Released: 13:00 EST Friday February 12, 2021 Due: 13:00 EST Saturday February 13, 2021

MAT224 Linear Algebra Il
Term Test 1

Instructions:

Please read the Term Test 1 Information document for details on submission policies, permitted resources, how to ask a
question, test announcements, and more. You were expected to read them in detail in advance of the test.

1. Submissions are only accepted by Gradescope. Do not send anything by email. Late submissions are not
accepted under any circumstance. Remember you can resubmit anytime before the deadline.

2. Submit your solutions using only this template PDF. Your submission should be a single PDF with your
full written solutions for each question. If your solution is not written using this template PDF (scanned print or
digital) then your submission will not be assessed. Organize your work neatly in the space provided.

3. Show your work and justify your steps on every question unless otherwise indicated. Put your final answer in
the box provided, if necessary.

4. You must fill out and sign the academic integrity statement below; otherwise, you will receive zero for the
test.

Academic Integrity Statement:

Full Name: Jace Alloway

Student number: 1006940802

I confirm that:

I have not communicated with any person about the test other than a MAT224 teaching team member.

I have not used any resources other than those that are listed as permitted in the Term Test 1 Information document
at any point during the test.

I have not participated in or enabled any MAT224 group chat during the test.

I have not viewed the answers, solutions, term work, or notes of anyone.

e | have read and followed all of the rules described in the Term Test 1 Information document.

I understand the consequences of violating the University’s academic integrity policies as outlined in the Code of
Behaviour on Academic Matters. I have not violated any of them while writing this assessment.

By signing this document, I agree that all of the statements above are true.

Signature: O{L LeA l /(/ V000115 —
7 &


https://q.utoronto.ca/courses/200745/files/12126953?module_item_id=2269537
https://www.gradescope.ca
https://q.utoronto.ca/courses/200745/files/12126953?module_item_id=2269537
https://q.utoronto.ca/courses/200745/files/12126953?module_item_id=2269537
http://www.governingcouncil.utoronto.ca/policies/behaveac.htm
http://www.governingcouncil.utoronto.ca/policies/behaveac.htm

1. Decide if the following statement is True or False:
Let A1, Aa, ..., Ax € Myxn(R) be such that M, ., (R) = span{A;, As, ..., Ar}. Then M, (R) = span{AT AT ... AT}
Note; AT denotes the transpose of A.

Indicate your final answer by filling in exactly one circle below (unfilled O filled @) and justify your choice with a
proof or counter-example. [4 marks]

® True
O False

This statement is true. I want to prove that for any matrices Aj, As,..., Ay € M,xn(R) such that M, «,(R) =
span{Ay, Aa,... A}, then M, ,(R) = span{AT, AL, ... AT}

Proof. Suppose that M, ., (R) = span{A;, Ag, ... Ay} for any matrices Ay, Ag, ..., Ax € M, «n(R). By the definition of
span, we are able to write span{A;, Ao, ... A;} as a linear combination of matrices Ay, Ag, ..., Ay € Myxn(R).

Let ¢1,¢a,c3,...cr € R by any scalars such that span{A4;, A, ... A} = c1A1 + co Ao + -+ - + ¢ Ak
Now consider the span of transposed matrices of A. Let dy,ds,...d; € R such that
span{AT, AT, .. AT} = diAT + do AT + - - + dy AL

By the properties of transposed matrices, the linear combination dy AT +do AT +- - -+dp AT = (dy A1 +daAs+- - -+dp Ag)T.
Notice that the span of matrices span{Aj, As,...A;} is contained in the span of transposed matrices,
span{AT AT ... AT}

Furthermore, by the properties of transposed matrices, c; A; +coAg+- - -+cp A, = ((c1 A1 +caAa+- - -+ Ap) DT, or equiv-
alently, c1 A1 +coAs+- - +cp A = (1 AT +c2 AT +- - -+, AT)T. The span of transposed matrices, span{AT, AT ... AT}
is contained in the span of non-transposed matrices, span{Aj, Ao, ... A}

It then follows that because span{A1, As, ... A} C span{AT AT ... AT} and
span{AT, AT ... AT} C span{A;, As, ... A}, and so we have that
span{A1, Aa,... Ax} = span{AT, AT ... AT} = M, ,,(R), which is what I needed to prove.
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2. Decide if the following statement is True or False:

Let V be a vector space, and let T': V' — R be a linear transformation. Suppose that x,y are linearly independent vectors
in V, and that Tx =2 and Ty = %. Then there exists a non-zero vector z € V such that Tz = 0.

