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1. Decide if the following statement is True or False:

Let @ = vy, vay,v3 be a basis for a vector space V over C, and let T € £(V) be defined by
310

Tl5=10 3 1
0 0 1

Let W be the set of vectors x € V that satisfy (T' — 31)?x = 0 but (T' — 31)x # 0, together with the zero vector. Then
W is a subspace of V.
Indicate your final answer by filling in exactly one circle below (unfilled O filled @) and justify your choice with a

proof or counter-example. [4 marks]

® True
O False

I want to prove that W (given above) is a subspace of V.

Proof.
310 3 00 01 0
We have that ([T)]%—-3[)= (0 3 1| -0 3 0| =1(0 0 1 |.
0 0 1 0 0 3 0 0 -2
01 0 01 0 0 0 1
It then follows that ([T]2 —3I)?= [0 0 1 00 1|=1]00 -2
0 0 -2 (0 0 -2 0 0 4

We need a vector X = (x1, 29, x3) to satisfy (T'— 3I)?x = 0 and (T — 3I)x # 0. We have

0 0 1 T 0
([T)> =30)?x= |0 0 —2| [2o| = |0| <= x3 =0, by matrix multiplication.
00 4| |z| o
We also have
O 1 0 il 0
(712 =3)x= 0 0 1| |z2| # (0| < x2#0.
0 0 -2 0 0

Therefore we can define W as W = {(z1,22,0) € V | z2 # 0}.
Now, it suffices to show that W is a subspace of V. Let x,y € W and let a,b € C. We have

(ax +by) = (az1 + byr, axs + bys, 0)

= (ax1,axs,0) + (by1, by, 0) by addition of complex variables
= a(x1,x2,0) + b(y1, ys,0) by axiom vii, distributivity
=ax + by

Thus W is closed under scalar multiplication and vector addition as defined in C.
Since W is non-empty, 0 € W (as given, “together with the zero vector”) and W is closed under the operations of
addition and multiplication defined in C, then W is a subspace of V.
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2. Decide if the following statement is True or False:

Let V be a vector space over C, and let T € £(V') have characteristic polynomial (A+1)(A+2)3. If T is not diagonalizable,
then there exists a vector x € V such that (T + 2I)3x = 0 but (T + 2I)?x # 0.

Indicate your final answer by filling in exactly one circle below (unfilled O filled @) and justify your choice with a
proof or counter-example. [4 marks]

O True
@® False

This is false, and I will provide a counter-example.

-1 1 1 0
. . 0o -2 1 0 . . L
Consider the matrix A = 0 0 -2 ol" The characteristic polynomial of A is given by

0o 0 0 =2

—1-=A 1 1 0
0 —2-x 1 0 4o .
det(A — M) = det 0 0 9 0 =N+ TN H18A+200+8=(A+1)(A+2)°.
0 0 0 —2—=A
1 110> 1120 111 0]°
00 10 00 00 0 010
2 _ _ _97)3 — _
We have that (A + 21)° = 0000 =loo oo , and we also have that (A — 2I)° = 000 ol =
00 0 O 00 0 O 0 0 0 O
1 1 2 0
00 0 O .
00 0 o2 well, so they are the same matrix.
0 0 0 O

The cycle tableau for A = —2 in the jth column is given by dim(ker(A — AI)7) — dim(ker(A — AI)7~1), for which we
have rank(A + 2I) = 2 = dim(ker(A4 + 2I)) = 2 and rank(A + 21)? = rank(A + 21)? = 1 = dim(ker(A + 21)?) =
dim(ker(A + 2I)3) = 3 by the Rank-Nullity Theorem, and so our cycle tableaux for the Jordan Block J_5 would look
like

-2 0 0
which yields the 3 x 3 Jordan Block matrix J_o = | 0 -2 1
0 0 -2
-2 0 0 0
It then follows that J_; is a 1 x 1 Jordan block, and we have that the Jordan form for A is J4 = 8 02 _12 8 ,
o o0 0 -1
which is not a diagonal form, and thus A is not diagonalizable.
11 2 0
. 0 00 O C .
Notice that for all n > 2, we have that (A + 2I)" = 00 0 ol which implies that there is no such vector x € V
0 0 0 O
where (A + 2I)?x # 0 and (A + 2I)3x = 0 simply because (A + 2I)? = (A + 2I)3, which is a counter example to this

statement.

Page 3



3. Decide if the following statement is True or False:

Let V be a vector space over a field F, and let S,T € £(V) be such that ST = T'S. For any A € F, ker(S — \I)? is
T-invariant.

Indicate your final answer by filling in exactly one circle below (unfilled O filled @) and justify your choice with a
proof or counter-example. [4 marks]

® True
O False

This statement is true. I want to prove that if ST = T'S, then for any A € F, ker(S — \I)? is T-invariant.
Proof.

