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Instructions

* Do not open the exam until you are instructed to do so. Failure to comply is an academic offence.

* No aids are permitted on this examination. Examples of illegal aids include but are not limited to text-
books, notes, calculators, cellphones, or any electronic device,

* Once the exam begins, check that you have all pages. This exam contains 12 pages including this cover
page, and is printed double-sided on 6 sheets of paper. There are 9 problems.

* Show your work and justify your steps on every question, unless otherwise indicated.

* Organize your work in a reasonably neat and coherent way, in the space provided. Work scattered all over
the page without a clear ordering will receive very little credit.

 If you need more space, use the blank pages at the end of the exam and clearly indicate on the question
page when you have done this. Do not tear any pages off this exam.
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Do not tear this page off. This page is a formula sheet and will not be graded under any
circumstances. It can be used for rough work only.
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1. (4 points) The parts of this question are unrelated. No justification is necessary for any part.
Fill in EXACTLY ONE circle, (unfilled O filled @)

(1a) Belal has a whirlpool and drops a rubber ducky on the edge of the whirlpool. It spins around the centre
once every minute and takes 5 minutes to reach its centre. Let y : [0,5] — R? be the path of Belal’s
ducky (viewed from above) with the origin (0,0) as the centre of the whirlpool.

Which of the following relations could y realistically obey? Select the best answer.
Ort+)=y(t)for0<t<5
O rin)= (tcos(%), tsin(%)) for0<t<5.
@ The real-valued function ||y(t)|| is decreasing on 0 < t < 5.
(O The derivative y'(t) is constant forall 0 < t < 5.
(O The unit tangent T(t) points towards the origin for all0 < t < 5.

(1b) Let f(x,y)=xe’,A={(x,xe?): x € R}, and B = {(x, y) € R? : xe” = 3}, Which statement is TRUE?
@ A is an x-slice of the graph of f and B is a contour of f.
(O Ais a y-slice of the graph of f and B is a contour of f.
O Ais a contour of f and B is a x-slice of the graph of f.
(O Aisa contour of f and B is a y-slice of the graph of f.
(O None of the above statements are true.

(1¢) Let S be the unit sphere in R* centered at the origin. Consider the sets
A={(x,y,2) €R®: x2+y?+22 =1} B={(p,0,9)eR®:p=1} C={r0,2)eR®: r*+z2=1}

Which of the following statements is TRUE? Select only one.
QO Only Ais equal to S.
(O Only B is equal to S.
O Only C is equal to S.
(O Only A and B are equal to S.
@ A,B, and C are all equal to S.

(1d) Husky Pup Pet Store sells two competing brands of dog food: Fido Food and Canine Cuisine. Let F(x, y)
be the number of bags of Fido Food sold per week, where x is the price (in dollars) of each bag of Fido
Food and y is the price (in dollars) of each bag of Canine Cuisine. Please select the statement below
that is both correct and well-justified.

O g—; is usually positive, because an increase in the price of Canine Cuisine will result in a decrease
in the demand for Canine Cuisine and an increase in the demand for Fido food.

@) g{; is usually positive, because an increase in the price of Canine Cuisine will result in an

increase in the price of Fido Food.
aF

5y is usually negative, because if the demand for Canine Cuisine increases, the demand for
Fido food will decrease.

g—; is usually negative, because an increase in the price for Fido Food will result in a decrease
in the demand for Fido Food.

(O None of the above are both correct and well-justified.
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2. (3 points) The parts of this question are unrelated. No justification is necessary for any part.
Fill in EXACTLY ONE circle. (unfilled O filled @)
(2a) Let ACR" and let f : A— R™. Let a be a limit point of A and let b € R™,
Which of the following is EQUIVALENT to )1(13}1 flx)=0b?

