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Problems
1. Let S be a Jordan measurable set in Rn. Let f be a bounded real-valued function on S.

Show that if f is integrable on S, then f is integrable on S and

Z

S

f dV =
Z

S

f dV . Hint: �
S
= �S +(�S

��S)

(Revised 2022-02-07) Aside from Theorem 6.7.8, do not use any other theorems or lemmas from Section 6.7.

Notice that S = S
o [ @ S. By Lemma 2.2.21, S

o \ @ S = ?. Thus by Lemma 6.6.14,

vol(S) = vol(So [ @ S) = vol(So) + vol(@ S)� (So \ @ S) = vol(So) + vol(@ S)

since vol(?) = 0 trivially. By assumption, since S is Jordan measurable, then the boundary of S, @ S has zero
Jordan measure. It then follows by Lemma 6.6.15 that vol(@ S) = 0, and thus

vol(S) = vol(So).

Now S
o ✓ S ✓ S by Lemma 2.2.10, Lemma 2.2.31. It then follows that by Lemma 6.6.14,

vol(So) vol(S) vol(S).

However, since we proved that vol(S) = vol(So), then it must be that vol(S) = vol(S). Now, since f is bounded,
then there exists an M > 0 such that | f | M . Furthermore, since S is Jordan measurable, S is bounded and so
there exists a rectangle R which bounds S (and hence S). Since f is integrable on S, by definition the function
�S f : Rn! R is integrable on R. Then

�M�S  �S f  M�S =) �M

Z

R

�S dV 
Z

R

�S f dV  M

Z

R

�S dV.

And thus

�M vol(S) = �M vol(S)
Z

R

�S f dV  M vol(S) = M vol(S),

which implies Z

R

�S f dV =
Z

R

�
S

f dV.

By Definition 6.7.1, this shows that f is integrable on S and
Z

S

f dV =
Z

S

f dV.
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2. Let m be the mass of a non-rectangular solid S ✓ Rn with variable density � : S! [0,1). Assume S ✓ Rn is
Jordan measurable and � is integrable on S. Use Riemann sums to heuristically justify the mass formula

m=
Z

S

�dV

as a limit of discrete approximations. Your argument will not be a formal proof, but be as precise as you can.
(Revised 2022-02-01)

Since S is Jordan measurable, by definition S is bounded and its boundary @ S has zero Jordan measure. Let R

be the rectangle which bounds S. By Theorem 6.6.9 since S ✓ R, �S is integrable on R.
Let I be a finite set of multi indices and let P = {Ri}i2I be a partition of R. Now choose and fix any sample point
x
⇤
i

for each Ri where i 2 I , and thus the sum

mP =
X

i2I

�S�(x⇤i ) · vol(Ri)⇡ m

approximates the mass of S. Let P
0 be a refinement of P, so P ✓ P

0. It follows that mP 0 will better approximate
the mass of S, since the number of subrectangles increases. This argument follows from Lemma 6.2.7, however
instead of choosing the infimum or supremum of � on the subrectangle R

0
i
, we choose and fix a sample point

x
⇤
i

0 2 R
0
i
. Then

mP 0 =
X

i2I 0
�S�(x⇤i

0) · vol(R0
i
)⇡ m and 0< |m�mP 0 |< |m�mP |.

To better approximate m, we can take finer and finer refinements of R, which will yield much less error with
the exact value of the mass of S. Essentially we can let the number of partitions approach infinity, however it is
more formal to say that for each subrectangle R

00
i

of a refinement P ✓ P
00, kR00

i
k ! 0. This is equivalent to

m= lim
kR00

i
k!0

X

i2I 00
�S�(x⇤i

00) · vol(R00
i
) =
Z

R

�S� dV =
Z

S

� dV,

and so the mass formula is justified.
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3. (Revised 2022-02-01) Define ⌦ = [�237, 237]3. Let (⌦,⌃,P) be a continuous probability space in R3 with
probability density function �. Define the set

S = {(a, b, c) 2 ⌦ : b
2 � 4ac = 0}.

(3a) Choose (A, B, C) 2 [�237,237]3 randomly according to your continuous probability space (⌦,⌃,P) and
define the quadratic form q : R2! R by

q(x , y) = Ax
2 + Bx y + C y

2.

Note q has a critical point at (0,0). Assuming that S is an event in ⌃ and P(S) = 0, explain why the
second derivative test applied to q at (0, 0) will be conclusive with probability one.

Since q is a polynomial, q is a C
1 function on R. The Hessian matrix of q is given by Hq(x , y) =

@ 2
x

q @x@y q

@y@x q @ 2
y

q

�
(x , y) =
ï
2A B

B 2C

ò
. Now the determinant of the Hessian of q is

det(Hq) = det
Åï

2A B

B 2C

òã
= 4AC � B

2.

Assuming that S is an event in ⌃ such that P(S) = 0, it must be that for any A, B, C 2 ⌦, B
2 � 4AC 6= 0 (since

you will never measure this event occurring). This assumption implies that

det
Åï

2A B

B 2C

òã
= 4AC � B

2 6= 0,

and thus the eigenvalues of the Hessian of q are never zero, since the determinant of an n⇥n matrix is the product
of it’s eigenvalues. By the second derivative test (Theorem 5.5.9), q(0,0) will either have a local minimum or
a local maximum, and thus the second derivative will always be conclusive (hence with probability one).

