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Problems

1. The inverse function theorem is spectacular since it reduces all of your calculations to linear algebra. The
computations can be large, but they are tractable and that is a major achievement. Define F : R* — R* by
a+b+c+d—4
ab+ac+ad+bc+bd+cd—6
abc+acd +abd + bcd —4
abcd —1

QLo oQ

For all parts of this question, you may use WolframAlpha to do any basic matrix or algebraic computations.
If you do, please indicate when you have done so and state the outcome of those calculations.

(1a) Prove that F is a local diffeomorphism at (a, b,c,d) € R* if and only if a, b, c,d € R are all distinct.

Proof.
e Assume F is a local diffeomorphism. Then there exists an open subset U C R* containing (a, b,c,d) € R*
such that F|; : U — F(U) is a diffeomorphism.
 Note that F is C! at (a, b, c,d) because it is continuous at (a, b,c,d) and it’s derivative is continuous as
(a, b,c,d).
* By Corollary 4.2.4, since U and F(U) are open subsets, then DF(a, b, c,d) is an invertible n x n matrix.
Computing, we find that

a 1 1 1 1
DF bl ] _ | b+c+d a+c+d a+b+d a+b+c
c bc+cd+bd ac+ad+cd ab+ad+bd ac+ab+bc
d bed acd abd abc
a a
e Since DF lc) is an invertible n x n matrix, it must be that detDF i # 0.
d d

* By the almighty Wolfram Alpha, we find that

detDF =(a—Db)a—c)a—d)(b—c)(b—d)(c—d).

QLo T Q

e If(a—b)la—c)la—d)(b—c)(b—d)(c—d) # 0, we it must be that a, b, c and d are all distinct.

[a \ a
b b
* Conversely, if a, b, c and d are all distinct, we have that det DF c # 0. This implies that DF .
Ld d
is invertible.
]
b
* As before, we know that F is a C! function and it’s Jacobian DF c is invertible at (a, b, c,d). Thus,
d

by the Inverse Function Theorem (Theorem 4.2.8), F is a local diffeomorphism at (a, b,c,d) .
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(1b) Let G be a local C! inverse of F at (1,2,3,4), which exists by (1a). Give a linear approximation for
G(w, x, y,z) with (w, x, y,2z) near F(1,2,3,4) =(6,29,46,23).

e We know that F(1,2,3,4) = (6,29,46,23). Then if G is a local C! inverse of F at (1,2,3,4), then
G(6,29,46,23) =(1,2,3,4).
e Similarly, by Theorem 4.2.1, DG(6,29, 46,23) = [DF(1,2,3,4)]"}. We find that

1 1 1 1
9 8 7 6
26 19 14 11
24 12 8 6

DF(1,2,3,4) =

Once again, Wolfram Alpha comes in clutch and yields that

49/30 —13/30 1/30 1/10
—34/5 8/5 —1/5 —1/10
27/10 —9/10 3/10 —1/10
52/15 —4/15 —2/15 1/10

DG(6,29,46,23) =

by taking the inverse of DF(1,2,3,4).
* The linear approximation of G near (6,9, 46,23) is given by

G(w,x,y,2z) ~ G(6,29,46,23) + DG(6,29,46,23)((w, x, y,2) — (6,29, 46,23)).

e We have

49/30 —13/30 1/30 1/107 [w—6
—34/5 8/5  —1/5 —1/10| |x—29
27/10 —9/10 3/10 —1/10| |y —46
| 52/15 —4/15 —2/15 1/10 | [z—23
r 49w—13x+y+3z—2

Gw,x,y,z)~

N wN R

30
—68w+16x—2y—2z+79
10
- 27w—9x+3y—z+14

10
104w—8x—4y+3z—157
L 30

(1c) Canyou use your approximation to estimate G(6.1,28.9,46.02,23)? Explain in at most 2 full sentences.

Yes, you can use the approximation to estimate G(6.1,28.9,46.02, 23) (this is why it is called an approximation).
This is because you are plugging in a point close to G(6,29,46,23), and so the linear approximation should
yield a point close to (1,2, 3,4). Computing,

49(6.1)—13(28.9)+(46.02)+3(23)—2

- 1.207
—68(6.1)+16(28.9)-2(46.02)—(23)+79 1156
G(6.1,28.9,46.02,23) & | 57(6.1)-9(28.9)15(46.02)—(23)+14 | = 3.366
104(6,1)—8(28,9)—1}?46.02)+3(23)—157 4.371
30
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2. The implicit function theorem (IFT) allows you to exhibit local solutions, but it cannot prove that none exist.
You shall see this with the figure eight curve.