Indicate your final answer by filling in exactly one circle below (unfilled O filled @) and justify your choice with a
proof or counter-example. [4 marks]

® True
O False

This statement is true. I want to show that there exists a non-zero vector z € V such that Tz = 0.

Proof. Let x and y be linearly independent vectors in V.

Take z = —%y +x. Because x and y are vectors in V', and because V is a vector space, then z € V as well, as V satisfies
the addition and scalar multiplication vector space axioms.

x and y are linearly independent vectors in V', so z = —%y + x can not be zero. If x or y was 0, then x # y because
Tx=24# % =Ty and thus z = —%y + x would still not be zero.

Because T is linear, then

3 3 3 4

Therefore there exists a vector z € V' such that Tz = 0, which is what I needed to prove.
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3. Decide if the following statement is True or False:

Let V and W be vector spaces, and let S,T : V' — W be linear transformations. The subset U = {x € V | Sx = Tx} is a
subspace of V.

Indicate your final answer by filling in exactly one circle below (unfilled O filled @) and justify your choice with a
proof or counter-example. [4 marks]

® True
O False

I want to prove that the subset U = {x € V' | Sx = T'x} is a subspace of V.

Proof. 1 will begin by showing that U is non-empty. Consider the zero vector in V, Oy. Because T and S are linear
mappings, then both 7" and S always map 0 in the domain to 0 in the codomain.

To show this, consider any vectors a,b € V and any scalars ¢,d € R. Suppose ¢ = d = 0. This implies that
T(ca+ db) = T(0a+ 0b) = T(0y) = Oy and S(ca+ db) = S(0a+ 0b) = S(0y) = Ow, so TOy = SOy.

Therefore U is non-empty and contains Oy .

I will now show that U is closed under scalar multiplication and vector addition.

Let vy and va be vectors in V' such that Tvy; = Svy and T'vy = Svs, and let A € R be a scalar.
Since vi,vo € V and V is a vector space, then Avy + vo € V' as well.

Because T and S are linear, we then have that

T()\Vl + VQ) =MNlvi+Tvyg = ASvy + Svy = S()\Vl + V2)7

which implies that U is closed under scalar multiplication and vector addition from V', and therefore U is a subspace of
V', which is what I needed to prove.
O
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4. Decide if the following statement is True or False:

Let U, W, and X be subspaces of a finite dimensional vector space V such that UNW = {0} and U N X = {0}. If
U+W =U + X, then W = X.

Indicate your final answer by filling in exactly one circle below (unfilled O filled @) and justify your choice with a
proof or counter-example. [4 marks]

O True
@ False

This is false. I will provide a counterexample. Consider the vectors vi, vy, vz € R? where v; = (1,0),ve = (0,1) and
vz = (2,—3). Now, consider their subspaces of R?, U = span{v;}, W = span{vy}, X = span{vz} C R2.

We have that U + W = span{v;} Uspan{vy} = R? and U + X = span{v;} Uspan{vs} = R? because v; and vy are
linearly independent and span R? as well as v; and v are linearly independent and span R2.

Furthermore, we have that U N W, or span{v;} Nspan{va} = {0}. Similarly, we also have that U N X, or

span{vy } Nspan{vs} = {0}.
Therefore, we have concluded that this statement is false, as span{vy} N span{vs} = {0}, span{v;} N span{vs} = {0}

and span{v;} Uspan{vy} = span{v;} Uspan{vs} = R?, and span{vs} # span{vs}.
More generally, UNW = {0}, UNX ={0}, U+ W =U + X and W # X, as needed.
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5. Let V be a vector space, and let x1,x2,...,x; € V.

