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Submit Your Response to Question 1 Here.

MAT334 Problem Set 3 — Due Sunday November 6, 11pm
1006940802

1.

Let f: D — C, where D is an open domain with 0 € D. If f is holomorphic on D, then there
exists an open disc B,(0) € D where the restriction of f to the disc B,(0) is also holomorphic.
This implies that there exists a power series expansion of f centered at 0:

flz) = z anz".
n=0

If we differentiate f, then the k-th derivative of f at 0 is determined by
CYRUEE - S B
) "2 (k)™

and hence f(k)(O) = klay, since all other terms vanish upon evaluation. Allow me to strive for
a contradiction. If f is holomorphic and f*(0) = (k!)?, then ax = k! which follows from the
derivation above. However, if a; = k!, then the power series no longer converges at 0, and it’s
radius of convergence is simply the singleton {0}. Applying the ratio test,

1 ) a
Correct 10 =
. (k+1)R!
T i
—

hence R = 0. This implies that f cannot be holomorphic since the power series expansion no
longer converges on an open disc, alas we have obtained a contradiction. Therefore there is no
holomorphic function f such that f® (0) = (k12
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Q2

Submit Your Response to Question 2 Here.
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2.

z+e*
 PE—1)
evaluate this integral, I will proceed by first invoking partial fraction decomposition to separate
the denominator terms and then I will invoke Cauchy’s integral formula on each term seperately.
Firstly, we wish to determine coefficients A, B and C' such that
1 A B

zz(z—i):; z—1i

Consider the function F : (0,00) \ {1} — C defined by the integral F(r) = / To
G,

Multiplying through,
1= A(z—1i)+ B2?
=B+ Az — Ai
i i
2%(z — 1) T2 z(z —1)

which implies that A = 4, and thus B = —3 Then
fraction decomposition again to the second term,
1 A B
— = — - = Az-Ai+Bz=1
z2(z—1) z z-—1i
= A'=i, B'=—i.

. Applying partial

Therefore the integrand is expanded by partial fraction decomposition as

1 i i i i +1 1
—_— i - =—=4-- s
22(z—1i) 22 z z—i 22z z—i

Now, applying Cauchy’s integral formula,

2 2 2
F(r):i/ = dz+/ ﬂdz—/ z+el dz
= 2 ll=r lol=r %=1

Since g(z) = z + €* is a holomorphic function on C, then we may apply Cauchy’s (Generalized)
Integral Formula to each of the three terms. We may observe that whenever r < 1, then third
integrand vanishes since ¢ ¢ B;(0). Since 0 is an element in any open ball centered at 0, then the

first two integrands are non-zero.
5 2mi d
e We have that i zte dz = 1£—[z + ez]| _ = —2m(1 4 e®) = —4x, by Cauchy’s
iz 22 1! dz =0

Generalized integral formula.
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o Secondly, / HTE dz = 2mi(0 + €°) = 2mi.

|l=r
z+e* 0 ifr<1

o Lastl / —dz = .
Y Jer 2= omi(i+¢)  ifr>1
only when i € In(C,), and is zero otherwise.

since Cauchy’s integral formula applies

Therefore, summing each of the results of each of the three terms above, we pbtain that )
F(r) = —4m + 2mi = 2n(i — 2) for r < 1, and F(r) = —4m + 2mi — 27 + 2mie’ = 2w (i — 3 + ie*) for

r>1. Alas
F(r) = 2m(i — 2) . .
anii-34 Arithmetic error. -1

Q3

Submit Your Response to Question 3 Here.

3.

Proof.
e Assume that f : C — {z € C : Re(z) > 0} is an entire function. Consider the function
composition g : C — C given by g(z) = e /). Since f(z) is entire and e~ is also an entire
function, then g(z) is an entire function.
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e Allow me to write f as a decomposition of real and complex con CorreCt 10
thus g(z) = e™™™**. If range(f) C {z € C: Re(z) > 0}, then it n
represents the real component of f.

e Now, [g(2)| = |e* ™| = |e™¥| < €® = 1, since u > 0, hence g(z) is bounded above by a
constant M = 1 > 0. By Liouville’s theorem, g(z) must be constant since g is entire and
bounded.

If g(z) is constant, then it must be that ¢'(z) = 0: di[e_f(‘)] = —e 7@ f'(z) = 0. However,
2

since e~#(*) can never be zero, then it must be that fl(z)=0.

Thus f'(z) = 0, and therefore f must be constant as well, which is what I wanted to prove.
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Q4

Submit Your Response to Question 4 Here.

4.