Let x € ker(S — AI)? for any A € F. Then (S — AI)*x = 0.
Since ST = TS, we have that S = T~1ST. This implies that
(S = A)?x = (T'ST — M)*x = (T~ 'ST — AT 'IT)x = (T"*(S — \[)T)*x = 0.
Notice that (T-1(S — AIT)? =TS — AX)TT(S — \[)T = T~1(S — A\ )T, and thus we have
(TS - A\)T)*x =T~ (S — \)*Tx = 0.
By left multiplying by 7', we have
TTH(S - M)*Tx =T0 = (S - \)*Tx =0,

and thus Tx € ker(S — \I)%.

Therefore ker(S — AI)? is invariant under T, which is what I wanted to prove.
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4. Decide if the following statement is True or False:

The matrix {1

1 (1)] € Msx2(FF3) is similar to one of the matrices in May2(F2) listed below:

IRy
FIRIE

Indicate your final answer by filling in exactly one circle below (unfilled O filled @) and justify your choice with a
proof or counter-example. [4 marks]

O True
@® False

No, the matrix E (ﬂ is not similar to any of the following 6 matrices.

Proof.
A matrix is similar to another matrix when there exists an invertible matrix P € Mayo(F2) such that A = P~'BP.

The only invertible matrices in Mayo(F2) are

I o O i B i
T e B e

It is easy to see that the three matrices [(1) (1)] , {(1) (1)] , E (1)} and their inverses in form P~!BP all compute the same

N e e e e R

which is not one of the listed 6 matrices.
For the remaining 3 matrices, we have

Y e e S O R
RN ]

11y, - . .
Therefore I have shown a counterexample, and thus the matrix [1 O} is not similar to any of the 6 matrices listed

with respective inverses

matrix:

which are all unlisted matrices above.

above over the field Fs.
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5. Consider the following statement, which is true:

“Let V be a vector space over a field F', and let T € £(V). Suppose that for some x € V, we have T3x = 0, and V = C(x),
where C(x) is the cyclic subspace generated by x. Then 1 is not an eigenvalue of T.”

Read the following “proof” of the statement, which is incorrect.
“Proof’: Suppose Tv = v for some v € V. We will show v = 0 and therefore 1 is not an eigenvalue of 7.

We are given V = C(x) = span{x,Tx,T?x,...} and T3x = 0. Since T%x = 0, then T%x = 0 for all k¥ > 3, and
V = span{x, T'x, T%x}.

Therefore, there exist scalars cg, ¢1,co € F such that
v = coX + a1 Tx + ¢ T?x (1)
Applying T to both sides of this expression, together with our assumption that T'v = v, gives
v =coTx + e T%x (2)
Equating the expressions (1) and (2) for v, and rearranging gives
cox + (c1 — co)Tx + (c3 — c1)T?*x =0

which implies ¢ = 0,¢1 = ¢o =0, and ¢2 = ¢; = 0. Therefore, v = cox + c1Tx + coT?x = 0 which is what we wanted to
show.

What is wrong with this “proof’? Clearly identify any incorrect assumptions or conclusions in the “proof”,
and briefly explain why they are incorrect. Your answer should be no longer than one paragraph. [4 marks]

One error in the proof is the assumption that proving that if v = 0, then the statement is proved and fully justified (it’s
not). It is still possible for v.= 0 and 1 to be an eigenvalue of T', since we would have 70 = 10 = 0. This is the property
of the zero vector in a linear transformation.

In the proof, once the author assumed T'v = v, they had that Tv — v = 0 which actually implies that (T — I)v = 0,
which just shows that v € ker(T' — I). By definition, v cannot be an eigenvector in general because v = 0, which still
does not justify why 1 could not be an eigenvalue of T because 0 is contained in every subspace (in this case, ker(T —I)).
The other error in the proof is what the author was initially trying to show. When proving ‘for some’ v € V' and ‘there
exists scalars cg,c1,co € F’, they are just showing that the single vector v = 0 satisfies Tv = v (which obviously it
does), once again not justifying why 1 could not be an eigenvalue for T for the generalization of all vectors v € V.
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6. Let V be a finite dimensional vector space over a field F, and let R, T € £(V). Suppose that S € £(V) is invertible,
and that T = SRS~!. Let K,(T) denote the A\-generalized eigenspace of T; and K (R) the A\-generalized eigenspace of
R.

6(a) Prove that x € K(T) if and only if S~'x € K,(R). [4 marks]

I want to prove that for R, T € £(V), if T = SRS~! for an invertible S, then x € K)(T) <= S~ !'x € K)(R).

Proof.
— : Assume x € K(T). Then (T — M )*x = 0 for some integer k > 0.
Since T = SRS, we have that

(T — M)Fx = (SRS™' = ASIS™Yrx = (S(R - A)S™H)rx = S(R— M\I)*S~'x = 0.
This follows from the fact that the matrix S cancels from S~1S = I, which is
(S(R—XS™Hk =S(R—A)STIS(R—A)S71S--- = S(R— A)FS~L.
By left-multiplying by S~!, we have
STIS(R—AN*S7'x =T(R-A)*S7'x =570 = (R—-A)fS™'x =0,

and therefore so S™!'x € K, (R).