5(a) Prove that if either x; = 0 or x,41 € span{xy,...,x;} for some j = 1,2,... .k — 1, then x1,X3,..., Xy, is linearly
dependent. [4 marks]

I want to prove that for a list of vectors xi,Xs,...,x; € V, where V is a vector space, that if either x; = 0 or if
X;41 € span{xy,..., %}, for some j =1,2,...,k — 1, then the list x1, ..., Xy, is linearly dependent.

Proof. Let ay,as,...ar € R be scalars such that 0 = a1X; + asXo + -+ + apXi is a linear combination of the list
{Xl,Xz, e 7Xk}.

By [Definition 1.4.2], we define a list of linearly dependent vectors to be a linear combination of vectors such that there
exists at least one scalar a;, for 1 <1 < k, such that a; # 0.

Suppose that x; = 0. If x; = 0, then suppose that a; # 0 is the only non-zero scalar in the linear combination. We
then have that

0=0a;0+0xo+0x3+-+4+0xx =a104+0+---+0=0(a; + (k—1)).

Because there is one scalar a; # 0 and because 0 can be created from a linear combination of the other vectors in the
list, then if x = 0, the list x1,...,X, is linearly dependent. Furthermore, by [Example 1.4.3, (a)], any vector x = 0 is
linearly dependent in any vector space or any linear combination.

Now suppose that x;41 € span{xy,Xa,...,x;} for some j = 1,2,...,k—1. By the definition of span, span{xi, X2, ...,x;}
can be expressed as a linear combination of vectors in the span, so span{xi,xa,...,x;} = bix1 + baxa + - - - + b;x; for
any scalars by, ba,...,b; € R.

Because x;j41 € span{xi,Xa,...,X;}, then x,4; is an element in the linear combination b1xy + boxa + - - - + b;x;, thus
X1 is already contained in and can be created from the linear combination of vectors in the list {x1,xo2,...,x;}.

By [Definition 1.4.2], this implies that there exists at least one scalar in the linear combination

bixy + boxa + -+ - + b;jx; + bj11X;41 that is not zero, and so the list {x1, %2, ... X5, Xj+1} is linearly dependent.
However, j = 1,2,...,k—1, and so the list {x1,X2,...,X;j,X,41} is equivalent to {x1,X2,...,Xk_1, X}, and therefore if
X;t1 € span{xi,Xg,...,X;} for some j =1,2,...,k — 1, then the list x1,Xo, ..., Xy, is linearly dependent, which is what

I needed to prove.
O
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5. Let V be a vector space, and let x1,x2,...,x; € V.

5(b) Prove that if x1,X2,...,xy is linearly dependent, then either x; = 0 or x;41 € span{xy,...,x;} for some j =
1,2,...,k — 1. [4 marks]

)

I want to prove that if the list X1,Xo,...,X} is linearly dependent, then either x; = 0 or x;41 € span{xy,...,x;} for
some j =1,2,...,k—1.

Proof. Suppose that the list x1,X3,...,Xy is linearly dependent. By [Definition 1.4.2], there exists at least one scalar
a; € R in the linear combination 0 = a1x; + asXs + - - - + apxy such that a; # 0. This implies that at least one vector in
the list can be created from a linear combination of the other vectors in that list.

Suppose that the scalar a; # 0 and that the other scalars as,as,...,ar = 0. We then have the linear combination

O=a1x; +0xa+ - +0xy =a1x3 +0+---+0=a;x;.

However, if a;x; = 0 and because a; # 0, then it must follow that x = 0.
Therefore if the list x1,Xs,...,X is linearly dependent then x; = 0. Furthermore, by [Example 1.4.3 (a)], any vector
x = 0 is linearly dependent in any linear combination.

Now I want to prove that if the list x1,X2,..., Xy is linearly dependent, then x;,1 € span{xy,...,x;} for some
i=12... k-1

Consider the list {x1,X2,...,X5—1} C {X1,X2,...,Xx} which is equivalent to {x1,%2,...,%x;} C {X1,X2,...,xs} for j =
1,2,...,k—1. Because x1, X2, ..., X} is linearly dependent, then we can conclude that the list {x;41}U{x1,%2,...,%;}
is linearly independent, where x;;; = x;. We cannot conclude anything about the linear dependence of the list
{)(]_7)(27 . 7Xj}.

