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1. Decide if the following statement is True or False:

Let A1, A2, . . . , Ak ∈Mn×n(R) be such that Mn×n(R) = span{A1, A2, . . . , Ak}. Then Mn×n(R) = span{AT
1 , A

T
2 , . . . , A

T
k }.

Note; AT denotes the transpose of A.

Indicate your final answer by filling in exactly one circle below (unfilled filled ) and justify your choice with a
proof or counter-example. [4 marks]

True
© False

This statement is true. I want to prove that for any matrices A1, A2, . . . , Ak ∈ Mn×n(R) such that Mn×n(R) =
span{A1, A2, . . . Ak}, then Mn×n(R) = span{AT

1 , A
T
2 , . . . A

T
k }.

Proof. Suppose that Mn×n(R) = span{A1, A2, . . . Ak} for any matrices A1, A2, . . . , Ak ∈Mn×n(R). By the definition of
span, we are able to write span{A1, A2, . . . Ak} as a linear combination of matrices A1, A2, . . . , Ak ∈Mn×n(R).

Let c1, c2, c3, . . . ck ∈ R by any scalars such that span{A1, A2, . . . Ak} = c1A1 + c2A2 + · · ·+ ckAk.
Now consider the span of transposed matrices of A. Let d1, d2, . . . dk ∈ R such that
span{AT

1 , A
T
2 , . . . A

T
k } = d1A

T
1 + d2A

T
2 + · · ·+ dkA

T
k .

By the properties of transposed matrices, the linear combination d1A
T
1 +d2A

T
2 +· · ·+dkAT

k = (d1A1+d2A2+· · ·+dkAk)T .
Notice that the span of matrices span{A1, A2, . . . Ak} is contained in the span of transposed matrices,
span{AT

1 , A
T
2 , . . . A

T
k }.

Furthermore, by the properties of transposed matrices, c1A1+c2A2+· · ·+ckAk = ((c1A1+c2A2+· · ·+ckAk)T )T , or equiv-
alently, c1A1+c2A2+· · ·+ckAk = (c1A

T
1 +c2A

T
2 +· · ·+ckAT

k )T . The span of transposed matrices, span{AT
1 , A

T
2 , . . . A

T
k },

is contained in the span of non-transposed matrices, span{A1, A2, . . . Ak}.

It then follows that because span{A1, A2, . . . Ak} ⊆ span{AT
1 , A

T
2 , . . . A

T
k } and

span{AT
1 , A

T
2 , . . . A

T
k } ⊆ span{A1, A2, . . . Ak}, and so we have that

span{A1, A2, . . . Ak} = span{AT
1 , A

T
2 , . . . A

T
k } = Mn×n(R), which is what I needed to prove.
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2. Decide if the following statement is True or False:

Let V be a vector space, and let T : V → R be a linear transformation. Suppose that x,y are linearly independent vectors
in V , and that Tx = 2 and Ty = 4

3 . Then there exists a non-zero vector z ∈ V such that Tz = 0.

Indicate your final answer by filling in exactly one circle below (unfilled filled ) and justify your choice with a
proof or counter-example. [4 marks]

True
© False

This statement is true. I want to show that there exists a non-zero vector z ∈ V such that Tz = 0.

Proof. Let x and y be linearly independent vectors in V .
Take z = − 3

2y +x. Because x and y are vectors in V , and because V is a vector space, then z ∈ V as well, as V satisfies
the addition and scalar multiplication vector space axioms.
x and y are linearly independent vectors in V , so z = − 3

2y + x can not be zero. If x or y was 0, then x 6= y because
Tx = 2 6= 4

3 = Ty and thus z = − 3
2y + x would still not be zero.

Because T is linear, then

Tz = T

(
−3

2
y + x

)
= −3

2
Ty + Tx = −3

2
· 4

3
+ 2 = (−2) + 2 = 0.

Therefore there exists a vector z ∈ V such that Tz = 0, which is what I needed to prove.
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3. Decide if the following statement is True or False:

Let V and W be vector spaces, and let S, T : V →W be linear transformations. The subset U = {x ∈ V | Sx = Tx} is a
subspace of V .