(2a) Use the IFT to prove that x* = x2 — y? locally defines x as a C! function of y near (1,0).

Proof:
* Define the set U = (v/2, 00) x (—0.5,0.5) C R x R.
e Define the function F : U — R by F(x,y) = x* —x? + y2. Since F is a linear combination of polynomials,
by Lemma 2.7.24, F is continuous. Likewise, all of the partials of F exist and are again polynomials (and
hence continuous), and thus F is a real-valued C! function on U.

* We know (1,0) € U since 1 € (v/2, 00) and 0 € (—0.5,0.5).
F

e We find that F(1,0) = (1)*—(1)*> +(0)> = 0 and g—(l,O) =4—-2=2+#0.
x

e Therefore, by the Implicit Function Theorem (Theorem 4.4.6), the equation F(x,y) = x* —x?+ y? =
0 = x*=x?—y?locally defines x as a C! function of y near (1,0).

O

(2b) Here is a flawed proof that x* = x2 — y2 does not locally define y as a C! function of x near (0, 0).

1. Define F : R? > R by F(x,y) =x*—x2+y2
2. Suppose, for a contradiction, that F(x,y) = 0 locally defines y as a C* function of x near (0,0).

3. There exists V, W C R open sets containing 0 and a C* function ¢ : V. — W such that

V(x,y)€VxW, F(x,y)=0 < y=¢(x). €))

4. Since V is open and 0 € V, there exists 0 < € < 1 such that (—2¢,2¢) C V.
5. Notice that F(e,ve2—¢g4)=0and F(e,—ve2—¢g4)=0.

6. From (1), this implies that ¢(¢) = vVe2—e* and ¢p(e) = —ve2—¢et

7.

This is a contradiction since ¢ is a function.

Identify and briefly explain the flaw in at most two full sentences. Do not explain how to fix it.

The fatal flaw of the proof is located in line 4.

* The problem with the proof is that the author has defined a new subset Q = (—2¢,2¢) CV with0<e <1,
which is defined after defining V and W.

* Although ¢ : V — W, we do not have any information to show that ¢(Q) is a subset of W, which is the
actual function the author is using, and hence failing to defining y as a C* function of x near (0,0).
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3. Let F: R® - R and G : R® — R be C! functions. Consider the implicit curve given by
S={(x,y,2) €R®: F(x,y,2) =0,G(x, y,2) = 0}

Fix a point p = (a, b,c) €8S.
(8a) Prove that if {VF(p), VG(p)} is linearly independent, then S is a regular 1-dimensional surface at p.

Proof:

* Define a new function H : R®* — R? by H(x, y,2) = (F(x,y,%),G(x,y,2)). Note that since F and G are
both C! on R3, H is a vector-valued C' function on R>.

e The set S becomes
S={(x,y,2) €R®:H(x,y,2) = 0}.
Note that S is non-empty since p € S.
* Assume that {VF(p), VG(p)} is linearly independent. Taking the Jacobian of H, we have that

_[a,F(p) 0&,F(p) o:F(p)
DH(p) = [alc(p) 2,G(p) agc(p)]

e Since the rows (8,F(p) &F(p) 0;F(p)) = VF(p)! and (8,G(p) &,G(p) &G(p)) = VG(p)! are lin-
early independent, it follows that the Jacobian of H at p has full rank, which is 2.
* Therefore, by Theorem 4.5.7, S is a 3-2=1 dimensional regular surface at p.
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(3b) For (3b) and (3c), assume that
3,F(p)d;G(p) — 05F (p)d,G(p) # 0.

Show that S is a regular curve at p and, also, S locally defines (y,z) as a C! function ¢ of x near p.

As in 3a, define a function H : R® — R? by H(x, y,2z) = (F(x,y,2),G(x, y,2)). H is C! because both F and
G are C' on R®.

Again, S becomes
§ ={(x,y,2) €R’ : H(x,y,2) = 0}.