Since {x;j4+1}U{x1,X2,...,X;} is linearly independent, we know that x;4 is contained in the list {x1,x2,...,x;}, which
directly implies that x;41 € span{xi,Xa,...%;}.

Therefore if the list x1,X2,...,Xy is linearly dependent, then either x; = 0 or xj41 € span{xy,...,x;} for some

j=1,2,...,k—1, which is what I needed to prove.
O
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6. Let U and W be 3-dimensional subspaces of a 4-dimensional vector space V', and suppose that U # W.
6(a) Prove that U + W £ U, and U + W # W. [4 marks]

I want to show that for any 3-dimensional vector subspace U and W of V where U #W, U+ W # U and U+ W # W.

Proof. Because U and W are both of dimension 3, then each subspace has at least 3 linearly independent vectors in its
basis.

Let U = span{uy, us,us} and let W = span{w;, ws, w3}, where {uy, us, us} is a basis for U and {w, ws, w3} is a basis
for W.

Suppose that U # W. We then have that span{u;, uz, uz} # span{wy, wy, ws}.

By [Proposition 1.3.8], the sum of subspaces is the union of their spans, so we then have that

U + W = span{uy, uz, ug} Uspan{wy, wo, w3} = span{u;, uz, us, wi, wg, wz}.
We then have that W + U = span{u, us, us, wi, wo, ws} # span{uy, us,uz} = U and that
U + W = span{uy, ug, us, wi, wo, Wy} # span{wy, wo, w3} = W,

primarily because span{uj, us, us} # span{wi, wo, w3 }; their bases both contain different elements.
Therefore I have proven that U + W # U and that U + W # W as needed.
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6. Let U and W be 3-dimensional subspaces of a 4-dimensional vector space V', and suppose that U # W.
6(b) Prove that U + W = V. [4 marks]

I want to prove that for the 3-dimensional subspaces U and W of a 4-dimensional vector space V., V =U + W.

Proof. Because U and W are both of dimension 3, then each subspace has at least 3 linearly independent vectors in its
basis.

Let U = span{uy, us,us} and let W = span{w;, ws, w3}, where {uy, us, us} is a basis for U and {w, ws, w3} is a basis
for W.

Suppose that U # W. We then have that span{uy, uz, uz} # span{wi, wy, ws}.

By [Proposition 1.3.8], the sum of subspaces is the union of their spans, so we then have that

U+W = Span{ula uz, U3} U Span{wh Wwa, W3} = Span{ula U2, U3, Wi, Wo, W3}'

By [Theorem 1.6.10], we have that dim(U + W) can be at most 4 because no linearly independent set spanning V' can
have more than 4 elements, and thus the list {uy,us,uz, wi, wo, w3} is linearly dependent and has at most 4 linearly
independent elements.
Suppose that us = cw; and wg = du; are linearly dependent vectors in the list for some ¢,d € R. We then have that
the list {u;, us, wy, wo} is a linearly independent set for the sum of U and W, and thus U + W = span{uy, ua, wi, wa}.
We then have that span{uj, us, wi,wo} C V, and dim(span{u;, ug, wi, wo}) = 4, so the list {u, us, wy, wo} is a basis
for V and that U + W =V, which is what I needed to prove.

O

Page 9



6. Let U and W be 3-dimensional subspaces of a 4-dimensional vector space V', and suppose that U # W.
6(c) Is V the direct sum of U and W? [4 marks]

No, V is not a direct sum of U and W. This directly follows from the dimension theorem,
dim(U) + dim(W) — dim(U N W) = dim(V).

By contradiction. Suppose V is a direct sum of U and W. Then dim(U N W) = dim({0}) = 0, because if V is a direct
sum of U and W, then U N W = {0}. We then have that

dim(U) + dim(W) — dim(U N W) = dim(U) + dim(W) — 0 = dim(V'),
however dim(V) = 4 and dim(U) = dim(W') = 3, so we then have that
dim(U) + dim(W) = 3+ 3 = 6 # 4 = dim(V).

We have reached a contradiction. This implies that dim(U N W) # 0 because dim(U) + dim(W) # dim(V'), so because
dim(U NW) # 0, V cannot be a direct sum of U and W, which is what I needed to show.
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