Indicate your final answer by filling in exactly one circle below (unfilled filled ) and justify your choice with a
proof or counter-example. [4 marks]

True
© False

I want to prove that the subset U = {x ∈ V | Sx = Tx} is a subspace of V .

Proof. I will begin by showing that U is non-empty. Consider the zero vector in V , 0V . Because T and S are linear
mappings, then both T and S always map 0 in the domain to 0 in the codomain.
To show this, consider any vectors a,b ∈ V and any scalars c, d ∈ R. Suppose c = d = 0. This implies that
T (ca + db) = T (0a + 0b) = T (0V ) = 0W and S(ca + db) = S(0a + 0b) = S(0V ) = 0W , so T0V = S0V .
Therefore U is non-empty and contains 0V .

I will now show that U is closed under scalar multiplication and vector addition.
Let v1 and v2 be vectors in V such that Tv1 = Sv1 and Tv2 = Sv2, and let λ ∈ R be a scalar.
Since v1,v2 ∈ V and V is a vector space, then λv1 + v2 ∈ V as well.
Because T and S are linear, we then have that

T (λv1 + v2) = λTv1 + Tv2 = λSv1 + Sv2 = S(λv1 + v2),

which implies that U is closed under scalar multiplication and vector addition from V , and therefore U is a subspace of
V , which is what I needed to prove.
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4. Decide if the following statement is True or False:

Let U , W , and X be subspaces of a finite dimensional vector space V such that U ∩W = {0} and U ∩ X = {0}. If
U +W = U +X, then W = X.

Indicate your final answer by filling in exactly one circle below (unfilled filled ) and justify your choice with a
proof or counter-example. [4 marks]

© True
False

This is false. I will provide a counterexample. Consider the vectors v1,v2,v3 ∈ R2 where v1 = (1, 0),v2 = (0, 1) and
v3 = (2,−3). Now, consider their subspaces of R2, U = span{v1},W = span{v2}, X = span{v3} ⊆ R2.
We have that U + W = span{v1} ∪ span{v2} = R2 and U + X = span{v1} ∪ span{v3} = R2, because v1 and v2 are
linearly independent and span R2 as well as v1 and v3 are linearly independent and span R2.
Furthermore, we have that U ∩W , or span{v1} ∩ span{v2} = {0}. Similarly, we also have that U ∩X, or
span{v1} ∩ span{v3} = {0}.

Therefore, we have concluded that this statement is false, as span{v1} ∩ span{v2} = {0}, span{v1} ∩ span{v3} = {0}
and span{v1} ∪ span{v2} = span{v1} ∪ span{v3} = R2, and span{v2} 6= span{v3}.
More generally, U ∩W = {0}, U ∩X = {0}, U +W = U +X and W 6= X, as needed.

Page 5



5. Let V be a vector space, and let x1,x2, . . . ,xk ∈ V .

5(a) Prove that if either x1 = 0 or xj+1 ∈ span{x1, . . . ,xj} for some j = 1, 2, . . . , k − 1, then x1,x2, . . . ,xk is linearly
dependent. [4 marks]

I want to prove that for a list of vectors x1,x2, . . . ,xk ∈ V , where V is a vector space, that if either x1 = 0 or if
xj+1 ∈ span{x1, . . . ,xj}, for some j = 1, 2, . . . , k − 1, then the list x1, . . . ,xk is linearly dependent.

Proof. Let a1, a2, . . . ak ∈ R be scalars such that 0 = a1x1 + a2x2 + · · · + akxk is a linear combination of the list
{x1,x2, . . . ,xk}.
By [Definition 1.4.2], we define a list of linearly dependent vectors to be a linear combination of vectors such that there
exists at least one scalar ai, for 1 ≤ i ≤ k, such that ai 6= 0.

Suppose that x1 = 0. If x1 = 0, then suppose that a1 6= 0 is the only non-zero scalar in the linear combination. We
then have that

0 = a10 + 0x2 + 0x3 + · · ·+ 0xk = a10 + 0 + · · ·+ 0 = 0(a1 + (k − 1)).