Note that S is non-empty since p € S.
Taking the Jacobian of H at p yields

_ 31F(P) azF(P) 33F(P)
DH(p)‘[alc(p) 2,G(p) agc(p)}

Assume that

croman-oroman =s($50) 6]

{(Gei) Gl

is linearly independent, which directly implies that DH(p) has full rank, which is 2.

which implies that the pair

From 3a and Theorem 4.5.7, S is a 1-dimensional regular curve at p.
Furthermore, let U = R x R? such that H : U — R2. As before, H is a C! map. Since p € S, then H(p) = 0.
As assumed, thus the 2 x 2 matrix

3(F,G):(82F(p) 93F(p))
a(y,2) 3,G(p) 3;G(p)

is invertible since

82F(p) 33F(P)
det(azc(p) asc(p)) #0.

By the Implicit Function Theorem (Theorem 4.4.13), H(x, y,z) = 0 locally defines (y, z) as an R? valued
C! function ¢ of x near p.
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(3¢) Use ¢ from (3b) to formally prove the identity
3y _ &F8,G—0,F3G
ox 0,F0;G—03F3,G’
Be sure to clearly state at which points this identity holds.

Proof:

e As in 3a and 3b, define the function H : R x R? — R? by H(x, y,2) = (F(x, y,2), G(x, y,2)). Since both F
and G are C! functions on R x R?, H is a C! function on R x R2. Note that R x R? is certainly open.

 From 3b, the equation H(x, y,z) = 0 locally defines (y, ) as an R? valued C' function ¢ : V. — W of x
near p = (a,b,c) €S, where V CR and W C R?.
Thus, we have that a € V and (b,c) e W

* Define a new function 1 : V — V x W by Z(x) = (x, ¢ (x)). For x € V, we then have that H o %(x) = 0.

* Fixv € V and w = ¢(v). It must be that the Jacobian of Ho % : V — R? at v must be the 2 x 1 zero matrix,
which is

D(H o Z)(v) = 0py1-

* Since %(v) = (v, ¢(v)) = (v,w), by the chain rule, D(H o ¥)(v) = DH(v,w)D%(v).
By direct calculation, we verify that

0= a—H(v,W) + a—H(V, w)D¢(v).
dx y
S F(v,w) O3F(v,w)

2,G(v,w) 93G(v,w)) is invertible at p, then the Jacobian

O0H
* From 3b, since the 2 x 2 matrix a—(v, w) = (
y
D¢(p) is a 2 x 1 matrix satisfying

(91¢1(V)) _ [(32F(V,W) G3F (v, W))]_l (%F(v, W))
d1¢,(v) 3,G(v,w) 3G(v,w) ,G(v,w) )"
* It is easily verifiable that

alqsl) __[(azF agF)]l (aF) _ 1 (81G83F—81F63G)
(91¢>2 M="\ac 26)]""\a6)"" = G50 ma60,w— G0, 5,60, w) \6iFa,6 —a6a,r ) )

* Since ¢(x) = (¢p1(x), p,(x)) is a C! function of x defining (y,z) near p, then ¢;(x) = y and ¢,(x) =z
near p. Then

3 F(v,w)3,G(v,w)— 0, F(v,w)3;G(v,w) . 3_y _ 03F0,G—0,F3;G
O F(v,w)05G(v,w)— 03F(v,w)d,G(v,w) ox 0,F8,G — 0;,F 3,G’

dp(v) =

which holds for any v € V in the neighborhood of p for ¢ : V. — W.
O

4. Mega-gaming company SO-KNEE is now planning production of the PayStation 3. They want to sell each
PS3 for $550. To produce N million PayStation consoles, SO-KNEE must spend L millions of dollars on their
employees, K millions of dollars on capital, and M millions of dollars on materials. This will generate P
millions of dollars in profit. A consultant’s model estimates that N is given by the Cobb-Douglas function

N = Lgl/ap1syse
25

PayStations are a hot commodity, so every console they produce will sell. Their total budget is 2 billion
dollars, but they do not necessarily want to spend all of it. SO-KNEE wants to maximize their profit.

For both (4a) and (4b), you may use WolframAlpha to solve systems of equations. Indicate when you do so.
Do not write any part of your solution to this question on this page.
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(4a) Show that SO-KNEE must spend all of their budget to maximize their profit. Do not find the maximum
profit when they spend their entire budget; that will be computed in (4b).

