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1. Let V be a vector space, and let x € V. Let W = {cx | c € R}.

1(a)Show that W is a vector space.
We need to show that all vectors in W satisfy the 8 vector space axioms.

To show that W is a vector space, we will first show that W is a subspace of V' which implies that W is closed and inherits
the axioms of scalar multiplication and vector addition from V. From this we will have proven that axioms 1,2, 5-8 are
satisfied. It then suffices to show that W also satisfies the additive identity axiom (axiom 3) and additive inverse axiom
(axiom 4).

Let ¢cx € W where x € V. By definition of a vector space, cx € V because V is closed under scalar multiplication.
Thus, all elements of W are contained in V so W C V.
Suppose that ¢ = 0. We then have that cx = 0x = 0 € W and that W is non-empty, which implies W is a subspace of V'
because {0} C V.
We now need to check if W is closed under the scalar multiplication and vector addition axioms of V. Let w; and wo be
vectors in W and let A\, u € R.

For any wi,ws € W, wi; = ax and wy = bx, we have that

Awy + pwo = A(ax) + p(bx)
= MNaxy, ...,axy) + p(bxy, ..., bxy)
= (Aaxy, ..., \axy,) + (ubx1, ..., ubxy)
= (Aax1 + pbxq, ..., Aax, + pbx,)

= ((Aa+ pb)zy, ..., (Aa + pb)z,)
()\a—i—,ub (31‘1,.. )
= (Aa + pb)x

(Aa+ ub)x € W, so we know that Awy + pwo € W. Thus, W inherits vector space axioms from V. W is closed under the
vector addition and scalar multiplication operations from V. Hence, vector space axioms 1,2,5-8 are satisfied.

Suppose wi,wy € W where w; = cx, wy = dx such that d = 0. In this case, wy = 0 is an additive identity element
in W because by Proposition 1.1.6(b), 0x = 0 for any w; € W. We then have that

Wit+tWwWo=cX+dx=cx+0-x=cx+0=cx=wy,
thus axiom 3, the existence of an additive identity element in W, is satisfied.

Furthermore, by Definition 5.1.4 (iv), there exists an additive inverse —c € R such that ¢+ (—c) = 0. Let wy, wy € W
such that wi = cx, wy = dx, where d = —c. It then follows that

wi+wy=cx+dx=cx+ (—¢)x = (c+ (—¢))x =0-x =0 (by proposition 1.1.6(b)),
which implies that axiom 4, existence of an additive inverse, is satisfied.

Because W is closed under the scalar multiplication and vector addition operations from V', axioms 1,2, and 5-8 are
satisfied.
Furthermore, because W satisfies vector space axioms 3 and 4, W is a vector space, which is what we needed to show.
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1(b) Determine all subspaces of W.

Final Answer: {0} and W are the only two subspaces of W.

By definition, any vector space is a subspace of itself. So, W is a subspace of W.
We also know that {0} is a subspace of W.

é’;:cog-w is a vector space, we know that 0 € W so {0} is a subset of W.
We know that for any x,y € {0}, z = y = 0. Therefore, for all x,y € {0} and for all ¢ € R,
cx +y =0+ 0 (by assumption)
= 0+ 0 (by proposition 1.1.6(b): 0x = 0)
= 0 (by axiom 3)
Since ¢x +y € {0}, by Theorem 1.2.8, {0} is a subspace of W.

There are only two subspaces of W, {0} and W itself. We will prove this by contradiction.

Proof.
Suppose that there exists a subspace S of W but S # {0} and S # W. This means that there exists ¢cx € S where ¢ # 0
and there exists ax € W such that ax ¢ S.
Let ex,dx € S. Let a = c+d.
cx + dx = (¢ + d)x (by axiom 6)

(c+d)x ¢ S so S is not closed under vector addition. Therefore, S is not a subspace.
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2. Let U = {a+ bz + ca® + da® € P3(R) |[a —b+d =0}, and let W = {a + bz + ca® + da® € P3(R) | a + 2c — d = 0}.

2(a) Find a finite subset S of P3(R) such that span S =U + W.

S={1,z,22 2%}

We want to show that P3(R) = U + W. Then, any set S that spans P3(R) will also span U + W.

Proof.
Relabel W = {e + fz + gz* + ha® € P3(R) | e + 2g — h = 0}.
Let p(z) € U + W. Then,
p(z) = (a+ b + ca? + da®) + (e + fx + gz* + ha®)
p(z) = (a+e)+ (b+ flz+ (c+ g)z? + (d + h)x®
Thus, p(z) € P3(R).
Let q(z) € P3(R). Then,

q(z) = ap(1) + arx + azx? + azx®

This can be rewritten as
q@)=(a+e)+ b+ flz+ (c+ g)a® + (d+ h)z®

q(z) = (a+ bz + cx? + dz3) + (e + fx + gz* + ha®)

Thus, ¢(z) e U + W.
We have proven that P3(R) = U + W which means that any finite subset S that spans P3(R) will span U + W.
We know that S = {1,z,2% 23} spans P3(R) so span S = U + W.
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2(b) Is U + W a direct sum?

Final Answer: No, U + W is not a direct sum.

For U + W to be a direct sum, U N W = {0} would need to be true.

