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Problems
1. Fix a1, b1, a2, c2, b2 2 R such that a1 < b1 and a2 < c2 < b2. Define the rectangles

R= [a1, b1]⇥ [a2, b2], R
0 = [a1, b1]⇥ [a2, c2], R

00 = [a1, b1]⇥ [c2, b2]

so R= R
0 [ R

00 and the interiors of R
0 and R

00 are disjoint.

(1a) Disprove that if P
0 is a partition of R

0 and P
00 is partition of R

00, then P = P
0 [ P

00 is a partition of R.
(Revised 2022-01-14)

I will disprove this with a counterexample:
• Fix a1 = 0, b1 = 6, a2 = 0, b2 = 6, and c2 = 3 and define the rectangle R as R= [0,6]⇥ [0,6].
• Now define two subrectangles of R as R

0 = [0,6]⇥ [0,3] and R
00 = [0,6]⇥ [3,6]. Then R

0o \ R
00o = ?.

• Construct partitions P
0 of R

0 and P
00 of R

00 as

P
0 = {[0, 3]⇥ [0, 3], [3,6]⇥ [0,3]}

P
00 = {[0, 6]⇥ [3, 6]} .

• Now let P = P
0 [ P

00 = {[0,3]⇥ [0,3], [3, 6]⇥ [0, 3], [0,6]⇥ [3,6]} . This Lemma claims that P is also a
partition of R.

• However, P is not a partition of R. The partition along the [0, 6] interval on the x-axis is {0, 3,6} and {0, 6}
for different y values. The partition along x = 3 is only defined for 0 y  3, so P is not a partition of R,
which disproves this Lemma.
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(1b) Prove that if P is a partition of R, then there exists a partition P
0 of R

0 and a partition P
00 of R

00 such that
P
0 [ P

00 is a partition and is a refinement of P. (Revised 2022-01-14)

Proof. Let P = {Ri j}i, j be a partition of R where 1  i  n and 1  j  m. Then there exists partitions
{x0, x1, . . . , xn} of [a1, b1] and {y0, y1, . . . , ym} of [a2, b2] such that each Ri j = [xi�1, xi]⇥ [yj�1, yj].
Fix N1, N2, N3 2 N. Construct regular partitions of the intervals [a1, b1], [a2, c2] and [c2, b2], such that

{x 00, x
0
1, . . . , x

0
N1
} equally subdivides [a1, b1] into N1 subintervals each with equivalent length

b1 � a1

N1
. Repeat

this process likewise with {y 00, y
0
1, . . . , y

0
N2
} for [a2, c2] and {y 000 , y

00
1 , . . . , y

00
N3
} for [c2, b2].

We proceed by constructing the partitions of the intervals [a1, b1], [a2, c2] and [c2, b2] respectively as

{X1, X2, . . . , Xz}= {x 00, . . . , x
0
N1
} [ {x0, . . . , xn}

{Y 01 , Y
0

2 , . . . , Y
0

z0}= {y 00, . . . , y
0
N2
} [ ([a2, c2] \ {y0, . . . , ym})

{Y 001 , Y
00

2 , . . . , Y
00

z00}= {y 000 , . . . , y
00
N3
} [ ([c2, b2] \ {y0, . . . , ym}) .

Choose partition P
0 = {R0

qr
}q,r as defined by R

0
qr
= [Xq�1, Xq]⇥[Y 0r�1, Y

0
r
] for 1 q  z and 1 r  z

0. Similarly,
choose partition P

00 = {R00
qs
}q,s as defined by R

00
qs
= [Xq�1, Xq]⇥ [Y 00s�1, Y

00
s
] for 1 q  z and 1 s  z

00.

Let {Y1, Y2, . . . , Yv} = {Y 01 , . . . , Y
0

z0} [ {Y 001 , . . . , Y
00

z00}. Then P
0 [ P

00 = {Rqt}q,t is also a partition of R constructed
by Rqt = [Xq�1, Xq]⇥ [Yt�1, Yt] for 1  q  z and 1  t  v. Furthermore, P

0 [ P
00 is a refinement of P since

{x0, x1, . . . , xn} ✓ {X1, X2, . . . , Xz} and {y0, y1, . . . , ym} ✓ {Y1, Y2, . . . , Yv}.
É
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(1c) Let f : R! R be bounded. Use (1b) to show that if P is a partition of R, then there exists a partition P
0

of R
0 and a partition P

00 of R
00 such that

LP( f ) LP 0( f ) + LP 00( f ), UP( f )� UP 0( f ) + UP 00( f ).