* The budget constraint is given by K+ L +M < 2000, in millions of dollars (their budget is 2 billion dollars).

* Define the set U = {(K,L,M) € R®: K,L,M >0, K + L + M < 2000}. We are wanting to maximize profit
on U. I will show that the only way profit can be maximized is if SO-KNEE spends all of their budget.

* Define the profit function P : U — R by
P(K,L,M)=550N(K,L,M)— (K + L+ M) =22KY4LY3M'6 —(K + L + M).

e It is easily verifiable that U is compact and non-empty. Since P is continuous on U then by the Global
Extreme Value Theorem, P attains maximum and minimum values at points in U.

* Define the following subsets of U:

A={(K,L,M)eR®:K,L,M >0, K+ L+M < 2000} (interior)

B={(K,L,M)eR®:L=0,0<K+M <2000} U{(K,L,M)eR®:K=0,0<L+M <2000} U
{(K,L,M)eR®: M =0,0<K+L <2000} (side planes)

C={{(K,L,M)eR®:K,L,M >0,K+L+M =2000}} (outer plane)

D = {(2000,0,0),(0,2000,0),(0,0,2000)}  (axes)

e Therefore if P attains a maximum on U, P either attains its maximum on A, B, C or D because U =AUB U
CuUD.

* We begin by checking A for critical points:

22L'°MYC  22KktMIE 20K ALY
4K3/4 ? 3L.2/3 > 6M5/6

VP(K,L,M) =( - 1) =(0,0,0).

Again, Wolfram Alpha saves the day and yields that the solution to this system of 3 equations is

14641 29282(2)'/3 14641(2)'/3
= —0Q, =, M -
9(2)2/3 27 27

The issue with this critical point is that it is actually over budget, yielding K + L + M ~ 3’074 > 2000.
Therefore there are actually no points of extrema of P on A.

* Next, we can determine that there are no critical points in B: since for any subset of B, either K, L, or
M = 0, which would imply that the profit function becomes negative. Therefore there are no critical points
of P on B.

* Likewise with the subset boundary D, there are can be no critical points in D because in any case, the profit
function P would be negative, therefore not maximizing profit on U.

* Thus, by the process of elimination, it must be that the maximum of P on U is found in the boundary subset
C, when SO-KNEE spends all of their budget.
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(4b) What is SO-KNEE'’s projected maximum profit and how should they spend their money to achieve it?
Use (4a) and the method of Lagrange multipliers. Round to the nearest million dollars and summarize
your final answer in a full sentence.

* Asin 4a, define the subset of U C = {{(K,L,M) €R®:K,L,M >0, K + L +M = 2000} }.

* Similarly, recall the profit function definein4a P : U —» R by P(K,L,M) =550N(K,L,M)—(K+L+M) =
22KVALY3 MY — (K + L + M).

* Define the budget function B : R® — R by B(K,L,M) = K + L + M. We are wanting to maximize P on C
subject to the constraint B(K, L, M) = 2000.

* By the method of Lagrange Multipliers, the maximum of P on C must satisfy the system of equations given

by
VP(K,L,M)=AVB(K,L,M);  B(K,L,M)= 2000
221 1/3pf1/6 22K /4 f1/6 99K 1/411/3
Tk =A+1, W:}H_l’ W=)\+1, K+ L+ M =2000.

* After working incredibly hard, Wolfram Alpha solves the system and gives:

2000 8000 4000 11

K = —1.
37 9’ 9’ 2(2)1/6(3)1/4(5)3/4

2000 8000 4000
37979

e Thus, the solution is (K,L, M) = (

Evaluating,

). From 4a, this is the only critical point of P on U.

2000 8000 4000
( > > ) = 969.285,
3 9 9
in millions of dollars.
e Overall, from 4a, the maximum of P on U occurs only when SO-KNEE spends all of their budget. This

2000
~ 667

maximum value of profit is $969 million dollars, and to achieve this, SO-KNEE should spend

0 ~ 444 million dollars

00
~ 889 million dollars on their employees, and 4

million dollars on capital,

on materials.
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5. Here you will establish the raison d’étre for diffeomorphisms.
A diffeomorphism between surfaces yields an isomorphism between tangent spaces.

