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Problems
1. For each set S, determine whether it is open, closed, bounded, or path-connected. No justification is necessary.

Fill in all boxes that apply. If none apply, leave them all blank. (filled Ñ unfilled É)

(1a) S = R2 \ span{(1,1)}
Ñ open É closed É bounded É path-connected

(1b) S = R3 \ span{(1,1, 1)}
Ñ open É closed É bounded Ñ path-connected

(1c) S = {(x , sin(1/x)) : x 2 (0,1]}
É open É closed Ñ bounded Ñ path-connected

(1d) S = {( 1
m

, 1
n
) : m, n 2 N+}[ {(0,0)}

É open É closed Ñ bounded É path-connected

(1e) S = {(wx yz, x
3 � yz, we

x y , sin(wz)) : w
2 + x

2  2,0 y, z  1}
É open Ñ closed Ñ bounded Ñ path-connected

(1f) S = R⇥Q⇥Z⇥N
É open É closed É bounded É path-connected
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2. Fix a 2 Rn and r > 0. Sketch a “picture proof” that the open ball Br(a) is open. Label your diagram with
quantities that would be used in a direct proof by definition.

Notes:

• The picture proof is saying that every point p 2 Br(a) is an interior point, that is, 9" > 0 such that
B"(p) ✓ Br(a).

• The point p is infinitesimal as you ’zoom in’ on it, no matter how close you get to the boundary of Br(a),
p will still be contained in the ball.

3. There are many strategies to verifying a set S ✓ Rn is closed. For example, “show S contains its limits points”
is one strategy. List as many other different strategies as you can. A diverse list is better than a long list.

My list:

• Show S contains all its limit points.

• (If S is bounded) show S is compact, by Bolzano-Weierstrass this proves that S is closed.

• Let f : Rn ! Rm be a function, and let S = f
�1(V ). You can show S is closed if every V ✓ Rm is closed

(Theorem 2.7.25c).

• Show that the complement of S, S
c , is open.

• Break down S into a finite number of closed subsets and show that each subset is closed. Then, a finite
union of closed sets is closed.

• Prove that S = S.

• Show that @ S ✓ S.
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4. Limits can measure the rate at which functions tend to zero (or infinity) and polynomials are your favourite
functions of all time. Let ↵1, . . . ,↵n 2 N and let A 2 N+. You will compare the rate at which the monomial
x
↵1
1 · · · x↵n

n
and the norm ||x ||A tend to zero as x = (x1, . . . , xn)! 0.

(4a) Prove that if ↵1 + · · ·+↵n  A then lim
x!0

x
↵1
1 · · · x↵n

n

||x ||A does not exist.

I want to prove that if ↵1 + · · ·+↵n  A, then the limit lim
x!0

x
↵1
1 · · · x↵n

n

||x ||A does not exist.

Proof.

I will show that this limit does not exist by using the sequential definition

• Define the sequences t(k) =
1
k

and s(k) =
2
k

. For both cases, lim
k!1

t(k) = lim
k!1

s(k) = 0.

• Define x = (x1, x2, . . . , xn) = (t(k), t(k), . . . , t(k)). This is the sequence approaching zero on the line
(1, 1, . . . , 1). Our limit then becomes

lim
k!1

� 1
k

�↵1
� 1

k

�↵2 . . .
� 1

k

�↵n

⇣«� 1
k

�2
+ · · ·+

� 1
k

�2
⌘A
= lim

k!1

� 1
k

�↵1+···+↵n

�p
n

1
k

�A
=

1
(
p

n)A
lim

k!1

� 1
k

�↵1+···+↵n

� 1
k

�A
.

• In the case where ↵1 +↵2 + · · ·+↵n = A, then the sequences cancel and the limit computes to
1

(
p

n)A
.

