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1.1

Let F : R3 → R be a C2 function. Since F is C2, the gradient of F is

∇F = ∂xF x̂+ ∂yF ŷ + ∂zF ẑ.

Taking the curl of F yields

∇× (∇F ) = det

 x̂ ŷ ẑ
∂x ∂y ∂z
∂xF ∂yF ∂zF


= x̂ (∂y∂zF − ∂z∂yF )− ŷ (∂x∂zF − ∂z∂zF ) + ẑ (∂x∂yF − ∂y∂xF ) .

Since F is C2, by Clairaut’s Theorem, then each ∂i∂jF = ∂j∂iF for any i, j ∈ {x, y, z}. Therefore

∇× (∇F ) = x̂(0)− ŷ(0) + ẑ(0) = 0,

and therefore the curl of a gradient is always zero.

1.2

Let F : R3 → R be defined by F (x, y, z) = x2y3z4. F is certainly C2 on R3 since it is a monomial.
The gradient of F is

∇F = 2xy3z4x̂+ 3x2y2z4ŷ + 4x2y3z3ẑ.

Then

∇× (∇F ) = det

 x̂ ŷ ẑ
∂x ∂y ∂z

2xy3z4 3x2y2z4 4x2y3z3


= x̂(12x2y2z3 − 12x2y2z3)− ŷ(8xy3z4 − 8xy2z3) + ẑ(6xy2z4 − 6xy2z4)

= x̂(0)− ŷ(0) + ẑ(0)

= 0.
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Let F : R3 → R be a C2 function. Then

∇× (∇× F) = ∇× det

 x̂ ŷ ẑ
∂x ∂y ∂z
Fx Fy Fz


= ∇× [x̂(∂yFz − ∂zFy) + ŷ(∂zFx − ∂xFz) + ẑ(∂xFy − ∂yFx)]

= x̂[∂y∂xFy − ∂2
yFx − ∂2

zFx + ∂z∂xFz] + ŷ[∂z∂yFz − ∂2
zFy − ∂2

xFy + ∂x∂yFx]

+ ẑ[∂x∂zFx − ∂2
xFz − ∂2

yFz + ∂y∂zFy]

= x̂[∂y∂xFy − ∂2
yFx − ∂2

zFx + ∂z∂xFz + ∂2
xFx − ∂2

xFx]

+ ŷ[∂z∂yFz − ∂2
zFy − ∂2

xFy + ∂x∂yFx + ∂2
yFy − ∂2

yFy]

+ ẑ[∂x∂zFx − ∂2
xFz − ∂2

yFz + ∂y∂zFy + ∂2
zFz − ∂2

zFz]

= x̂[∂2
xFx + ∂x∂yFy + ∂x∂zFz] + ŷ[∂y∂xFx + ∂2

yFy + ∂y∂zFz] + ẑ[∂z∂xFx + ∂z∂yFy + ∂2
zFz]

−
[
x̂[∂2

x + ∂2
y + ∂2

z ]Fx + ŷ[∂2
x + ∂2

y + ∂2
z ]Fy + ẑ[∂2

x + ∂2
y + ∂2

z ]Fz

]
= ∇[∂xFx + ∂yFy + ∂zFz]−

[
∇2Fxx̂+∇2Fyŷ +∇2Fzẑ

]
= ∇(∇ · F)−∇2F
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3.1

F(x, y, z) = (2xy2 + z3)x̂+ 2x2yŷ + 3xz2ẑ. Then

∇ · F =
∂

∂x
[2xy2 + z3] +

∂

∂y
[2x2y] +

∂

∂z
[3xz2]

= 2y2 + 2x2 + 6xz.

∇× F = det

 x̂ ŷ ẑ
∂x ∂y ∂z

2xy2 + z3 2x2y 3xz2


= x̂

(
∂

∂y
[3xz2]− ∂

∂z
[2x2y]

)
− ŷ

(
∂

∂x
[3xz2]− ∂

∂z
[2xy2 + z3]

)
+ ẑ

(
∂

∂x
[2x2y]− ∂

∂y
[2xy2 + z3]

)
= x̂(0− 0) + ŷ(3z2 − 3z2) + ẑ(4xy − 4xy)

= 0.

3.2

F(x, y, z) = (x2 − z2)x̂+ 2ŷ + 2xzẑ.

∇ · F =
∂

∂x
[x2 − z2] +

∂

∂y
[2] +

∂

∂z
[2xz]

= 2x+ 2x = 4x.

∇× F = det

 x̂ ŷ ẑ
∂x ∂y ∂z

x2 − z2 2 2xz


= x̂

(
∂

∂y
[2xz]− ∂

∂z
[2]

)
− ŷ

(
∂

∂x
[2xz]− ∂

∂z
[x2 − z2]

)
+ ẑ

(
∂

∂x
[2]− ∂

∂y
[x2 − z2]

)
= x̂(0− 0)− ŷ(4z) + ẑ(0− 0)

= −4zŷ.

3.3

F(x, y, z) = eyzx̂+ exzŷ + exyẑ.