2 _
For this question, consider the function f given by f(z) = ﬁ

(a) To determine the singularities of f and their types, I may begin by factoring the polynomial
in the denominator of the first term, then expanding each term as a power series centered around
each respective singularity. First note that 222 — 2 —1 = (2 — 1)(22 4 1). It is now easier to observe

1
+ z%sin <—) ;
z

that the singularities of fare z =1, z = ~3 and z = 0 due to the argument of the sin term. Then,
bv factorine.
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2 _
f(z)= G-DE+D _21)(2;+ ) + z%sin (%) :

00

Theorem: For a Laurant series f(z) = z an(z — 29)™

n=-00

(i) If an = 0 for all n < 0, then the point 2z constitutes a removable singularity.

(ii) If there exists an m such that a,, = 0 for all n < —m, then z, constitutes a pole of order m.

(iii) If there are infinitely many a, # 0 for n < 0, then the point zy corresponds to an essential

singularity.

*This theorem was proved in class. To determine the types of these three singularites, I may
proceed by analyzing the Laurant series of the expansion around each of these points, then apply
the theorem to each zp. For f(z), we may examine each term separately then determine each of
the singularity types individually.

2p:="1:

2z =—

N

Allow me to write 22 — z in terms of a power series centered at zy = 1:
22—2=A+B(z-1)+C(z-1) =(A-B+C)+(B-2C)z+C2?
= C=1,= B=1,= A=0.
Therefore

22—z z—1 (z—1)% 1 z—1

(z—=1)(2z2+1) (2—-1)(2z2+1) il (z-1)(22+1) = 2z+1+2z+1'

1

1
Tt E (z—1)". Now, since the coefficients of the Laurant Series
2z
n=0

centered around zp = 1 are only a_o and a1, then 29 = 1 is a removable singularity.

As a series, we just have

: As in the previous case, allow me to begin by expanding z% — z in terms of a power series

1
centered at zp = —5:

22—2=A4+B(z+1/2)+C(z+1/2)* = (A+ B/2 +C/4) 4+ (B+C)z + Cz*
= C=1,= B=-2, = A=3/4

Expanding as a power series in terms of (z — 1/2), then

22—z _ 3 __ (=+1/2) - (z+1/2)?
(z—1)(22+1) 8(z—-1)(z+1/2) (2-1)(z+1/2) " 2(z—1)(z+1/2)
3 1 (z+1/2)

T8z-1(E+1/2) (z-1) @ 2z-1)

It is not difficult to see that there are infinitely many a, = 0 for n < —1, since the lowest
1 1
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29=0:

index is portrayed by the

the n = —1) term. Thus zo = —— is a pole of order
YR ) 0= Ak
m=1.
1
For the z = 0 singularity, consider the second term 22sin (—) To determine the type
z

of singularity, I will determine a Laurant Series expansion of this term. The power series
oo

; A 15 n__ 1 1 s g s s
expansion of sin (z) is given by Z(—l) @n T 1) 2 This implies, by multiplying

n=0

il
22 sin (*) =
z

through 22,

2 1
(~1)r
(2n + 1)! 22n+1

M8

3
Il
=]

L1 1
(-1) (2n + 1)! 2271

Mz

I
o

n:

1
1\ 2n+1
Sl TR

M-

n=-—o00

where the last step is just determined by changing the index of the sum into a Laurant sum
from —oo to 0. In this representation, it is obvious that there exist infinitely many coefficients
an # 0 with n < 0, which then implies that 29 = 0 is an essential singularity.

(b) I now wish to determine f(z) dz, which can be determined by an appropriate application

|2]=2

of the residue theorem. In this problem I will be utilizing the Laurant Series expansions of f which
I determined in the previous part of this question. First off, by the linearity of the integral,

If I let g(z) =

/‘z|=2f(z) dz = /‘z‘=2(z—212)(7—2zz+1)dz+/‘4=2 2%sin (%) dz.

ZZ*Z

1
o R 2 1 . 3 3 . g
GO+ and h(z) = z*sin Fie then since each singularity 0,—1/2,1 is

located inside In(B2(0)), the residue theorem yields that

f(z)dz = 2mi [Res(g, 1) + Res(g, —1/2)] + 2mi Res(h,0).

l2|=2

This follows from the fact that both g and h are analytic on their domains. Now, since the residue
at a point 2o is just the value of the a_; coefficient of the Laurant series of each function evaluated
at the z( singularity, then

Res(g,1) =0 (the a—1 term is zero)

3 3-2 1
Res(o -1/ =gz~ 83~ 14
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Q5

1 y
Res(h,0) = —— = ——,
(h,0) 3! 6
which again are just simply the coefficients of the n = —1 term in each Laurant series expansion.

Therefore

|z|:2f(z) dz = 2mi (0 - %) +2mi (—%)

=i,
6

which is the value of the integral I wished to determine.