When ↵1 +↵2 + · · ·+↵n < A, the limit becomes

1
(
p

n)A
lim

k!1
1

� 1
k

�A�↵1�↵1�···�↵n

,

which does not exist because the denominator tends to zero.
• Now define y = (y1, y2, . . . , yn) = (s(k), t(k) t(k), . . . , t(k)). This is the sequence approaching zero on the

line (2, 1, . . . , 1), which is different from the first case. The limit becomes

lim
k!1

� 2
k

�↵1
� 1

k

�↵2 . . .
� 1

k

�↵n

⇣«� 2
k

�2
+ · · ·+

� 1
k

�2
⌘A
= 2↵1 lim

k!1

� 1
k

�↵1+···+↵n

�p
n+ 4

� 1
k

��A
=

2↵1

(
p

n+ 4)A
lim

k!1

� 1
k

�↵1+···+↵n

� 1
k

�A
.

• In the case where ↵1 +↵2 + · · ·+↵n = A, then the sequences cancel and the limit computes to
2↵1

(
p

n+ 4)A
.

When ↵1 +↵2 + · · ·+↵n < A, the limit becomes

2↵1

(
p

n+ 4)A
lim

k!1
1

� 1
k

�A�↵1�↵1�···�↵n

,

which does not exist because the denominator tends to zero as k!1.
• The limits using the sequential definition approach the same point on two different lines:(1,1, . . . , 1) and
(2, 1, . . . , 1). In either case, the limit either does not exist or both sequences, which both converge to zero

as k!1, compute values
1

(
p

n)A
or

2↵1

(
p

n+ 4)A
, and thus the limit cannot exist.

Ñ
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(4b) Use the formal "-� definition of the limit to prove that if ↵1 + · · ·+↵n > A, then lim
x!0

x
↵1
1 · · · x↵n

n

||x ||A = 0.

That is, the monomial x
↵1
1 · · · x↵n

n
tends to zero faster than ||x ||A when its degree ↵1+ · · ·+↵n exceeds A.

I want to prove that

8" > 0,9� > 0 s.t 8x 2 Rn, 0< kxk< � =)
�����

x
↵1
1 · · · x↵n

n

kxkA

�����< "

where ↵1 + · · ·+↵n > A and n� 2.

Proof.

• Let " > 0 be given. Choose � = "1/(↵1+↵2+···+↵n�A).
• Let x 2 Rn. Assume 0< kxk< �. This implies that for all i = 1, 2, . . . , n,

|xi |
q

x
2
1 + x

2
2 + · · ·+ x2

n
< �.

Then |xi | kxk< � =) |xi |↵i  kxk↵i < �↵i .
• This implies

nY

i=1

|xi |↵i 
nY

i=1

kxk↵i <
nY

i=1

�↵i ,

so then |x1|↵1 |x2|↵2 · · · kxk↵1kxk↵2 · · ·< �↵1�↵2 · · ·= �↵1+↵2+···+↵n .

• Similarly, we have that
q

x
2
1 + x

2
2 + · · ·+ x2

n
< �, so then

Äq
x

2
1 + x

2
2 + · · ·+ x2

n

äA

< �A.

• By the properties of absolute values, for all k 2 R then k  |k|. This implies
�����

x
↵1
1 x

↵2
2 . . . x

↵n

n

kxkA

�����
����
|x1|↵1 |x2|↵2 . . . |xn|↵n

kxkA

���� .

• With our bounds, our right hand side of the definition becomes
�����

x
↵1
1 x

↵2
2 . . . x

↵n

n

kxkA

�����
����
|x1|↵1 |x2|↵2 . . . |xn|↵n

kxkA

����


����
kxk↵1kxk↵2 . . .kxk↵n

kxkA

����
=
��kxk↵1+↵2+···+↵n�A

��
< �↵1+↵2+···+↵n�A

<
�
"1/(↵1+↵2+···+↵n�A)

�↵1+↵2+···+↵n�A

< ",

as desired.

Ñ
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5. Let f be an Rm-valued function defined on the set A✓ Rn. Define the function F : A⇥Rm! Rm by

F(x , y) = y � f (x).

Assume f is continuous on A. You will prove F is continuous on A⇥Rm.

(5a) Consider the flawed proof.