Because there is one scalar a1 6= 0 and because 0 can be created from a linear combination of the other vectors in the
list, then if x = 0, the list x1, . . . ,xk is linearly dependent. Furthermore, by [Example 1.4.3, (a)], any vector x = 0 is
linearly dependent in any vector space or any linear combination.

Now suppose that xj+1 ∈ span{x1,x2, . . . ,xj} for some j = 1, 2, . . . , k−1. By the definition of span, span{x1,x2, . . . ,xj}
can be expressed as a linear combination of vectors in the span, so span{x1,x2, . . . ,xj} = b1x1 + b2x2 + · · · + bjxj for
any scalars b1, b2, . . . , bj ∈ R.
Because xj+1 ∈ span{x1,x2, . . . ,xj}, then xj+1 is an element in the linear combination b1x1 + b2x2 + · · · + bjxj , thus
xj+1 is already contained in and can be created from the linear combination of vectors in the list {x1,x2, . . . ,xj}.
By [Definition 1.4.2], this implies that there exists at least one scalar in the linear combination
b1x1 + b2x2 + · · ·+ bjxj + bj+1xj+1 that is not zero, and so the list {x1,x2, . . . ,xj ,xj+1} is linearly dependent.
However, j = 1, 2, . . . , k− 1, and so the list {x1,x2, . . . ,xj ,xj+1} is equivalent to {x1,x2, . . . ,xk−1,xk}, and therefore if
xj+1 ∈ span{x1,x2, . . . ,xj} for some j = 1, 2, . . . , k− 1, then the list x1,x2, . . . ,xk is linearly dependent, which is what
I needed to prove.
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5. Let V be a vector space, and let x1,x2, . . . ,xk ∈ V .

5(b) Prove that if x1,x2, . . . ,xk is linearly dependent, then either x1 = 0 or xj+1 ∈ span{x1, . . . ,xj} for some j =
1, 2, . . . , k − 1. [4 marks]

I want to prove that if the list x1,x2, . . . ,xk is linearly dependent, then either x1 = 0 or xj+1 ∈ span{x1, . . . ,xj} for
some j = 1, 2, . . . , k − 1.

Proof. Suppose that the list x1,x2, . . . ,xk is linearly dependent. By [Definition 1.4.2], there exists at least one scalar
ai ∈ R in the linear combination 0 = a1x1 + a2x2 + · · ·+ akxk such that ai 6= 0. This implies that at least one vector in
the list can be created from a linear combination of the other vectors in that list.

Suppose that the scalar a1 6= 0 and that the other scalars a2, a3, . . . , ak = 0. We then have the linear combination

0 = a1x1 + 0x2 + · · ·+ 0xk = a1x1 + 0 + · · ·+ 0 = a1x1.

However, if a1x1 = 0 and because a1 6= 0, then it must follow that x = 0.
Therefore if the list x1,x2, . . . ,xk is linearly dependent then x1 = 0. Furthermore, by [Example 1.4.3 (a)], any vector
x = 0 is linearly dependent in any linear combination.

Now I want to prove that if the list x1,x2, . . . ,xk is linearly dependent, then xj+1 ∈ span{x1, . . . ,xj} for some
j = 1, 2, . . . , k − 1.

Consider the list {x1,x2, . . . ,xk−1} ⊆ {x1,x2, . . . ,xk} which is equivalent to {x1,x2, . . . ,xj} ⊆ {x1,x2, . . . ,xk} for j =
1, 2, . . . , k− 1. Because x1,x2, . . . ,xk is linearly dependent, then we can conclude that the list {xj+1} ∪ {x1,x2, . . . ,xj}
is linearly independent, where xj+1 = xk. We cannot conclude anything about the linear dependence of the list
{x1,x2, . . . ,xj}.
Since {xj+1}∪{x1,x2, . . . ,xj} is linearly independent, we know that xj+1 is contained in the list {x1,x2, . . . ,xj}, which
directly implies that xj+1 ∈ span{x1,x2, . . .xj}.

