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1. Nonlinearity
Background: In Lecture 18, I show the nonlinear effect using a simple example: the
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damped/driven nonlinear pendulum, described as equation (1) in Lecture 18 note.
The nonlinear term there is sin(0). I show in page 4 there that sin(0) can be expanded
by Taylor expansion into 0 - 03/6 + H.O.T (high order terms). The first term 0 is the
linear term while all other are the nonlinear terms. If we assume sin(0) is dominated
by the linear term 0, we use sin(0) = 0 and solve equation (1), which is the simple
harmonics equation that you are familiar with, and this would cause a solution of 6
that is linearly proportional to cos(wa t), denoted as 8 ~ cos(wa t). Now consider the
nonlinear effect: Putting 6 ~ cos(waq t) into the first nonlinear term -6%/6 in Taylor
expansion above, page 4 shows that this would cause a term of new frequency 3wa.

Question: Consider the next nonlinear term (the one higher than -6%/6) in H.O.T
above, and still use 8 ~ cos(wa t). Shows what new frequency (or frequencies) will
this term cause. You need to show the math derivation rigorously. Hint: you may
use high school math...
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1. Nonlinearity

Background: In Lecture 18, I show the nonlinear effect using a simple example: the
damped/driven nonlinear pendulum, described as equation (1) in Lecture 18 note.
The nonlinear term there is sin(0). I show in page 4 there that sin(0) can be expanded
by Taylor expansion into 0 - 6%/6 + H.O.T (high order terms). The first term 0 is the
linear term while all other are the nonlinear terms. If we assume sin(0) is dominated
by the linear term 6, we use sin(0) = 6 and solve equation (1), which is the simple
harmonics equation that you are familiar with, and this would cause a solution of 0
that is linearly proportional to cos(wa t), denoted as 6 ~ cos(wad t). Now consider the
nonlinear effect: Putting 6 ~ cos(wa t) into the first nonlinear term -63/6 in Taylor
expansion above, page 4 shows that this would cause a term of new frequency 3wa.

Question: Consider the next nonlinear term (the one higher than -6%/6) in H.O.T
above, and still use 0 ~ cos(wad t). Shows what new frequency (or frequencies) will
this term cause. You need to show the math derivation rigorously. Hint: you may
use high school math...

The Taylor expansion of sin is

5
x

so we are wanting to expand the nonlinear term =l with z = cos(wgt) to find which harmonics the
3rd higher order term will create. )

We have that

giwt | gt 5 B cos® (wqt) (et + emiwaty

g=coslwt) = —5— = 5 5! 25!

By Pascal (high school math), our expansion becomes

(et 4 g=iwat)5  giwat y Betiwat—iwat | ]gBiwat—2iwat | |(eiwat-3iwat | Feiwat—tivat | o—Siwat
2-5! - 2% .51
edwat 4 Bediwat 4 1(giwat 4 ]0g~Wat 4 Fe~diwat 4 o—5iwat
= 2551
_ 10cos(wat) + 5 cos(3wat) + cos(5wat)
4.5!
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Therefore the 3rd order term in the Taylor expansion of sin:
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Your coefficients are off

harmonics: by a factor of 4

object

4/4

2. Energy

We put a very small coin right at the top of an object. This
object is a solid sphere. We assume such a coin is frictionless
(no friction with the object) and this object is fixed and has a
radius of R. We push this coin only very little bit and then it
falls by gravity. At what height below the starting point of this
coin will the coin be off the object (without touch with the
object)? Say the starting point is A and the detached point is
B, the question here asks the height difference between A
and B.

Hint 1: Energy conservation.

Hint 2: what is the normal force from the object to the coin?
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2. Energy

We put a very small coin right at the top of an object. This
object is a solid sphere. We assume such a coin is frictionless
(no friction with the object) and this object is fixed and has a
radius of R. We push this coin only very little bit and then it
falls by gravity. At what height below the starting point of this
coin will the coin be off the object (without touch with the
object)? Say the starting point is A and the detached point is
B, the question here asks the height difference between A
and B.