Note an isomorphism is an invertible linear transformation between subspaces of R".
Let SCR"be asetandlet p €8S. Let F : R" — R" be a diffeomorphism.
(5a) Let v be a tangent vector of S at p. Show that dF,(v) € R" is a tangent vector of F(S) at F(p).

* Assume v is a tangent vector of S at p. Then, there exists an open interval I € R containing 0 and a
differentiable function y : I — R" such that y(I) € S, y(0) = p, and y'(0) = v.

We have that if y(0) = p, then F(p) = F(y(0)). Furthermore, since y(I) € S, then F(y(I)) C F(S).

* Suppose t € I. We have F oy : I — R", and thus by differentiating using the chain rule,

D(F oy)(t) = DF(y(t))Dy(t).
* Evaluating at t =0 (y(0) = p), we have that
DF(y(0))Dy(0) = DF(p)y'(0) = DF(p)v = dF,(v)

by Theorem 3.5.17, and therefore dF,(v) € R" is a tangent vector of F(S) at F(p).
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(5b) Let w be a tangent vector of F(S) at F(p). Use (5a) to show (de)_1 (w) is a tangent vector of S at p.

e If w is a tangent vector of F(S) at F(p), then there exists an open interval I € R containing O and a
differentiable function y : I — R" such that y(I) € F(S), y(0) = F(p), and 7v'(0) = w.

e Since F is a diffeomorphism, by Definition 4.1.4, F has a C! inverse function G : R® — R".

* We have that if y(0) = F(p), then G(F(p)) = G(y(0)) = p. Furthermore, since y(I) € F(S), then G(y(I)) €
G(F(S))=S.

* Suppose t € I. We have G oy : I — R", and thus by differentiating using the chain rule,

D(Goy)(t) = DG(y(£))Dy(t).

* Evaluating at t = 0(y(0) = F(p)), we have that
DG(y(0))Dy(0) = DG(F(p))y'(0) = DG(F(p))w = [DF(p)] ™~ (w) = (dF,) ' (w)

by Theorem 3.5.17, and therefore (dF, )~}(w) € R" is a tangent vector of S at p.

(5¢) Show that if T,S is a k-dimensional subspace of R", then Ty, F(S) is a k-dimensional subspace of R".
Hint: Use both (5a) and (5b) and some linear algebra facts.

* Assume T,S is a k-dimensional subspace of R" and let {v,v,,..., v} be a basis for T,S.

* Since F is a diffeomorphism, then F is a diffeomorphism at p € S. Since R" is open, by Theorem 4.2.1,
the Jacobian of F at p is an invertible n x n matrix and the Jacobian of the inverse G = F~! : R® — R" both
satisfy

DG(y)=[DF(x)]"!  forevery x € U and y = F(x).

* Define the linear map L : R" — R" by L(x) = DF(x). L is an isomorphism because it is invertible (since
DF(x) is invertible, as before).

* It now suffices to show that L(T,S) = Typ)F(S). Notice that each basis element v; € T,S S R" for
i = 1,2,...,k are tangent vectors to S at p. By 3a, L(v;) = dF,(v;) for i = 1,2,...,k, and thus
{dF,(v,),dF,(v5),...,dF,(v)} is a basis (with k elements) for Ty, F(S) since each dF,(v;) is a tangent
vector to F(S) at F(p). Thus L(T,S) = TppyF(S) and dim Ty, F(S) = k.

 Conversely, it now suffices to show that L™* Tpp)F(S) = T,S. Let {wq,w,,...,w,} be a basis for Ty, F(S).
Then, each w; € Tr(5)F(p) € R" for i = 1,2,...,k are tangent vectors to F(S) at F(p). By 3b, L7 (w) =
(dF,)'(w;) for i = 1,2,...,k, and thus {(dF,)""(w,),(dF,) " (wy),...,(dF,) " (w))} is a basis (with k
elements) for T,S since each (de)_l(wi) is a tangent vector to S at p. Thus L_l(TF(S)F(p)) = T,S and
dimT,S = k.

* Therefore since dim T,,S = dim Ty(,)F(S) = k, then if T,,S is a k-dimensional subspace of R", then Ty(p)F(S)
is a k-dimensional subspace of R".
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