∇ · F =
∂

∂x
[eyz] +

∂

∂y
[exz] +

∂

∂z
[exy]

= 0 + 0 + 0 = 0.
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∇× F = det

 x̂ ŷ ẑ
∂x ∂y ∂z
eyz exz exy


= x̂

(
∂

∂y
[exy]− ∂

∂z
[exz]

)
− ŷ

(
∂

∂x
[exy]− ∂

∂z
[eyz]

)
+ ẑ

(
∂

∂x
[exz]− ∂

∂y
[eyz]

)
= x̂(xexy − xexz) + ŷ(yeyz − yexy) + ẑ(zexz − zeyz).
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The surface of the hemispherical bowl can be described by the set

S = {(R, θ, ϕ) ∈ R3 : 0 ≤ θ ≤ π/2, 0 ≤ ϕ < 2π} ∪ {(r, π, ϕ) ∈ R3 : 0 ≤ r ≤ R, 0 ≤ ϕ ≤ 2π}.

Similarly, the volume of the bowl is described by the set

V = {(r, θ, ϕ) ∈ R3 : 0 ≤ r ≤ R, 0 ≤ θ ≤ π/2, 0 ≤ ϕ ≤ 2π}.

Notice that A(r, θ, ϕ) = r sin θ cosϕx̂ + r sin θ sinϕŷ + r cos θẑ, which simplifies to A(r, θ, ϕ) = rr̂
in spherical coordinates. The divergence theorem states∫

V
(∇ ·A)dτ =

∮
S
A · da.

I will work in spherical coordinates and show that the left hand side and right hand sides of the
theorem yield the same result.

To begin, notice that dτ = r2 sin θ dr dθ dϕ in spherical coordinates. Also,

∇ ·A =
1

r2
∂

∂r
[r2Ar] +

1

r sin θ

∂

∂θ
[sin θAθ] +

1

r sin θ

∂

∂ϕ
[Aϕ]

=
1

r2
∂

∂r
[r3] + 0 + 0

= 3.

It follows that ∫
V
(∇ ·A)dτ =

∫∫∫
V
3r2 sin θ dr dθ dϕ

= 3

∫ R

0
r2 dr

∫ π/2

0
sin θ dθ

∫ 2π

0
dϕ

= 3

[
1

3
r3
]R
0

[− cos θ]
π/2
0 [ϕ]2π0

= 3 · 1
3
R3 · 1 · 2π

= 2πR3.

For the right hand side, we will divide S into two surfaces S1 and S2 with different area elements
da1 and da2, representing the spherical surface and the bottom disc, respectively. At da1, R is held
constant while θ and ϕ change, so our surface element is given by da1 = r2 sin θ dθ dϕ r̂. Likewise
with the bottom disc, θ is held constant at π/2, so da2 = r dr dϕ θ̂. See Griffiths page 40 for a more
formal derivation.
Since A = Arr̂ and A · da1 = R3 sin θ dθ dϕr̂, then A · da2 = 0. At the curved surface of the bowl
r = R, so A = Rr̂. Then ∮

S
A · da =

∫
S1

A · da1 +
∫
S2

A · da2
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=

∫∫
S1

R3 sin θ dθ dϕ+ 0

= R3

∫ π/2

0
sin θ dθ

∫ 2π

0
dϕ

= R3 [− cos θ]
π/2
0 [ϕ]2π0

= R3 · 1 · 2π
= 2πR3.

Therefore the divergence theorem holds.
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5.1

F(x, y) = xx̂+ (x− y)ŷ along y = x2 for 0 ≤ x ≤ 1. Let

C = {(x, x2) ∈ R2 : 0 ≤ x ≤ 1}

be that curve. We wish to evaluate

∫
C
F · dl. Here, dl = dxx̂+ dyŷ. Then

∫
C
F · dl =

∫
C
[x dx+ (x− y) dy].

Given y = x2 is the constraint, dy = 2xdx, and so∫
C
F · dl =

∫ 1

0
[x+ (x− x2)2x] dx

=

∫ 1

0
x+ 2x2 − 2x3 dx

=

∫ 1

0
x dx+ 2

∫ 1

0
x2 dx− 2

∫ 1

0
x3 dx

=
1

2
+

2

3
− 2

4

=
2

3
.

5.2

F(x, y) = (x2 + 2y)x̂ − y2ŷ along the ellipse x2 + 9y2 = 9 from (0,−1) → (0, 1). If we consider a
parameterization of the ellipse, we can define x as a function of y with the bounds of integration
being y = −1 and y = 1. Then

x = −3
√

1− y2,

which follows from integrating over the left hand side of the ellipse (would be positive if right hand).
Let

C = {y,−3
√

1− y2 ∈ R2 : −1 ≤ y ≤ 1}

be the curve we want to integrate over. It follows that since x = −3
√

1− y2, then dx =
3y√
1− y2

dy.