10
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Submit Your Response to Question 5 Here.

5.

o0
Evaluate / % dz. For this problem, I will define a simple closed curve 'y consisting of an
T

-0
interval line lying on the real-axis Ig, and a semicircle counterclockwise, positively oriented curve
Chg:
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Correct
contour.
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W |
Now, instead of our initial integral, consider the integral defined by / 9(2) dz in the limit where

R — o0, where g(z) is the function defined by g(z) =

/_ ) e lRe{ lim

—T
Tt 1 Rovoo Jp, 21+ 1 z}’

Correct integrand. 2

where the integral is taken over Iz and not all of I'g. I will return to this later, but for now I will

evaluate 9(2) dz.
Tr

Allow me to begin by factoring the denominator. By the fundamental theorem of algebra, 2! = —1
has four solutions. These are not hard to determine and I will not take up more space finding a
simple solution. They are z = +v/i and z = +iV/i. By factoring, g(z) then becomes

iz

e 3

A1 G-Vt Vi) - ivi) (e + i)

g(z) has now four easily identifyable singularities, all of which are poles of order 1. It is imporant
to notice that in the limit as R — oo, the only singularities located inside In(I') are the ones
whose imaginary components is positive: z = Vi and
way:

Correct singularities. 1
. AT, 1/2 i,
\/;_(e /z) ‘6/4"\/5'\/5

3 1/2 2 ]
i =4 (eur/Z) / — jeim/d = _% i é

and is easy to show that —V/i,—iV/i both have negative imaginary parts (just flip the sign). There-
fore, by the residue theorem, since g(z) is entire on C\ {\/;, —Vi,ivi, —i\/i}, we have that

/ 9(2) dz = 2mi [Res(g,\/z_') + Res(g,i\/i)] :
T'r
Since each singularity is a pole of order 1, its respective residue is determin

Jim —5 (= — 20)g(2)]:
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e residue theo-
Res(g"ﬂ)=z]i“3fi(z—\/i)(z+_\fi)(z_iﬂ)(z+m rem.

= VG =G+ i)

o 81\/;
T VAL - ))(Vi(l +4))
eiVi
Ly Mostly correct cal-
—ivi)e® lations for the
Res(g,iVi) = lmw cu
Hf“" ‘ﬁ)(zt;ﬂ)(z ¥ residues.
= Vet Vet i)
e i
(Vi - 1) (Vi +1))(26V5)
eVi
T Wi
Theref ()d—z'iﬁ gt hich, I should note, holds true f R i(th‘
ereoreLRgz 2 = 4T 47,\ﬂ+4\ﬂ ‘which, 1 shou. note, ho. rue orany >\/5 1S

doesn’t necessarily matter, since we are taking R — oo in the end anyway). Simplifying,
eivi Vi meVi  pie=Vi
2mi | —=+ —=| = +
4ivi  4i 2vi o 2V/i
= —ivig [V +ie™]]

- (L _ L) ™ [6—715+7’5 +e I
2

V2 V2)?
_ (LQ _ %) T [— +eE- '2)]
8

Now, consider the integral over the curve Cg: / 9(2) dz. By ML-Estimation, it must be that
Cr

| [ ote)ds| < maetla) - Lengt(ca)
Cr 2€CR
el
:"R?éacii{ z4+1‘}
1 ;
< —_— i Pl =e Y < =i >
_WR;Ielgi{z‘*i»l‘} (since || =e¥ <1, y =Im(z) > 0 on Cg)
1 2 : A
< 7R max {I_M 5 $ (by triangle inequality)
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ZEUR (4] T4
= R‘T—}jl (since |z| = R)
PR 35, BB R;rR Lo Correct bounds for the arc. 3
—1

becomes infinitely large:
}%Lngo % g(z)dz=0.

This now has huge implications on our initial integral! Note that, since ' is a piecewise curve,

then by linearity
/ 9(2)dz = / 9(z)dz+ / 9(2)dz
T Ig Cr

hence hm / g9(z)dz = hm/ (z) dz + 0. However, the integral hm/ 9(2) dz has already

been determmed via the Residue theorem Alas, by our initial claim,
) iz
/ cos(z‘) dz =Re< lim / dz lim / B
D09:4+1 R—o0 1R24+1 R—o0 pR24+1
1 i 1 i i(=-4 )
B ]
V2 V2
{(—7i) eV |cos <i>+isin (i)quin (L)J»icos (L)]}
V2 V2 V2 2 V2 V2
[ZCOS ( L ) + 2sin (L)]
2\/_ V2 v2/l
Therefore the value of the integral is

[ 5  ()  ))

which is what I wanted to determine.
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