1. The function g(y) = y is continuous on Rm
.

2. The function f (x) is continuous on A.

3. Since the difference of continuous functions is continuous, it follows that g(y)� f (x) is continuous.

4. Therefore, F(x , y) = y � f (x) is continuous on A⇥Rm
.

There is a fatal flaw in this proof. Identify the line with the flaw and briefly explain what is wrong.

The flaw in the proof is located in Line 3. Here, the proof is dealing with a difference of two continuous
functions.
Lemma 2.7.16 states that if we let A✓ Rn, a 2 A, and f and g be Rm-valued functions defined on A, then if f

and g are continuous at a, then f + g is continuous at a, where � 2 R is �1 in this case. This theorem does not
hold for this proof, since g(y) = y and f (x) are defined on two completely different domains: A✓ Rn and Rm.

(5b) Prove F is continuous by expressing F as a composition, product, and/or sum of continuous functions.

Proof.

• Define the functions g(x , y) : A⇥Rm! Rm as g(x , y) = y and h : A⇥Rm! Rm as h(x , y) = f (x).
• The function g(x , y) = y is a projection map from A⇥ Rm ! Rm and can be described as a matrix G =ï

0 0
0 1

ò
, and therefore it is a linear map. This can be applied to h(x , y) as well, and therefore by Lemma

2.4.17, g and h are continuous.
• By Lemma 2.7.16, since h and g are Rm valued functions defined on the same domain A⇥ Rm and are

continuous on such domain, then

F ( f (x , y), g(x , y)) = g(x , y)� f (x , y) = y � f (x)

is continuous on A⇥Rm, as desired.

Ñ
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6. Let a, b 2 R with a < b. Let f and g be real-valued functions. Assume f and g are continuous on [a, b] and
satisfy f  g on [a, b]. Define the set

S = {(x , y) 2 R2 : a  x  b, f (x) y  g(x)},

which often arises through integration. You will show S is compact.

Here is an attempted proof to show that S is closed using sequences.

1. Let (s, t) 2 R2
be a limit point of S.

2. There exists a sequence {(xk, yk)}1k=1 in S \ {(s, t)} converging to (s, t).

3. Since (xk, yk) 2 S, it follows that for k 2 N+,

a  xk  b and f (xk) yk  g(xk).

4. Taking k!1 in the first inequality, it follows that a  s  b.

5. Taking k!1 in the second inequality, it follows that f (s) t  g(s).

6. Therefore, (s, t) 2 S by definition, so S is closed.

The proof is missing details. You will study this proof in (6a) and (6b).

(6a) Identify which lines, if any, use that f and g are continuous on [a, b]. No justification required.
Fill in all boxes that apply. If none apply, leave them blank.

É Line 1 É Line 2 Ñ Line 3 É Line 4 Ñ Line 5 É Line 6

(6b) Both lines 4 and 5 rely on a limit law for sequences in R. Precisely state that limit law as a lemma.
No proof is required.

Lines 4 and 5 rely on the definition:

Let p 2 R be a point. Let {xn}n be a sequence in R. xn is said to converge to p if for every " > 0, there exists an
M 2 N such that for all k 2 N, if k � M , then we must have |xk � p|< ". In this case we write “ lim

n!1
xn = p”.
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(6c) Writing alternate proofs of the same fact can be insightful. Use Question 5 and properties of continuous
functions to show that S is closed. Do not use sequences.

• Define the functions F : [a, b]⇥R! R by F(x , y) = y� f (x) and H : [a, b]⇥R! R by H(x , y) = y� g(x).
By question 5, F and H are continuous (in this case, the set A= [a, b] ✓ R).

• Let U = [0,1) ✓ R and V = (�1, 0] ✓ R. Then R = U [ V , which is closed.
• Then

F
�1(U) =

�
(x , y) 2 R2 : F(x , y) 2 U

 

=
�
(x , y) 2 R2 : y � f (x) 2 [0,1)

 

=) y � f (x)� 0 =) y � f (x)

and

H
�1(V ) =

�
(x , y) 2 R2 : H(x , y) 2 V

 

=
�
(x , y) 2 R2 : y � g(x) 2 (�1, 0]

 

=) y � g(x) 0 =) y  g(x).

