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1. Let

Z1 T2 X3 T4
1 1 1 0
W = { (21,20, 23,24) € R? | det 0 1 11 =0
1 0 1 1
1(a) Show that W is a subspace of R*.
I want to show that W is a subspace of R%.
I will begin by computing the determinant of the 4 x 4 matrix:
T 110 110 110 111
det 0 1 1 1 =x1-det |1 1 1| —a9-det |0 1 1| +x3-det {0 1 1| —xz4-det |0 1 1
1 0 1 1 0 1 1 1 1 1 1 0 1 1 0 1

‘We then have

Ty T2 T3 T4

1 1 1 0 1 1 11 11 0 1
det 001 1 117 Ty - [det [1 J — det [O 1” — T - [det L 1] — det [1 1”
1

0o 1 1
1 1 0 1 1 1 0 1 0 1
O P OO O P B IO O PO
=-X1 —To+2x3 —x4 =0.

We can re-write W as W = {($1,I2,$3,I4) € Rﬂ -2 —To+ 223 — x4y = O}.

I will now show that W is a subspace of R%. There is a condition on the vector (x1,xs,x3,24) € R*, which is

—21 — X9 + 223 — x4 for each x1, 29,3, 24 € R. This implies that W C R*. If all 2y = 290 = 3 = 24 = 0, then 0 € W,
which implies that W is non-empty.

Now, I need to show that Va,b € R,Vx,y € W, we have that ax + by € W. That is, that W is closed under the scalar
multiplication and vector addition axioms from R*. We have

—(ax1 +by1) — (axs + bys) + 2(axs + bys) — (x4 + ya) = —ax; — by1 — axa — bys + 2ax3 + 2bys — x4 — Y4
= —aT1 — axy + 2ax3 — 4 — by — bya + 2byz — Y4
= a(—1 — T2 + 203 — 24) + b(—y1 — Y2 + 2y3 — y4)
= a(0) +b(0) = 0+ 0 = 0.

Therefore since the same vector addition and scalar multiplication axioms from R* hold in W, and since ax + by € W,
then W is a vector subspace of R*, which is what I needed to show.
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1. Let

1(b) Determine dim W.

. We have

—_— = =

—_ — N o Q
— === 8
o2 +
— T TS
— N ™ < o~
8 8 8 8 8
[

From here, it appears we cannot conclude anything about the properties of the subspace W because each of the cofactors

of x1,x9, 73,14 are 0:

Therefore, dim W = 4.

A basis for W could be the standard basis of R?*, that is, the set { {
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2. Let V be a vector space, and let T' € £(V).

2(a) Prove that if T is injective, then 0 is not an eigenvalue of T'.

I want to prove that for an injective linear map T € £(V), 0 is not an eigenvalue of T'.

Proof. By contradiction. Assume that T' € £(V) is injective. Then, by Proposition 24, Quiri Li Linear Transfor-
mation, Slide 86, we can conclude that ker(T) = {0}.

Now, suppose that 0 is an eigenvalue of T. By [Proposition 4.1.5], a non-zero vector x is an eigenvector of T' with
eigenvalue X if and only if x € ker(T'— AI). If 0 is an eigenvalue of T', then we have that

x €ker(T — A) = x€cker(T —0]) = x € ker(T).

Since T is injective, then x € ker(T') = {0}, which implies that x = 0. However, if x is an eigenvector of T, then x # 0,
which is contradictory.
Therefore 0 cannot be an eigenvalue of T', which is what I needed to prove.

2(b) Prove that if 0 is not an eigenvalue of T' then T is injective.

I want to prove that if 0 is not an eigenvalue of T, then T is injective.

Proof. To prove that T is injective, by Proposition 24, Quiri Li Linear Transformation, Slide 86, it suffices to
show that ker(T") = {0}.
By contrapositive. Then, I need to show that if 0 is an eigenvalue of T', then T is not injective. That is, that ker(T") # {0}.
Assume that 0 is an eigenvalue of T. By [Proposition 4.1.5], every eigenvector x # 0 with eigenvalue A is in ker(T'—AI).
We then have

x €ker(T —A) = x€ker(T —0]) = x € ker(T).

Thus, since x # 0 and x € ker(T), then ker(T") # {0}.
I have proved that the contrapositive is true, and thus if 0 is not an eigenvalue of T', then T is injective.
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3. Let V be a finite dimensional vector space, and let S,T € £(V).

3(a) Suppose that if A # 0 is an eigenvalue of ST. Show that A is also an eigenvalue of T'S.

Let x € V be an eigenvector of ST with non-zero eigenvalue A # 0, so S(T'(x)) = Ax. By definition, if x is an eigenvector
of ST, then x # 0.
I want to show that if A # 0 is an eigenvalue of ST, then it is also an eigenvalue of T'S.

Suppose that x # 0 is an eigenvector of ST with non-zero eigenvalue A. Let v = T'(x) such that v # 0. Then
ST (x) = Sv = Ax.

We then have
(TS)(Tx) =T(ST(x)) = T(\x) = \Tx.

This implies that T'x # 0 is an eigenvector of T'S with the same eigenvalue A. Therefore ST and T'S have the same
eigenvalues (but they may not have the same eigenvectors), which is what I needed to show.
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3. Let V be a finite dimensional vector space, and let S,T € £(V).

3(b) Suppose that 0 is an eigenvalue of ST. Show that 0 is also an eigenvalue of T'S.

I want to show that if 0 is an eigenvalue of ST, then 0 is also an eigenvalue of T'S.

If 0 is an eigenvalue of ST, then we know that ST is not an isomorphism, that is, that S7T' cannot be invertible.
It then follows that since ST is not an isomorphism, then both 7" and S individually cannot be isomorphisms.
Hence T'S cannot be an isomorphism, and thus 0 is also an eigenvalue of ST

For further justification, suppose that there exists an eigenvector x € V' with eigenvalue 0 when under the transformation
ST: ST(x) =0x = 0. By definition, if x € V' is an eigenvector of ST, then x # 0.
Let v = Tx. Using the same argument used in question 3(a), then

(TS)(Tx) = T(ST(x)) = T(Ax) = T(0) = 0Tx = 0.

It is ok if v = Tx = 0 because here, A = 0. Therefore if 0 is an eigenvalue for ST, then it is also an eigenvalue of TS,
which is what I needed to show.
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