Proof.
Let p(x) € UNW. Then p(z) € U and p(z) € W. So,

p(z) = a + bx + ca® + da®
p(x) = e+ fr + gz? + ha®

For any polynomial in U, a — b+ d = 0 which means that a = b — d. For any polynomial in W, e + 2g — h = 0 which
means that e = —2g + h. This means that

p(z) =b—d+ bx + cx® + dr?
p(z) = =29+ h + fx + g2® + ha®

b—d+ b+ ca? +da® = p(x) = 29 + h+ fo + gz + ha®

b—d=—-2g+h

b=f
c=g
d=nh

From this we can gather that

b—d=—29+h
b—d=—-2c+d
b= —2c+2d
Let c=d = 1. Then b = —2(1)+2(1) = 0. From our definition of U we find that ¢ = 0—1 = —1 and from our definition
of W we find that a = —2(1) +1 = —1.
p(z) = —1+2% +2°
We have found a polynomial p(z) € U N W that is not 0.
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3(a) Prove that if the list x1,x5 is a basis for a vector space V, then the list ax;,bx; + cxg is also a basis for V for any
a # 0 and ¢ # 0. Why does the conclusion fail if ¢ =0 or ¢ = 07

We want to show that if {x1,x2} is a basis for V, then the list {ax1,bx1 + cx2} is also a basis for V.

Proof. If {x1,%2} is a basis for V, then we have that span{x;,x2} = V. Because the list {x1, X2} is a basis for V, then
we have that {x;,x2} is linearly independent:
0 = g1x1 + g2x2, where g1 = g2 = 0.
For any scalars a,b,c € R, where a # 0 and ¢ # 0, we need to show that the list {ax1,bx;+cx2} is also linearly independent,
which would imply that the list {ax1,bx1 + cx2} is also a basis for V.
We have that
0 = hi(axy) + ho(bx1 + cx2)
0= hl(axl) + hg(le) + hQ(CXQ)

By the multiplicative associativity axiom (axiom 7) and the distributivity over scalar addition axiom (axiom 6), we have that

0= (hla)xl + (hgb)Xl + (hQC)XQ
0= (hla + hgb)xl + (hQC)Xg.

Because the set {x1, X2} is linearly independent, then it follows that 0 = (hya+hab)x1+(hac)X2 is also linearly independent,
which implies that

hia + hob = 0 and
hQC =0.
Since ¢ # 0, it follows that hy must be 0:

hia+0b=hia+0=hija=0
hac=0c=0
Since a # 0, it then follows that h; must be 0 as well.

Thus, we have shown that 0 = hy (ax1)+hz(bx1+cx2) only has a trivial solution which implies that the list {ax1, bx1 + cx2}
is linearly independent and also a basis for V', which is what we needed to prove.
O

If a =0 or ¢ =0, then the list {ax1,bx1 + cx2} is not a basis for V.

By Definition 1.6.12, the number of elements in a basis for a vector space V' must be the same as the dimension of V.
Suppose a = 0. We then have the list {0x1,bx; + cxa}. {0x1,bx; + cx2} is not a basis for V' because

dim(span{0xy, bx; + cx2}) = 1, since span{0x;} = span{0} = {0} and dim{0} = 0.

Furthermore, dim V' = 2 # 1 = dim(span{0x1, bx; + ¢x2}), which implies that, span{0, bx; + cx2} = span{bx; + cx2}.
Now suppose that ¢ = 0. We then have that the list {axq,bx1 + 0x2} = {ax1,bx; + 0}, which is also not a basis
for V because this list is linearly dependent and only contains one element, {x;}. Using the same argument that
span{0xs} = span{0} = {0} and dim{0} = 0, we have that the span{ax;,bx; + 0} = span{ax, bx;} = span{x;}, as ax
and bx; which, by the definition of span being all linear combinations of the elements in a set, can be written as linear
combinations of x;. Therefore dimV = 2 # 1 = dim(span{x; }).

Therefore if a = 0 or ¢ = 0, the list {ax1, bx1 + c¢x2} does not generate V and is not a basis for V.
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3(b) Let x1,x%2,...,X, be a basis for a vector space V. By generalizing the methodology in 3(a), explain how you could
produce an infinite number of different bases for V.

Because the list {x1,Xs,...,X,} is a basis for V, then the set of all linear combinations of vectors in this list is trivial
because every element in this list is linearly independent. By following the methodology in 3(a), sets S and &’ can be
created using elements in the basis {x1,X2,...,%x,} of V, which implies that as long as a basis has dimension n, meaning
that the dimension is the same as dim V', it will be a basis for V regardless if previous elements are repeated in the
construction of new elements in the basis. To provide an example, consider the basis S, where each new term k contains
vectors from the kth — 1 term, where 2 < k < n:

S={x1,X1+X2,...,X1 +Xa+ -+ X, }.

Furthermore, we can conclude that any basis for V' can be also constructed using any real scalars as long as the basis
has at most dimension n, meaning that there are n linearly independent vectors in the basis and the dimension of the
basis is equal to dim V. We are able to create an infinite number of bases because there are an infinite number of scalars
used to create bases consisting of linear combinations.

We are able to produce an infinite number of bases for V' by constructing a list of linearly independent vectors using
scalars. Consider the basis S’ of n vectors for V', where for any scalar a;; € R, where a;; #0 and 1 <i<n,1<j<mn,
we are able construct another new basis for V:

S" ={anx1, a21%1 + ag2X2, ..., Ap1X1 + AnaXo + - F AppXp )

To add, notice that this basis fails if there exists one a;; = 0, as the dimension of the span of the basis will not be the
same as the dimension of the vector space the basis is generating.
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