Proof. Let P = {Ri j}i j be a partition of R. By (1b), there exists partitions P
0 and P

00 such that P
0 [ P

00 is a
refinement of P. Let P

0 = {R0
kl
}k,l and P

00 = {R00
mn
}m,n. Since P

0 [ P
00 is a refinement of P, then for each k, l and

m, n, there exists unique indices i
0, j
0 and i

00, j
00 such that R

0
kl
✓ Ri0 j0 and R

00
mn
✓ Ri00 j00 .

Fix subrectangles Ri0 j0 ✓ R
0 and Ri00 j00 ✓ R

00 of P for some i
0, j
0 and i

00, j
00. As before there exists a finite set of

indices I
0
i0, j0 = {k0, l

0}i0, j0 and I
00
i00, j00 = {m00, n

00}i00, j00 such that for every k
0, l
0 2 I

0
i0, j0 and m

00, n
00 2 I

00
i00, j00 , R

0
k0 l 0 ✓ Ri0 j0

and R
00
m00n00 ✓ Ri00 j00 . Then

area(Ri0 j0) =
X

k0,l 02I
0
i0 , j0

area(R0
k0 l 0) and area(Ri00 j00) =

X

m00,n002I
00
i00 , j00

area(R00
m00n00).

Like the proof of Lemma 6.2.7, it suffices to prove the lower sum inequality. The upper sum in equality quickly
follows, since each 0 0 is replaced with a 0 �0 and m with M .
If each R

0
k0 l 0 ✓ Ri0 j0 , then mi0 j0 = infx2Ri0 j0 f (x)  infx2Rk0 l0 f (x) = mk0 l 0 . Using a similar argument for each

R
00
m00n00 ✓ Ri00 j00 , we have that

mi0 j0 area(Ri0 j0) =
X

k0,l 02I
0
i0 , j0

mi0 j0 area(R0
k0 l 0)

X

k0,l 02I
0
i0 , j0

mk0 l 0 area(R0
k0 l 0)and

mi00 j00 area(Ri00 j00) =
X

m00,n002I
00
i00 , j00

mi00 j00 area(R00
m00n00)

X

m00,n002I
00
i00 , j00

mm00n00 area(R00
m00n00).

Notice that
LP( f ) =

X

i, j

mi j area(Ri j) =
X

i0, j0
mi0 j0 area(Ri0 j0) +

X

i00, j00
mi00 j00 area(Ri00 j00).

Then, summing over i
0, j
0 and i

00, j
00 respectively,

X

i0, j0
mi0 j0 area(Ri0 j0)

X

i0, j0

0
@

X

k0,l 02I
0
i0 , j0

mk0 l 0 area(R0
k0 l 0)

1
A =

X

k,l

mkl area(R0
kl
) = LP 0( f ), and

X

i00, j00
mi00 j00 area(Ri00 j00)

X

i00, j00

0
@

X

m00,n002I
00
i00 , j00

mm00n00 area(R0
m00n00)

1
A =

X

m,n

mmn area(R0
mn
) = LP 00( f ).

Reintroducing the inequalities for the upper sums, therefore

LP( f ) =
X

i0, j0
mi0 j0 area(Ri0 j0) +

X

i00, j00
mi00 j00 area(Ri00 j00)

X

k,l

mkl area(R0
kl
) +

X

m,n

mmn area(R0
mn
) = LP 0( f ) + LP 00( f ) and

UP( f ) =
X

i0, j0
Mi0 j0 area(Ri0 j0) +

X

i00, j00
Mi00 j00 area(Ri00 j00)�

X

k,l

Mkl area(R0
kl
) +

X

m,n

Mmn area(R00
mn
) = UP 0( f ) + UP 00( f ),

as required.

É
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(1d) Let f : R! R be bounded. Use (1c) to prove that if f is integrable on R, then f is integrable on R
0 and

integrable on R
00. Moreover, Z

R

f dV =
Z

R0
f dV +

Z

R00
f dV.

Proof. Assume f is integrable on R. By the "-characterization for integrability [Lemma 6.3.10], there exists a
partition P of R such that 8" > 0, UP( f )� LP( f ) < ". Fix " > 0. By (1a) and (1b), there exists partitions P

0

and P
00 of R

0 and R
00, respectively, such that P

0 [ P
00 is a refinement of P and

LP( f ) LP 0( f ) + LP 00( f ), UP( f )� UP 0( f ) + UP 00( f ).

