel’s Principle

[10 marks] View y = t, consider u = u(z, t), the inhomogeneous equation from the previous question.
e Ty +u = f(x,1)
with initial conditions u(z,0) = ¢(z).

Find the Solution Operator S* for this first order PDE.
Find the solution to the inhomogeneous equation using it.
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3. Second Order Linear Equation

[25 marks] Find the general solution u = u(z, ) to the PDE:
Ugg + Uzt — Buge = 0

by "factoring” the second order differential operator into 2 first order differential operators,
to attain 2 sets of characteristic lines, which will correspond to the suitable change of variables.
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4. Higher Order Chain Rule

2 M
[20 marks] Let u = u(z,y),z =rcos 6,y =rsinf. Find PR E
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5. Duhamel’s Principle

20 marks] Consider the inhomogeneous heat equation with constant drift speed coeflicient V, on
4 q
the whole line —oo < z < o0, ’

Ut = Clgg + Vg + f(z,t)
where ¢ > 0 is a constant, with initial condition:
u(e,0) = 6()
Define the Solution Operator S*,

7 o? 17}
P ,.—.—V—)<S‘- 2))) =0
(Ot e Oz (o))
For u(z,t) = St- (uo(z)), satisfies the initial condition u(z,0) = ug(z).
Find the solution to the inhomogeneous heat equation.
Using the Solution Operator, the linear differential operator above, multivariable chainrule,
fundamental theorem of calculus, verify that the solution for the inhomogeneous wave equation

is correct.
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