Therefore∫
C
F · dl =

∫
C
[(x2 − 2y) dx− y2 dy]

=

∫ 1

−1

[
27(y − y3)− 6y2√

1− y2
− y2

]
dy

= 27

∫ 1

−1

y√
1− y2

dy − 27

∫ 1

−1

y3√
1− y2

dy − 6

∫ 1

−1

y2√
1− y2

dy −
∫ 1

−1
y2 dy
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I will now integrate each of these separately, moving from left to right (the first two are zero since
the integrand is an odd function, but I will continue to prove this anyway).

The first is given by letting u =
√
1− y2, so du =

−y√
1− y2

dy which implies that dy =
−
√

1−y2

y du,

so ∫ 1

−1

y√
1− y2

dy = −
∫ u(1)

u(−1)
du = u

∣∣∣u(1)
u(−1)

= −
√
1− (1)2 −

√
1− (−1)2

= 0.

The second can be evaluated by making another u-substitution, u = 1 − y2, so y2 = 1 − u and

du = −2y dy =⇒ dy = − 1

2y
du. Then

∫ 1

−1

y3√
1− y2

dy = −1

2

∫ 1

−1

(y2)(−2y)√
1− y2

dy

= −1

2

∫ u(1)

u(−1)

1− u√
u

du

= −1

2

∫ u(1)

u(−1)
u−1/2 du+

1

2

∫ u(1)

u(−1)
u1/2 du

= −1

2
[2
√
u]

u(1)
u(−1) +

1

2

2

3
[u3/2]

u(1)
u(−1)

= −
√
1− y2 +

1

3
(1− y2)3/2

∣∣∣1
−1

= 0.

The third integral I will evaluate using a trigonometric substitution. Let y = sinu
(so u = arcsin(y)), and dy = cosu du. Therefore∫ 1

−1

y2√
1− y2

dy =

∫ u(1)

u(−1)

cosu sin2 u√
1− sin2 u

du

=

∫ u(1)

u(−1)

cosu sin2 u

cos(u)
du =

∫ u(1)

u(−1)
sin2 u du

=

∫ u(1)

u(−1)

1− cos(2u)

2
du

=
1

2

∫ u(1)

u(−1)
du− 1

2

∫ u(1)

u(−1)
cos(2u) du

=
1

2
u
∣∣∣u(1)
u(−1)

− 1

4
sin(2u)

∣∣∣u(1)
u(−1)

=
1

2
arcsin(y)

∣∣∣1
−1

− 1

4
sin(2 arcsin(y))

∣∣∣1
−1

=
1

2

[π
2
+

π

2

]
− 1

4
[0− 0]

=
π

2
.
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The last integral is simply ∫ 1

−1
y2 dy =

1

3
y3
∣∣∣1
−1

=
2

3
.

Therefore ∫
C
F · dl = 27(0)− 27(0)− 6 · π

2
− 2

3

= −3π − 2

3
≈ −10.09.
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F1(x, y, z) = (x+ y)x̂+ (−x+ y)ŷ − 2zẑ and F2(x, y, z) = 2yx̂+ (2x+ 3z)ŷ + 3yẑ.
We have that

∇ · F1 =
∂

∂x
[x+ y] +

∂

∂y
[−x+ y] +

∂

∂z
[−2z]

= 1 + 1− 2 = 0

∇× F1 = det

 x̂ ŷ ẑ
∂x ∂y ∂z

x+ y −x+ y −2z


= x̂

(
∂

∂y
[−2z]− ∂

∂z
[−x+ y]

)
− ŷ

(
∂

∂x
[−2z]− ∂

∂z
[x+ y]

)
+ ẑ

(
∂

∂x
[−x+ y]− ∂

∂y
[x+ y]

)
= ẑ(−1− 1) = −2ẑ ̸= 0,

and for F2,

∇ · F2 =
∂

∂x
[2y] +

∂

∂y
[2x+ 3z] +

∂

∂z
[3y]

= 0 + 0 + 0 = 0

∇× F2 = det

 x̂ ŷ ẑ
∂x ∂y ∂z
2y 2x+ 3z 3y


= x̂

(
∂

∂y
[3y]− ∂

∂z
[2x+ 3z]

)
− ŷ

(
∂

∂x
[3y]− ∂

∂z
[2y]

)
+ ẑ

(
∂

∂x
[2x+ 3y]− ∂

∂y
[2y]

)
= x̂[3− 3]− ŷ(0− 0) + ẑ[2− 2]

= 0.

Since ∇× F2 = 0, there exists some scalar potential V such that F2 = −∇V . We must have

∂

∂x
[V (x, y, z)] = −2y,

∂

∂y
[V (x, y, z)] = −2x− 3z,

∂

∂z
[V (x, y, z)] = −3y.

Integrating the partial derivatives yields the relations

V (x, y, z) = −2yx+ F (y, z)

V (x, y, z) = −2xy − 3yz +G(x, z)

V (x, y, z) = −3yz +H(x, y),

where the functions F,G and H are terms of higher order variables which may have vanished when
taking the partial derivatives. It can easily be seen that F = G = H = c for some c ∈ R, so
V (x, y, z) = −2xy − 3yz + c. Therefore F2(x, y, z) = −∇V (x, y, z).
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