It then follows that �LP( f )� �[LP 0( f ) + LP 00( f )], so

UP 0( f ) + UP 00( f )� [LP 0( f ) + LP 00( f )] UP( f )� LP( f )< ".

This implies that
UP 0( f )� LP 0( f )<

"

2
and UP 00( f )� LP 00( f )<

"

2
,

so again by Lemma 6.3.10, since there exists partitions P
0 of R

0 and P
00 of R

00 and " > 0 was arbitrary, then f is
integrable on R

0 and R
00. Since R= R

0 [ R
00 and (R0)o \ (R00)o = ?, then it follows from the two lines above that

since f is integrable on all of R, R
0, and R

00, then
Z

R

f dV =
Z

R0
f dV +

Z

R00
f dV.

É
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2. Let A ✓ Rn be open and convex. Let f : A ! R be differentiable. Assume there exists M > 0 such that
||r f (x)|| M for all x 2 A. Prove that f is uniformly continuous on A. Hint: Use the mean value theorem.

Proof. Let " > 0 be given. Choose � =
"

M
. Fix x , y 2 A. Since A is convex, then for any two points x , y 2 A, there

exists a line segment L from x to y which is contained in A. Furthermore, since A is open and f is differentiable,
then by the Mean Value Theorem (Theorem 5.1.1), there exists a c 2 L such that f (x)� f (y) =r f (c) ·(x� y).
Since for any x 2 A, kr f (x)k  M , then kr f (c)k  M . Now assume kx � yk < � = "

M
. Then kx � ykM < ".

Therefore
k f (x)� f (y)k= kx � ykkr f (c)k  kx � ykM < ",

and therefore f is uniformly continuous on A.

É
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3. Here you will prove by definition that the set

S =
ßÅ

cos n

n
,
sin n

n

ã
: n 2 N+

™
✓ R2

has zero Jordan measure.

(3a) Provide a "picture proof" by drawing a two-dimensional sketch which illustrates the formal argument.
Label your diagram with points in S, numbered rectangles covering S, and all relevant quantities that
you will use in your proof. Add some expressions or brief phrases to explain your picture but do not
write formal arguments or calculations. You want a reader (who is familiar with standard notation) to
understand the key ideas of your formal proof using only your well-labelled illustration.

Notice that S is a set with infinitely many elements. As N !1, the elements in S converge to (0,0). My proof

consists of fixing a rectangle centered at (0, 0) of arbitrary width,
p
"

2
for a fixed " > 0. I will show that there

are finitely many points located outside of this rectangle, since the elements in S converge to (0,0). From here,
I will create more rectangles of arbitrary width around each point outside of the rectangle centered at (0, 0). I
will then prove that every element in S is covered by these rectangles, and the total volume of these rectangles
will be less than ". My picture proof is not necessarily to scale, however every element I utilize in my proof is
there.
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(3b) Prove by definition that S has zero Jordan measure.

Proof. Fix " > 0. Define the rectangle centred at (0,0) by R0 =
ï
�
p
"

4
,
p
"

4

ò2

. Note that S is bounded by the

rectangle U = [�1, 1]2 as the elements in S converge to (0, 0) as N ! 1, and thus there will exist a finite
number of points in U \ R0.

Define the sequence SN : N+! R2 by (a(N), b(N)) =
Å

cos N

N
,
sin N

N

ã
. Then

S =
�
(a(N), b(N)) 2 R2 : N 2 N+

 
.

Since (a(N), b(N)) converges to (0,0) as N !1, then

9K 2 N+ such that 8N 2 N+, N > K =)
����

cos N

N

����<
p
"

4
^
����

sin N

N

����<
p
"

4
.

Informally, 9K 2 N+ such that 8N 2 N+, N > K =)
Å

cos N

N
,
sin N

N

ã
2 R0. Take this value of K . Then

S \ (U \ R0) ✓
ßÅ

cos N

N
,
sin N

N

ã
: 1 N  K

™
.

Now construct finitely many individual rectangles around each of these K points, namely

RN =
ï

cos N

N
�
p
"

4
p

K

,
cos N

N
+
p
"

4
p

K

ò
⇥
ï

sin N

N
�
p
"

4
p

K

,
sin N

N
+
p
"

4
p

K

ò
for N 2 {1, . . . , K}.

