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MAT?244 Midterm 2
Main sitting, November 24, 18:00-20:00

Please print as legibly as possible:

First Name (j M/
Last Name A’\\Dw aé/i

Student Number \\@O 60! L%O 302
il |- Mowdy @ wo\. Soronto. 2

UTorlD Mo 0 1

Instructions:
This test is closed book. No calculators, phones or notes are permitted.
You have 105 minutes to complete the test.

Do not write on the top section of the pages. This area needs to be clear for the scanning and
matching to be done correctly.

Ounly the frout of each page will be scanned and uploaded to Gradescope for grading. THE
BACK OF EVERY PAGE IS FOR ROUGH WORK ONLY AND WILL NOT BE GRADED

ANY WORK WRITTEN ON THE BACK OF ANY PAGE WILL NOT BE
GRADED OR CONSIDERED IN ANYWAY

This test consists of 17 pages including the cover page. The last two pages are extra space.
If you want any work on these extra pages to be considered in grading you must indicate so
on the page of the relevant question that work from that question is in the extra space.

If you require extra space beyond that included please contact an invigilator. If you include
extra pages, please set your exam aside at the end and do not include it with the main pile(s).

Unless noted otherwise justify all solutions.

e The test is out of 105 points
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1. The four parts of this question are short answer questions. You should provide some justification
for your answers.

(a) (b points) Find a fundamental set of real solutions to the ODE
Lly]=0
where the constant coefficient operator £ has characteristic polynomial
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(b) (5 points) Find the lowest degree monic! polynomial p(r) = 7" + a,— 17" 4+ <+ + ap with
real coefficients such that the differential equation

y(nj + (I:n-1§l/(ﬂ'_1) 4 agy =0

has solutions t%e~* and e cos(t). Your answer p(r) may be left as a product of linear and/or
quadratic factors all with real coefficients.
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Monic means that the coefficient of the highest degree term is 1. E.g., #® 4+ 1 is monic but 2r* + 1 is not.
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~ ’ , i
(c) (5 points) Consider the third order equation

o " | W
y@(t) +sin()y® (¢) + () = ¢ G comby T ot
Find an equivalent three-dimensional first order system of the form,
E‘i—)c = Ax+b.
dt X - (1
The entries of A and b may depend on time. . '
L&l X\‘: L‘ , X-L:Ll:‘ﬂ,‘ \(3 = 5( — X‘l Xl’l: Y ?(‘ hall K'L
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(d) (5 points) What values of o will the system:

d <o 3 2 <

dt -2 «
be such that all solutions wind/wrap/spiral around the origin infinitely many times and
also move off to oo (you only need to consider eigenvalues for this)
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2. Draw a direction field for the following descriptions of a 2 x 2 system of ODEs. Your answers
do not need to be exact, but they need to convey the relevant characteristics of the direction

field. » L
(a) (3 points) &x = (g f{) x (? ““}\) @Z“TX\ q6)

ARG
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(b) (3 points) d%x = Ax, and the 2 x 2 matrix 4 has eigenvalues —2 424, and A (é) = G)

N

co u»f\}( -~ @\(gdcw; e
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dt

ODE.
-/ ‘ _ £ &
§ | P C/‘ ( \\5 C -+ CL(Q?)()/

et V
¢) (3 points) $x = Ax, and x;(t) = ¢ ) and x, t) = 0 are both solutions of the
. s o — o3t . 963t

(d) (3 points) &x = Ax, and xy(¢) =

0 .
& —t_.. eﬁgt> and x»(t) = ( fo-2t | Are both solutions

e

of the ODE 0 )KTJL \ — & | & -1k
%), C\(\BQ{ v G ( ‘>@,

Q) i‘)‘*:’"
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3. (10 points) Find a particular solution to the ODE
Lly](t) = sin(3t)
where the constant coefficient operator £ has characteristic polynomial

p(r) = (" +9)(r* — 1) = r' +8&° -0,

L o
7 (,( C{)( ,) \ 1( %L *%J — Sinl3t).
=13, =it
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$UASIHE) * A2 NSWAY + Aty = s
%A =\ ) A= \%) .
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4. (8 points) Given the third order ODE:
ym _ yzr -6 yl — 031

Use variation of parameters to give the solution to this ODE with y(0) = /(0) = y”(0) = 0.
You must use variation of parameters or you will not receive marks for this question.

r(%"rl’i ,,_6/(‘/ = O .