< : Now assume that S~!'x € K\(R). Then (R — AI)*S~1x = 0 for some integer k > 0.
As before, we have that SRS~! = T. By left-multiplying by S, we have

S(R—A)*S71x = S0 =o0.
Because (S(R — AI)S™1)F = S(R — A\I)kS~! as before, we have
S(R—ADFS7'x = (S(R—MN)S™1)rx = (SRS~ = ASIS ! )r'x = (T — A)*x =0,

and so x € Kx(T).
Therefore x € K,(T) < S~ 'x € K\(R), which is what I needed to prove.
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6. Let V be a finite dimensional vector space over a field F, and let R, T € £(V). Suppose that S € £(V) is invertible,
and that T = SRS~!. Let K,(T) denote the A\-generalized eigenspace of T; and K (R) the A\-generalized eigenspace of
R.

6(b) Prove that dim K(T') = dim K (R). [4 marks]

I want to prove that for R, T € £(V), if T = SRS~ for an invertible S, then dim K (T) = dim K, (R).

Proof.
Suppose that o = {x1,X2,...,X;} is a basis for the generalized eigenspace K (T).
Then « consists of linearly independent vectors x;, for i =1,..., k.

From part 6(a), we know that each vector x € K,(T) is also S™!'x € K,(R). Since S is invertible, then S is an
isomorphism, so it preserves linear independence (bases!).

Therefore the list o/ = {S71x1,S5 ! xa,...,971x;} is also linearly independent, and thus it is a basis for Ky(R) for
X; € Q.

The bases « and o’ both have k elements, and thus dim K(7T') = dim K (R), which is what I wanted to prove.
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7. Let V be a finite dimensional vector space over C, and let T € £(V). Prove that if dimimT = 1, then either T is
diagonalizable or T is nilpotent. [4 marks]

I want to prove that if dim im 7" = 1, then T is either diagonalizable or nilpotent.

Proof.
Let dim V' = n, and assume that dim 7" = 1. T will break this proof into two cases: when T is diagonalizable, it cannot
be nilpotent, and when T is nilpotent, it cannot be diagonalizable.

[T nilpotent — T not diagonalizable]:
Assume the map T € £(V) is nilpotent. Then since dimV = n, T™ = 0. If T were diagonalizable, we would have to
have that there exists an invertible matrix P such that 7' = P~'DP, which implies that 7" = P~ D"P.

However, since T™ = 0, then it must be that P"'D"P =0 = D" =0 = D = 0. If v is a non-zero eigenvector for
T, we also have that T"v = A"v =0 = A = 0. Thus, the only eigenvalues of T" are zero, since T is nilpotent.

This implies that the only diagonalizable nilpotent matrix is the zero matrix, however since dimim 7T = 1, then rank T =
1#0, so T cannot be the zero matrix. We have reached a contradiction.

Therefore T' cannot be diagonalizable if it is nilpotent.

[T diagonalizable = T not nilpotent]:
Assume T is diagonalizable. Then there must be n distinct eigenvectors, one with eigenvalue A # 0 because dimim7 = 1.

By the Rank-Nullity Theorem, since dimim7 = 1, and dim V' = n, then dimker 7" = n — 1, which directly implies that
there must be n — 1 distinct eigenvectors with eigenvalues A = 0.

Since there exists at least one eigenvalue A # 0, T' cannot be nilpotent. This is because every eigenvalue would have to
be zero if T is nilpotent, as previously shown.

Therefore T cannot be nilpotent if it is diagonalizable.
Therefore if dimim 7T = 1, then T is either diagonalizable or nilpotent, but not both, which is what I needed to prove.
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8. Let V be an n-dimensional vector space over C, and let T' € £(V).

In your own words, give a sketch a proof that the following two statements are equivalent:

1. V can be decomposed into a direct sum of two, non-trivial, T-invariant subspaces U and W.

2. The Jordan form of T' consists of more than one Jordan block.

[4 marks]

Ezxplanation:

Suppose « is a basis for the subspace U, where dim U = a, and f is a basis for the subspace W, where dim W = b. Then
a+b=mn, where n = dim V. Then, the basis for V is given by v = a U 8 because V.= U + W and a N 8 = {0} since
Unw ={0}.

For the linear map T : V' — V, we then have that the restriction of T to U is T|y, which restricts V to the basis «
because U is invariant. I will denote the matrix [T|y] = A. Similarly, we have T'|y restricts V to the basis 3, whose
matrix I will denote [T'|w] = B.

For any x € a, Tx € a and for any y € 8, Ty € 8. Thus, our matrix for 7" is composed of blocks corresponding to each
basis for each subspace:

» A 0
[T]V - |:0 B:| ’
where again A is the matrix for T'|y and B the matrix for T'|y . Therefore [T}, = A® B.
A

v~ |0 B
Jordan Form, both matrices A and B will have at least one Jordan Block each, hence at least two Jordan Blocks for
[T]Y = A® B (which is more than one).

This is equivalent to (2) because the matrix [T is comprised of two block matrices A and B. When in

Therefore these statements are equivalent.
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