Hint 1: Energy conservation.

Hint 2: what is the normal force from the object to the coin?

To solve this problem, we consider the energy conservation of the coin and the normal force the
sphere exerts on the coin.

We are able to think of the position of the coin in term of it’s polar angle with respect to the
vertical. For energy, we have that

1
Ey=E; = mg(Ah) = Emvz, (1)
where Ah = R — Rcosf = R(1 — cosf) is the change in height of the coin.
For the normal force, we know the radial components are given by mT}ﬂ and mg cosf, and thus

2
’r% =mgcosf — N
— mv? = R(mgcosf — N). (2)

Subbing (2) into (1), we have that
mgR(1 — cosf) = %ngcosG — RN
= N= gmgcos0—mg
= N= mg(gcose -1)
= N =mg(3cosf — 2).

Now, for the coin to remain on the surface of the sphere, it must be that N > 0. Thus, the coin
falls off of the surface when N < 0. m direct calculation we have that cosf < % for when the
coin falls off the surface.

Thus Ah = R(1 — cosf) < R(l—g: 5
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o 3 3
Therefore H is when the coin falls off of the sphere.

Qﬁ

Q3

3. Energy.
On a horizontal surface, we have a massless spring that is connected to an object

with mass m. The spring constant is k. The friction of this object with the surface is
the product of a constant b with the velocity of this object. Consider 1-dimensional
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motion of this object in x direction: when the object is located at x2, the spring has
no force on the object. Say initially the object’s location is x1, with a velocity of vi.
There is no other external forces like driving force or so. Assume no static friction.

Question (a): After very long time, how much heat will be generated due to the
dissipation caused by the friction of this object? Consider from the energy
perspective.

Question (b): Prove your answer in (a) above, using the fact that the work done by a
force is equal to the integral of this force over distance. Hint: Consider the equation
of motion; Also, (dv/dt)edx =dvev = vdv

3. Energy.
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On a horizontal surface, we have a massless spring that is connected to an object
with mass m. The spring constant is k. The friction of this object with the surface is
the product of a constant b with the velocity of this object. Consider 1-dimensional
motion of this object in x direction: when the object is located at x2, the spring has
no force on the object. Say initially the object’s location is x1, with a velocity of vi.
There is no other external forces like driving force or so. Assume no static friction.

Question (a): After very long time, how much heat will be generated due to the
dissipation caused by the friction of this object? Consider from the energy
perspective.

Question (b): Prove your answer in (a) above, using the fact that the work done by a
force is equal to the integral of this force over distance. Hint: Consider the equation
of motion; Also, (dv/dt)edx =dvev = vdv

(a)
Thermal energy is defined as AE;, = W = / dz'Fy(z'), where Fy is the force of friction acting
Zo

on the object.

This is quite easy to explain. All of the initial energy, since it is conserved, must all contribute
to the thermal energy once the object has stopped moving. The initial and final positions of the
masses are well known, and thus we can calculate the thermal energy:

T2 T2
AEp=W = / dz F(z) = —b / dti(t)
1 1

T2 T2
:—b/ dtd—z=—b/ dz = b(z1 — z2)
/2 dt 1

1

= bAz.

Therefore the amount of thermal energy generated due to dissipation caused by friction of the mass
on the spring is ‘AEH, = b(zg — z1) = bAz. |

Note that we cannot actually calculate temperature because we do not have any information about
the specific heat capacity of the mass against the surface.
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(b)
This is the rigorous derivation for (a). The equation of motion for the mass on the spring is given
by

mE = —bz — k(z — z2) = mE +bi+ k(z — z2) =0.

As always, let v = b and w2 = E I will assume underdamping, and define Q2 = w? — 2.