(3b) Prove that if S has zero Jordan measure, then S is an event in ⌃ and P(S) = 0. Hint: Use two results.

Proof. Since S has zero Jordan measure, it is trivially Jordan measurable. Furthermore, since S ✓ ⌦ =
[�237, 237]3, then by definition of event space, ⌃ = {A ✓ ⌦ : A is Jordan Measurable} (Theorem 6.9.3),
so S is an event in ⌃.

Let � : ⌦ ! [0,1) be the probability density function of P, and assume � is bounded on ⌦. By definition
(Theorem 6.9.7),

P(S) =
Z

S

� dV.

Since � is bounded on ⌦ and S has zero Jordan measure, then by Theorem 6.7.8,

P(S) =
Z

S

� dV = 0.
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(3c) Finish the proof by showing S has zero Jordan measure. Hint: Proceed by definition. Cover the origin
in R3 with a small rectangle depending on " and then parametrize the remaining pieces.

Proof. It suffices to show that the parametric surface C = {(u, v, 2
p

uv) 2 R3 : (u, v) 2 [�237, 237]2} has zero
Jordan measure. Fix " > 0. Define the rectangle centered at (0, 0) by [� f ("), f (")]3. Note that C is bounded
by the rectangle U = [�237,237]2 ⇥ [�474,474]. Choose N = ___. The real part of C is located in the first
and third quadrants, so I will cover the first quadrant with 4N rectangles, and hence I will use 8N rectangles
to cover the whole region. It suffices to examine the first quadrant, since the identical process of proving C has
zero Jordan measure can be applied to C in the third quadrant. Define the width of each subrectangle along
then x , y and z axes as

237� f (")
N

.

Let 0 i, j  N along each x , y axis respectively. Define each rectangle in the first quadrant by

Ri j =
ï

f (") +
237� f (")

N
(i � 1), f (") +

237� f (")
N

i

ò
⇥
ï

f (") +
237� f (")

N
( j � 1), f (") +

237� f (")
N

j

ò

⇥
ï

f (") +
474� f (")

N

∆
(i � 1)( j � 1), f (") +

474� f (")
N

p
i j

ò
.

For any (u, v) 2 [�237, 237]2, there exists an i, j 2 {1, . . . , N} such that (u, v) 2 Ri j , and thus (u, v, 2
p

uv) 2 Ri j .
Therefore C is contained in the union of every rectangle Ri j . Then

vol(Ri j) =
Å

237� f (")
N

ã2
·
Å

474� f (")
N

(
∆
(i � 1)( j � 1)�

p
i j)
ã

=)
NX

i, j=1

vol(Ri j) =
Å

237� f (")
N

ã2
·
Å

474� f (")
N

ã NX

i, j=1

Ä∆
(i � 1)( j � 1)�

p
i j

ä
.

??.
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4. Consider the integral

I =
Z 2

0

Z 2�x

0
(x + 2y)d yd x .

You will compute I by three different methods. Do not justify Fubini’s theorem for any part below.

(4a) Sketch the region of integration, label it, and evaluate I directly. Do not use (4b) or (4c).

Evaluating,

I =
Z 2

0

Z 2�x

0
(x + 2y) d yd x

=
Z 2

0
[x y + y

2]
���

y=2�x

y=0
d x

=
Z 2

0
x(2� x) + (2� x)2 d x

=
Z 2

0
(2x � x

2 + 4+ x
2 � 4x) d x

=
Z 2

0
(4� 2x) d x

= [4x � x
2]
���

x=2

x=0

= [8� 4]� [0� 0]
= 4.
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(4b) Swap the order of integration in I , sketch the region again with new labels, and evaluate the new double
integral directly. Do not use (4a) or (4c).

Swapping the order of integration from 0  x  2, 0  y  2 � x gives 0  y  2, 0  x  2 � y . I then
becomes

I =
Z 2

0

Z 2�y

0
(x + 2y) d xd y

=
Z 2

0

ï
1
2

x
2 + 2x y

ò ���
x=2�y

x=0
d y

=
Z 2

0

ï
1
2
(2� y)2 + 2y(2� y)

ò
d y

=
Z 2

0

ï
2+

1
2

y
2 � 2y + 4y � 2y

2)
ò

d y

=
Z 2

0

ï
�3

2
y

2 + 2y + 2
ò

d y

=
ï
�1

2
y

3 + y
2 + 2y

ò���
y=2

y=0

= [�4+ 4+ 4]� [�0+ 0+ 0]
= 4.
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(4c) Interpret I as the volume of a solid. Include sketches in R3 and projections to support your argument.
Compute the volume using geometry. Do not use (4a) or (4b).
Hint: The volume of a tetrahedron spanned by u, v, w 2 R3 is given by 1

6

��det
�⇥

u v w

⇤���.

