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Instructions

« Do not open the exam until you are instructed to do so. Failure to comply is an academic offence.

« No aids are permitted on this examination. Examples of illegal aids include but are not limited to text-
books, notes, calculators, cellphones, or any electronic device.

+ Once the exam begins, check that you have all pages. This exam contains 12 pages including this cover
page, and is printed double-sided on 6 sheets of paper. There are 7 problems.

* Show your work and justify your steps on every question, unless otherwise indicated.

s Organize your work in a reasonably neat and coherent way, in the space provided. Work scattered all over
the page without a clear ordering will receive very little credit.

« If you need more space, use the blank pages at the end of the exam and clearly indicate on the question
page when you have done this. Do not tear any pages off this exam.
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» 1 understand the consequences of violating the University’s academic integrity policies as outlined in the
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Do not tear this page off. This page is a formula sheet and will not be graded under any
circumstances. It can be used for rough work only.
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1. (5 points) The parts of this question are unrelated. No justification is necessary.
When necessary, fill in EXACTLY ONE circle. (unfilled O filled @)

(1a) LetR be a rectangle in R". Let P,P’,P” be partitions of the rectangle R.
Which statement is necessarily TRUE?
(O IfR, and R, are distinct subrectangles of P, then R; NR, =@.
@ The set P’ UP" is a partition of R.
QO If P’ is a refinement of P, then P’ contains P.
QO If P is the common refinement of P’ and P”, then P contains P’ and P”.
(O None of the above statements are true.

(1b) Let P be the partition of R = [0,2] x [—1,3] defined by the partitions {0,1,2} of [0, 2] and partition
{—1,3} of [—1,3]. Let f(x,y) = x* + y. Compute the lower sum Lp(f). Write your final answer only.

LP(f): ""\

(1¢) LetR be a rectangle in R™. Let f : R — R be bounded.
Which statement is necessarily TRUE?

(O For every partition P of R, Izf < Lp(f).
O There exists a partition P of R such that Igf = Lp(f).

O If f is continuous on R, then there exists a partition P of R such that fR fdv = Lp(f).
@ There exists a partition P of R such that Ipf —0.01 < Lp(f).

(O None of the above statements are true.
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(1d) LetR be a rectangle in R". Let f : R — R be bounded. Here is an attempted proof that If < Igf.

1. For any partition P of R, we have that Lp(f) < Up(f).

2. Taking the supremum and infimum over all partitions P, sup Lp(f) < igf Up(f).
2

3, T, Lf < T.f

Select the most accurate assessment of this argument.
(O The proof is essentially correct, but missing some minor details and justifications.
O Line 1 is flawed since it is possible that Ly(f) = Up(f).
O Line 1 is flawed since Lp(f) or Up(f) are not necessarily defined.
@ Line 2 is flawed since it assumes an invalid property of suprema and infima.
O Line 3 is flawed since Igf = infLp(f) and If = sup Ul F

(le) Let D € R" be a set and let f : D — R™ be a function.
Which statement is EQUIVALENT to "f is uniformly continuous on D"?

O YaeD,Ve>0,36 >0s.t. Yx€D,|lx—a|]| < = If(x)—f(a)ll <e

S

QO Ye>0,YaeD,36 >0st VxeD,|lx—a||<bé = IIf (x)—fla)ll <€
@® Ve>0,35>0st YxeD,VaeD,|lx—al|<é = () —f(a)ll<e
O Ve>0,YaeD,36 > 0s.t. f(Bs(a)nD) €B,(f(a))
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2. (5 points) The parts of this question are unrelated. No Justification is necessary.

Fill in EXACTLY ONE circle, (unfilled O filled ()

(2a) Let S CR" be a set. Which statement is necessarily TRUE?
O If 8¢ =R"\ S does not have zero Jordan measure, then S has zero Jordan measure.
QO If $° is empty, then S has zero Jordan measure.
O If 35 has zero Jordan measure, then S is bounded.
O If S has zero Jordan measure, then S has zero Jordan measure.
@ None of the above statements are true.

(2b) For a cheese slice S C R? with mass density &, approximate the position of its centre of mass.

237

0 S

(2¢) Let (22, Z,P) be a continuous probability space in R" with probability density function ¢.
Which statement is necessarily TRUE?

@ = is the set of all subsets of Q.

Qosg(x)<1forallxeq.

O P2, 4.) =222, P(A,) for any collection of disjoint events {4,}°°, in 3,
QO IfA€ X, then A€ ¥ and P(A) = P(A).

(O None of the above statements are true.

(2d) Let f :[0,1]% [2,3] — R be bounded. Define the three quantities

1 3 3 1
A=f f Flx,y)dydx, B=f f flx,y)dxdy, C:Jj Fda.
Lha 2 Jo [0,1]x[2,3]

Which statement is necessarily TRUE?
O IfAand B exist, then C exists.
@ IfAand B exist and A = B, then C exists.
O If C exists, then both A and B exist.
() Tf C exists, then at leact ona of 4 or B oxists

(U None of the above statements are true.