Solving, we find our g{eﬁeral solutionntrzlo the equation of motion is
z(t) = e [c; cos(§2t) + cosin(Qt)] .
We can now solve the IVP, with z(t = 0) = z; and &(t = 0) = vg:
Ty1=cC+Ty = € =T — Ty

vo + (21 — 22)

v=—vT1—T2)+ 0 = = a

This yields the complete solution
z(t)=e " |:(z1 — z2) cos(Qt) + W sin(Qt) | + z1.
Now to find the gghermal energy as t 2 00, we evaluate the improper integral
ARy=W= A dt F(i(t) = b A dt5(t). We have
7b/0°° dti(t) = —b /000 dt [—ve™ ™ (c1 cos(Q) + casin(Qt)) + 7 (c2Q cos(Q) — c1Qsin(Q))]
=-b /000 dt [e7" cos(Qt) (e — ve1) + e sin(Qt) (-1 — ve2)]
= —b(c22 — ye1) /0°° dt e cos(Qt) + b(c1Q + ve2) /000 dt e " sin(Qt). (3)

Briefly aside, we know the following integrals:

S Qe "sin(Qt)  ye eos(Qt)]* v
t — - ——
/0 dte " cos(Qt) = [ D P 5 (4)
I I —Qe teos(Qt)  ye Msin(Q)]T Q
T sin(Qt) = _ =2k
/0 e Tm(lh) [ 72+ Q2 Y2+ ], wi ®)

Subbing (4) and (5) into (3) yields
—b/ dti(t) = —b(caQ —ye1) |5 | +b(a+7e) | —
0 wo “o

=4<(W)9—7(m —m)> [wlg] +b((1‘1*zg)9+n’<W)) [w%]

b
= —bvo% +— ((z1— 22)Q% + yvp + 72 (1 — z3))
Wy W

¥ b
= —bug—5 + — (&1 — 22)(W§ — %) + Y00 + (21 — 72))
Wy W
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¥ b
= ~bv0w—g + w_g((zl — z2)wd + yvo)

by bu
=ba1 —22) + - 5 — "5
wo wo

=b(z1 — 22)
= |AEy, = bAz

which is equivalent to the answer derived in 3a.
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Q4

4. Energy %

=
We have the exact same situation as question 3 above; the /
only difference is that we are now on an inclined plane with

an angle of 8. See the figure here. Answer question 3(a)

again in this situation. G

horizontal
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4. Energy 7</
=
We have the exact same situation as question 3 above; the / M
only difference is that we are now on an inclined plane with
an angle of 8. See the figure here. Answer question 3(a)
again in this situation. &
=2
horizontal

In order to find AE, we must find Az = 2y — x1, assuming xy is the final resting position of the
mass and z5 is the equilibrium position from Question 3 where the spring will not exert any force
on the mass.

in 6
Analyzing the forces on the mass, we find mgsinf = —k(zy — z2) = (x5 —z2) = — ;m .
By energy conservation,

E0=17m)04m sin€+%—z2)2

2
Ey = mgzgsinp + %k (ac)/xvz)2

. 1 mgsinf 2 —
:mg:tfsm9+—k( k\)/ "\
2 «
° Ci= ’:Q e
Equating, since\Ey = E;,/we have

—
1 heod = B
Emvg + mgzosin 0 + %k(zl —z9)? — %zmﬁ =mgzssinb. | E_?
Solving for z, we have
2 NIOIE. ;
. v(? k(z1 .zz) _ mgsinf o
2gsinf 2mg sin 0 2k

Now, evaluating AEy;,, we have

zf Tf
ABp=W = / dz F(z) = b / dti(t)
1 T

1

o g L
= dtﬁ:—b/zl % =)

1

_ —b( vg " k(z1 — 22)? _ mygsing i —11)

2gsin 6 2mgsin @ 2k
And thus

- 2 a3
ABys =b mgsing vP _ k(z '12)
2k 2gsin 0 2mgsin @

X
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