I can be interpreted as the area underneath the plane z = x + 2y restricted to the domain

S = {(x , y) 2 R2 : 0 x  2, 0 y  2� x}

located in the x y plane. The corners of the solid can be represented using four vectors in R3:

u1 =

2
4

2
0
0

3
5 , u2 =

2
4

2
2
0

3
5 , u3 =

2
4

0
2
0

3
5 , u1 =

2
4

0
2
4

3
5 .

The volume of the solid can be divided by the plane z = x into two separate tetrahedrons, T1 with vertices
u1,u2, and u3 and T2 with vertices u2,u3, and u4. Therefore both tetrahedrons are spanned by their respective
vectors.
Notice that the interiors of T1 and T2 are disjoint (the boundaries have zero volume), which allows us to calculate
the volumes of T1 and T2 individually, then add them to get the total volume of the solid. Then

vol(T1) =
1
6

det

0
@

2 0 0
0 2 2
2 4 0

1
A = 1

6
· 8 (by Wolfram Alpha)

vol(T2) =
1
6

det

0
@

2 2 0
0 0 2
2 0 0

1
A = 1

6
· 16 (by Wolfram Alpha)

=) vol(I) = vol(T1) + vol(T2) =
1
6
(8+ 16) =

24
6
= 4.

This is equivalent to the integrals computed in (a) and (b).
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5. Cavalieri’s principle extends the idea of computing a volume by slices to higher dimensions. You will critique
a proof that does not have any errors but it is missing details.

Theorem C. Let S be a Jordan measurable set of Rn+1
with S ✓ R⇥ [a, b] where R is a rectangle in

Rn
. Assume the t-slice St = {x 2 Rn : (x , t) 2 S} is Jordan measurable for every t 2 [a, b]. Then

vol(S) =
Z b

a

vol(St)d t.

(5a) Below are the first two lines of the proof for n= 1 in which case S ✓ R2.

1. By definition, vol(S) =
Z

R⇥[a,b]
�SdV . Write R= [c, d].

2. By Fubini’s theorem, vol(S) =
Z b

a

Z d

c

�S(x , t)d x d t

Line 2 applies Fubini’s theorem without proper justification. Briefly justify it.

S is bounded by R⇥ [a, b]. It then follows that �S is also bounded on R⇥ [a, b]. Note that the set
St = {x 2 Rn : (x , t) 2 S} is Jordan measurable for every t 2 [a, b], which implies that the indicator function
�St
(x) is integrable for any x 2 R= [c, d]. That is, for a fixed t 2 [a, b],

vol(St) =
Z

R

�St
d x =
Z d

c

�St
d x .

Note that this holds for any t, and therefore Fubini’s theorem applies. Thus

vol(S) =
Z b

a

Z d

c

�S(x , t)d x d t

exists and is equivalent to

vol(S) =
Z Z

R⇥[a,b]
�S dV.

(5b) The proof is completed with two more lines.

3. For x 2 R and t 2 R, notice �S(x , t) = �St
(x).

4. Thus, vol(S) =
Z b

a

ÄZ d

c

�St
(x) d x

ä
d t by line 3

=
Z b

a

ÄZ

R

�St
dV

ä
d t by Fubini’s theorem

=
Z b

a

vol(St)d t. by definition of volume of a set

Line 5 should cite its justifications line-by-line. For each of the three lines, add a short phrase on the
righthand side explaining how it follows. You may cite a previous line, an assumption, a theorem, or a
definition. Some details may still be missing but your phrase should indicate the key idea.
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(5c) Use Cavalieri’s principle to compute the volume of the 4-dimensional unit ball. You may assume the
formula for the volume of 3-dimensional balls. You may assume 4-dimensional balls are Jordan mea-
surable, but you may not assume 3-dimensional balls are Jordan measurable. (Revised 2022-02-07)

We assume the volume of a 3-ball (sphere) is given by V3 =
4
3
⇡r

3. Assumed the 4-ball is a Jordan measurable

set. Define the rectangle R= [�1,1]3. The unit sphere is contained in R, and likewise, the unit hypersphere in
4 dimensions is contained in R⇥ [�1,1]. Define the unit 4-ball as the set

B
4
1 = {x 2 R4 : kxk  1}.

Then, by Theorem C since we assumed B
4
1 is Jordan measurable and the volume of the 3-ball is given by

V3 =
4
3
⇡r

3,

vol(B4
1) =
Z

R⇥[�1,1]
�

B
4
1

dV =
Z 1

�1

4
3
⇡w

3
d x .

Since the radius of the 4-ball is fixed, 1 = r =
p

x2 + w2 then we wish to integrate every slice over it, so
w=
p

r2 � x2 =
p

1� x2,

vol(B4
1) =
Z 1

�1

4
3
⇡(1� x

2)3/2 d x .

By Wolfram Alpha,

vol(B4
1) = �

4⇡(
p

1� x2(2x
3 � 5x)� 3arcsin(x))

24

���
1

�1

=
⇡

6

h⇣
0+ 3 · ⇡

2

⌘
�
⇣

0� 3 · ⇡
2

⌘i

=
⇡2

2
.

And thus the volume of the unit 4-ball is
⇡2

2
.

MAT237 Problem Set 6 - Page 10 of 10 February 11, 2022