1 x
(2e) Evaluate I = J. f (x +2y)dydx. Write your final numerical answer only.
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3. (5 points) The parts of this question are unrelated. No justification is necessary.
Fill in ALL boxes that apply. If none apply, leave it blank. (unfilled O filled m)
(3a) Which of the following sets have zero Jordan measure?
O By(0)
o {(x,y)eR?: y =2x}
@ (1,2} x([0,1]1nQ)
@ {(x,y,2) eR®: x> +y*=4,2<3 <37}

(3b) Which of the following se;s are Jordan measurable?
O R"
®m 2B,(0)
O [3,4]"n@Q"
m{(xyz)eR:x*+y?<4,2<2<37}

(3c) Which of the following functions f are integrable on the sets 5?
B S={(x,y)eR2:0<x?+y*><1}and fx,y)=x*+y>
mS={(xy)eR*:0<x2+y*<1}and f(x,y)=1/(x* +y?).
OS={(x,y)eR?: x>+ y?=1}and f(x,y) =237 if (x,y) € Q? and f(x,y) = 0 otherwise.
O S={(x,y)eR?: x2+y? < 1} and f(x,y) = 237 if (x,y) € Q* and f(x, y) = 0 otherwise.

(3d) Let (2, Z,P) be a continuous probability space in R? for selecting a vector uniformly inside the square
Q =[—8,8]%. Which statements are events occurring with probability zero?

0 The vector lies inside the first quadrant. 257/
® The vector has magnitude 1.
O The vector points downward but not directly down. fo /.

B The vector has two rational components.

(3e) LetR=[a,b]x[c,d] x [e,f]be arectangle in R® and let ¢ : R — R be bounded. According to Fubini’s

theorem, the identity
b of rd
j(pdVZJ J J @(x,y,z)dydzsdx
R a Je c

holds and both quantities exist provided which assumption(s) hold? Select as few as possible.

® (¢ is integrable on [a, b] x [c,d] x [e, f]. e
@ For every x € [a, b], the x-slice ¢* is integrable on [c,d] x [e, f]

! ® TFor every y € [¢,d], the y-slice ¢ is integrable on [a, b] x [e, f ]

% @ For every z € [e, f ], the z-slice ¢* is integrable on [a,b] x [c,d]

=
=)
=

| For every x € [a,b], y €[c,d], the (x, y)-slice 9™ is integrable on le,f]
W For every x € [a, b,z € [e, f ], the (x,2)-slice ¢** is integrable on [c,d]
B Forevery y € [c,d),z €[e, f ], the (y, z)-slice ©”* is integrable on [a,b].
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4. (8 points) The parts below are unrelated. No justification is necessary. Do not evaluate any integral(s)

(4a) Let W ={(x,y) eR*:1<x*+y?<4,x>0,y >0} bea plate with continuous density f : R — R.
Express the mass of W as an iterated double integral using polar coordinates with order drd@.

7

gl
Flreo, rsine) rarde

(4b) Let H = {x*+ y®+35? < 4, 2 > 0} be the solid upper hemisphere of radius 2.
Express vol(H) as an iterated double integral with order d vdx.

08 3= N e | )
fvs) =vareese \ VT b o
Yoy =yt

Express vol(#) as an iterated triple integral using cylindrical coordinates with order drdBdsz.

z ya's \/W
cr de ols-

"

Lxpress vol(H ) as an iterated triple integral using spherical coordinates with order d pdBdo.

( " - ‘
Y g S ptsine dp dody

MAT237 Term Test 3 - Page 6 of 12 March 4, 2022



MAT237 2021-22 Term Test 3 Booklet #237

5. (6 points) Cheese is sliced in the shape of a parallelogram P = {(x,y) € R?:0<x—y<3,1<x+y<2}
with mass density &(x,y) = (x + ¥)?. Use a change variables to transform P into a rectangle and find the
total mass of the cheese. Briefly verify the assumptions of the change of variables theorem.

L w= X-y . OSw $3 | )
=y vevel L lyg) - )= v

hlag) = (%9, Xg) =040, S et
Pl e, XUty VNRY @ 3= T ,*:;3J
qluv) = W' (xg) = (V“)"'“”) = (%9).
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6. (6 points) Let 2 C R" be a set with an exhaustion by compact Jordan measurable sets. Let f and g be real-
valued locally integrable functions on . Assume that 0 < f < g on Q and the improper integral fn gdv

i converges. Prove that the improper integral f qfdV converges.
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7. (5 points) Consider the solid S above z = 0, below z = y + 2, and below the paraboloid z = 4 — x2—y2
Use slices to set up the volume of § as a sum of iterated integral(s) with the order dx dy dz. Explain the
geometry of your process, including the area of each slice and a labelled sketch of typical slice(s).

Perspectives of the solid are on the next page. Do not evaluate any integral(s).
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Do not tear this page off. This page includes perspectives of the solid in Question 7 and
will not be graded under any circumstances. It can be used for rough work only.
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Do not tear this page off. This page is for additional work and will not be
graded, unless you clearly indicate it on the original question page.
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Do not tear this page off. This page is for additional work and will not be
graded, unless you clearly indicate it on the original question page.
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