Notice that for each N 2 {1, . . . , K}, RN contains the elements
Å

cos N

N
,
sin N

N

ã
from S. Thus, each of these K

subrectangles contain at least every point in S \ (U \ R0). Therefore

S ✓
K[

N=0
RN .

Furthermore,

KX

N=0

vol(RN ) = vol
Åï
�
p
"

4
,
p
"

4

òã
+

KX

N=1

vol
Åï

cos N

N
�
p
"

4
p

K

,
cos N

N
+
p
"

4
p

K

ò
⇥
ï

sin N

N
�
p
"

4
p

K

,
sin N

N
+
p
"

4
p

K

òã

= 4
Åp
"

4

ã2

+
KX

N=1

4
Å p

"

4
p

K

ã2

=
"

4
+

KX

N=1

"

4K
=
"

2

< ".

Therefore S is contained in finitely many compact, non-trivial rectangles whose total volume is < ". Therefore
S has zero Jordan measure by definition.

É
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4. Let S, T ✓ Rn be sets.

(4a) Prove that if S and T are Jordan measurable, then S [ T and S \ T are Jordan measurable and

vol(S [ T ) = vol(S) + vol(T )� vol(S \ T ).

Proof. Assume S and T are Jordan measurable. It follows from the definition that both S and T are bounded
and @ S, @ T have zero Jordan measure. Since the union and intersection of two sets is bounded, then S [ T

and S \ T are both bounded. Furthermore, if S \ T = ?, it is bounded trivially.

By Lemma 6.5.9, (@ S[@ T ) has zero Jordan measure. Furthermore, from MAT237 PS1, @ (S[ T ) ✓ (@ S[@ T )
and @ (S \ T ) ✓ (@ S [ @ T ). It follows again by Lemma 6.5.9 that since @ (S [ T ) and @ (S [ T ) are subsets of
two sets with zero Jordan measure, then both @ (S [ T ) and @ (S [ T ) have zero Jordan measure.

Therefore both S [ T and S \ T are bounded with @ (S [ T ) and @ (S \ T ) having zero Jordan measure, then
S [ T and S \ T are Jordan measurable.

Let R be the rectangle which bounds all of S, T, S [ T, and S \ T . This rectangle exists because each of the sets
S, T, S[ T, and S\ T are bounded (this follows from letting each be bounded by a rectangle Ri , then taking the

union R=
4[

i=1
Ri).

By Theorem 6.6.9, since S [ T and S \ T are Jordan measurable sets bounded by the rectangle R then their
indicator functions, �S[T and �S\T are integrable on R. This argument also applies to the indicator functions
�S and �T of S and T , respectively, and so they too are integrable on R.

Notice that

�S\T =min{�S ,�T }= �S ·�T and
�S[T =max{�S ,�T }= �S +�T ��S ·�T

= �S +�T ��S\T .

As before since �S[T and �S\T are integrable on R, respectively, then by the linearity of the integral (Theorem
6.3.13),

Z

R

�S[T dV =
Z

R

�S dV +
Z

R

�T dV �
Z

R

�S\T dV.

By definition (Definition 6.6.10), then

vol(S [ T ) = vol(S) + vol(T )� vol(S \ T ).

É
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(4b) Prove or disprove: if S [ T and S \ T are Jordan measurable, then S and T are Jordan measurable and

vol(S [ T ) = vol(S) + vol(T )� vol(S \ T ).

I will disprove this with a counterexample:
• Let S = [0,1]\Q and let T = [0, 1]\Qc . Neither S or T are Jordan measurable because @ S = @ T = [0,1],

which does not have zero Jordan measure as [0,1] contains an infinite number of elements.
• Note that Qc = R \Q, which is the set of irrational numbers, disjoint from the set of rationals. Then

S [ T = [0, 1] and S \ T = ?.

• S[T = [0, 1] is Jordan measurable because it is bounded and it’s boundary {0, 1} has zero Jordan measure,
which is easy to verify. Similarly, the empty set S \ T = ? is Jordan measurable because it is bounded
(trivially) and has zero volume (trivially).

• Therefore it is false that if S [ T and S \ T are Jordan measurable, then S and T are Jordan measurable.
Furthermore, by Theorem 6.6.9, vol(S) and vol(T ) cannot be computed because S and T both are not
Jordan measurable.
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