(3t
(qv -b zo. = (\ﬁ%)(rﬂ),
'3%& — L ;/ﬁ!
= by =Yl ML
o6 b
| ( L
W = C\,(/‘Jf ?3(? 926’2‘5 ““) -2 %«z/\r wa‘/&t
2
- v 28
-y S 3 V9, - i g L T, Sh
| o mgogr - =< o _»g’;@}/ \T
S S T \ Ft \ £t
3 0 L N
N\ = ¥ = -3¢ Se’ AR
Se L L Z(L’“{
——Llfe?’ &/" §’6 ‘,g
| pet Vo)t n ) bk 3 ae
N T Rl b I G R

V(Y _ =
~\?&C *‘(‘g’e/

W Mﬂﬂ%{i‘gﬁ%mwm M% “‘",-}"‘“?é"" M%%&WW M\
( \)‘:@ ‘ \’_L:@ , ﬂ(%\: 3¢

L5y o3s s 4
+ (s) 5} - c € U ¥s st

3&2) \’((\ _ f“l C?'L(‘(: ,t%‘) - ;gc'”&@

J i\?fuu&




[Hooooss ooosf
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x, x(0)=110
1 -5
(‘2“%\&%“%} (“’l *’X) +0 40O - O -0 -6 A“Xj:
' « | A+1T
{ o
(&) = V= :)
O
. N 0 \
. . )
oys ) - 9)
%=3 o | '
255 'y
\j:‘;S{ | —L - (6
- Y 14 q‘ -k ¢ C/}g :\")
el et o)t o .
_ « (o + (3 o | \ -1 @4\4
B s 1) R
) Ci « (4 =~ §¢ ?D ( g g
e (2 =\"3
- (7 =\}
V)t et C’ ’ ol 65
\XU:\: géy(\\)c f\T(o} e 413 gf,)q _ .o \o-S
N
Page 8 of 17




[Hoooo58

6. Consider the two-dimensional first order system,
) = axp),  A=(L ¢
oo\ = A “l2 -1
(a) (b points) Find the eigenvectors and eigen?alues of A.
(=N (-t-2) -9
|
b | ~Seen 0 =8

R =12
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(b) (5 points) Find the general real solution, as well as the solution satisfying x(0) = ( 0
/’-’——_” )
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7. Consider the two dimensional first order system,

d 3 ~5
a}((ﬂ = J4X(l‘«), A= (1 = )

3}

(a) (12 points) Find the general real solution, and sketch the phase portrait on the provided

axes. YL
| = (3X)(5-2) a5
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(b) (3 points) Consider a non-zero solution of the ODE you just solved and let N(t) be the
number of times the solution crosses the xy axis in the interval [0,1]. Find,
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8. Let @ be an n X n symmetric matrix with real entries such that,

g@j:o 5 \» \l\«

for every i and Q; > 0 for ¢ # j. Let u(f) be a solution of the nth order system, o © v
d
u(t

(a) (5 points) Show that the average

M&) ch Sc&‘@f
W\/\&\\ &Aé “xo

it
______

Page 13 of 17




[EHooooss oo14fF]

(b) (5 points) Consider the function,

k{3

9(t) = 3w (1))

i=1

and show that

ZZ%(W wi(t))?

f=1 j=1

Use this to show that g(#) is decreasing. If every entry of () is non-zero what are the
equilibrium solutions of the system u’ = Qu?
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9. (10 points) Find a first order three-dimensional system of the form
d :
&X(t) = Ax(t)

where A is 3 x 3 matrix such that:

e There exist non-zero, non-constant solutions x(¢) such that ||x(¢)|| =1 for all times .

e There exist non-zero solutions that converge to 0 as ¢t — oc.

Explain why your answer is correct.
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Extra work for Question
(Please write “EXTRA WORK AT END OF EXAM” on original question page)

Page 16 of 17




[Eloooess oo17Hd

Extra work for Question
(Please write “EXTRA WORK AT END OF EXAM” on original question page)
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