• Then

F
�1(U)[ H

�1(V ) =
�
(x , y) 2 R2 : F(x , y) 2 U ^ H(x , y) 2 V

 

=
�
(x , y) 2 R2 : x 2 [a, b]^ f (x) y  g(x)

 

=
�
(x , y) 2 R2 : a  x  b, f (x) y  g(x)

 

= S.

• S has been expressed as a preimage of the closed set R = (�1, 0] [ [0,1) by functions F and H, and
thus since F and H are continuous, then by Lemma. 2.7.25, S is closed.
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(6d) Prove that S is compact.

To prove S is compact, it suffices to prove that S is bounded. Then by Question 6c and Bolzano-Weierstrass, S

must be compact.

Proof.

• Define the points x0 =
a+ b

2
and y0 =

f ( a+b

2 ) + g( a+b

2 )
2

, so (x0, y0) is the ‘midpoint’ of S. To show S is

bounded, we must show that there exists an open ball of radius r > 0 such that S ✓ Br((x0, y0)).
• The boundary of S is

@ S =
�
(x , y) 2 R2 : a < x < b, y = f (x)_ y = g(x)

 
[
�
(x , y) 2 R2 : x = a _ x = b, f (x) y  g(x)

 
.

• Let (p1, p2) 2 @ S and let (z1, z2) 2 @ S be the point that satisfies max

����
Å

p1
p2

ã
�
Å

x0
y0

ã����=
����
Å

z1
z2

ã
�
Å

x0
y0

ã����.

• Choose r =
����
Å

z1
z2

ã
�
Å

x0
y0

ã����+1. I now need to show that for any point (x , y) 2 S, then (x , y) 2 Br((x0, y0)).

• Fix a point (x , y) 2 S. Then
����
Å

x

y

ã
�
Å

x0
y0

ã����
����
Å

z1
z2

ã
�
Å

x0
y0

ã����

<

����
Å

z1
z2

ã
�
Å

x0
y0

ã����+ 1

< r,

which directly implies that (x , y) 2 Br((x0, y0)).
• Therefore S is bounded. From Question 6c, S is also closed, and therefore by Bolzano-Weierstrass, S is

compact.

Ñ
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7. Let A✓ Rn be a compact set. Let a be a limit point of A. Let f be a real-valued function that is continuous on
the set A\ {a}. Prove that if lim

x!a

f (x) = �1, then f attains a maximum on A\ {a}.
Hint: Use the extreme value theorem for compact sets.

To prove that f attains a maximum on the set A\ {a}, it suffices to prove ???

Proof.

• Assume that lim
x!a

f (x) = �1:

8M < 0,9� > 0 s.t 8x 2 A\ {a}, 0< |x � a|< � =) f (x)< M .

• Choose M < 0 as M = f (p) for a certain value of p 2 A\ {a}. By definition, there will exist a � > 0 such
that the above definition is satisfied.

• Restrict the domain of f to A\ B�(a), where B�(a) ✓ A is the open ball of radius � centred at a.

• The set B�(a) is open and thus by Lemma 2.4.13, Rn \ B�(a) is closed. Notice that
A\ B�(a) = A\ (Rn \ B�(a)), so by Lemma 2.4.17 (d), A\ B�(a) is closed.
If A is compact then A is bounded. Since B�(a) ✓ A, then B�(a) is bounded by the same ball as A.
By Bolzano-Weierstrass, A\ B�(a) is compact.

• By the Extreme Value Theorem, since the restricted domain A\ B�(a) is compact and f is continuous on
A\ B�(a) ✓ A\ {a}, then f attains a maximum and minimum at points in A\ B�(a).

• Let f (x0) denote the maximum of f on A\ B�(a), so 8x 2 A\ {a}, f (x0)� f (x).

• Now let m denote the maximum of f on A \ {a}. If f (p) 6= f (x0), then let m = max{ f (p), f (x0)}. If
f (p) = f (x0), let m= f (x0).

• Therefore f attains a maximum on A\ {a}, as needed.

Ñ
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