Therefore if the list x1,x2, . . . ,xk is linearly dependent, then either x1 = 0 or xj+1 ∈ span{x1, . . . ,xj} for some
j = 1, 2, . . . , k − 1, which is what I needed to prove.
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6. Let U and W be 3-dimensional subspaces of a 4-dimensional vector space V , and suppose that U 6= W .

6(a) Prove that U +W 6= U , and U +W 6= W . [4 marks]

I want to show that for any 3-dimensional vector subspace U and W of V where U 6= W , U +W 6= U and U +W 6= W .

Proof. Because U and W are both of dimension 3, then each subspace has at least 3 linearly independent vectors in its
basis.
Let U = span{u1,u2,u3} and let W = span{w1,w2,w3}, where {u1,u2,u3} is a basis for U and {w1,w2,w3} is a basis
for W .
Suppose that U 6= W . We then have that span{u1,u2,u3} 6= span{w1,w2,w3}.
By [Proposition 1.3.8], the sum of subspaces is the union of their spans, so we then have that

U +W = span{u1,u2,u3} ∪ span{w1,w2,w3} = span{u1,u2,u3,w1,w2,w3}.

We then have that W + U = span{u1,u2,u3,w1,w2,w3} 6= span{u1,u2,u3} = U and that
U +W = span{u1,u2,u3,w1,w2,w3} 6= span{w1,w2,w3} = W ,
primarily because span{u1,u2,u3} 6= span{w1,w2,w3}; their bases both contain different elements.
Therefore I have proven that U +W 6= U and that U +W 6= W , as needed.
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6. Let U and W be 3-dimensional subspaces of a 4-dimensional vector space V , and suppose that U 6= W .

6(b) Prove that U +W = V . [4 marks]

I want to prove that for the 3-dimensional subspaces U and W of a 4-dimensional vector space V , V = U +W .

Proof. Because U and W are both of dimension 3, then each subspace has at least 3 linearly independent vectors in its
basis.
Let U = span{u1,u2,u3} and let W = span{w1,w2,w3}, where {u1,u2,u3} is a basis for U and {w1,w2,w3} is a basis
for W .
Suppose that U 6= W . We then have that span{u1,u2,u3} 6= span{w1,w2,w3}.
By [Proposition 1.3.8], the sum of subspaces is the union of their spans, so we then have that

U +W = span{u1,u2,u3} ∪ span{w1,w2,w3} = span{u1,u2,u3,w1,w2,w3}.

By [Theorem 1.6.10], we have that dim(U + W ) can be at most 4 because no linearly independent set spanning V can
have more than 4 elements, and thus the list {u1,u2,u3,w1,w2,w3} is linearly dependent and has at most 4 linearly
independent elements.
Suppose that u3 = cw1 and w3 = du1 are linearly dependent vectors in the list for some c, d ∈ R. We then have that
the list {u1,u2,w1,w2} is a linearly independent set for the sum of U and W , and thus U +W = span{u1,u2,w1,w2}.
We then have that span{u1,u2,w1,w2} ⊆ V , and dim(span{u1,u2,w1,w2}) = 4, so the list {u1,u2,w1,w2} is a basis
for V and that U +W = V , which is what I needed to prove.
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6. Let U and W be 3-dimensional subspaces of a 4-dimensional vector space V , and suppose that U 6= W .

6(c) Is V the direct sum of U and W? [4 marks]

No, V is not a direct sum of U and W . This directly follows from the dimension theorem,

dim(U) + dim(W )− dim(U ∩W ) = dim(V ).

By contradiction. Suppose V is a direct sum of U and W . Then dim(U ∩W ) = dim({0}) = 0, because if V is a direct
sum of U and W , then U ∩W = {0}. We then have that

dim(U) + dim(W )− dim(U ∩W ) = dim(U) + dim(W )− 0 = dim(V ),

however dim(V ) = 4 and dim(U) = dim(W ) = 3, so we then have that

dim(U) + dim(W ) = 3 + 3 = 6 6= 4 = dim(V ).

We have reached a contradiction. This implies that dim(U ∩W ) 6= 0 because dim(U) + dim(W ) 6= dim(V ), so because
dim(U ∩W ) 6= 0, V cannot be a direct sum of U and W , which is what I needed to show.
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