O Ve>0,36>0s.t. ||x—al|<d = |[f(x)—bll<e
O Ve>0,36>0st. 0<||x—a|]|<d = ||f(x)—b]| <¢
O VYe>0,36 > 0s.t. f(B5(a)) CB.(f(a))
@ Ve>0,36 > 0s.t. f(Bs(a)\ {a}) € B.(f(a))

(O None of the above are equivalent,

(2b) Let f : R" — R be continuous. Which statement must be TRUE?
O f has a maximum and a minimum.
QO f has a maximum and a minimum on (0, 237)".
O If ' 1”1rn f(x) =0 then f has a maximum.
X||—0c0
O If lim f(x)= oo then f has a minimum.

|lx||—o0

@ None of these are necessarily true.,

(2¢) Let S be a compact set in R™. Which of the following statements must be TRUE?
(O Every sequence in S converges.
(O Every subsequence of a sequence in S converges.
(O The set S is path-connected.
@ The set S is not open.
(O None of the above are necessarily true,

3. (3 points) For each set S, determine whether it satisfies each of the 4 listed properties.
No justification is necessary. Fill in ALL boxes that apply. If none apply, leave it blank. (unfilled O filled m)
(32) R%7\ By3;(0)

open @ path-connected

0O compact O closed
(3b) §={(x,5,2) €R®: x*+y? +2% < 1and x # 0}

O open W path-connected

O compact O closed
(30) §={(xy* e, x%siny): x,y €[0,1]}

O open @ path-connected

| compact B closed
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4. The parts of this question are unrelated.

(4a) (3 points) LetA={(x,y) € R?: y > x%}. Draw a “picture proof” that (1,1) is a boundary point of A.
Label your plcture with quantities according to how a proof would be written. Do not write a proof.
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5. (5 points) Prove that f(x, ¥) = 3x + 2y is continuous at (1, 5) using the £-§ definition.
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6. (5 points) A contour plot of a differentiable function g : R?\ {(0,0)} — R is provided below.
Four points PQ, R, and S are labelled. Use this diagram for every part below. No justification is necessary.

Fill in ALL boxes that apply. If none apply, leave it blank.
(6a) At which of these 4 points is g, negative? ‘

WP mQ O R aos

(6b) At which of these 4 points is D(; ;)¢ approximately zero?

oprP |Q OR oS

(unfilled O filled m)

(6c) Choose the minimum of these 4 real numbers. If several choices apply, select them all.

B D q)g(P) 0O Dy 1yg(Q) O Dy 1yg(R)

(6d) Sketch the gradient vector field of g.
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7. (2 points) Let g : R* — R be given by g(x,y) = xy?. No justification is necessary for any part below.
(7a) Calculate Vg(—1, 2).

8 3

Vg(—1,2)= (L\ p “M\)

\,

(7b) For which unit vector u € R? is the quantity D,g(—1, 2) maximized?

e (4

8. (5 points) Let f : R? — R? be differentiable and fix p = (1, 2) € R2. Suppose
—2 3 -1
=[] me orw=[) 7]

No justification is necessary for any part below.
(8a) Compute 3, f(p).

of = |7

(8b) Compute D, f(p) where v = (0.5,—0.5).

e 1)

(8c) Give an explicit formula for the differential of f at p.

e = [23]n | hew

b v

(8d) Linearly approximate f(1.5,1.5).

£(1.5,1.5) ~ [?—g

MAT237 Term Test 1 - Page 8 of 12 October 29, 2021



MAT237 2021-22 Term Test 1 #001-09

9. (6 points) Let f : R" — R™ and g : R" — R™ be differentiable at a € R",
Using the limit definition of differentiability, prove that the function f + g is differentiable at a and
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Do not tear this page off. This page is for additional work and will not be
graded, unless you clearly indicate it on the original question page.

MAT237 Term Test 1 - Page 10 of 12 October 29, 2021



MAT237 2021-22 Term Test 1 #001-11

Do not tear this page off. This page is for additional work and will not be
graded, unless you clearly indicate it on the original question page.
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Quesov 9

Do not tear this page off. This page is for additional work and will not be
graded, unless you clearly indicate it on the original question page.
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