Problem Set 2: Due 24 Oct 2022 (4 problems, submit Online - Weight 2.5%). One of the problems will be marked 1.5%,
rest 1% will be for simply completing the homework. Please view these as practice problems for the test/exam.

Probiem 3.19 Supposc the potential V(@) at the surface of a sphere is specificd, and there is
no charge inside or outside the sphere. Show that the charge density on the sphere 1s given by

&0
o(0) = 2%— Y @+ 12 ¢ Pyicos o), (3.88)
=0
where i
Cy = [ Vo(8) £ (cos ) siné 0. (3.8%)
v

Problem 3.26 A sphere of radius R, centered at the origin, carries charge density

R
P 8) =k— (R —-2r)sing,
r-’

where & is a constant, and r, ¢ are the usual spherical coordinates. Find the approximate
potential tor points on the 7 axis, far (rom (he sphere.



Problem 3.15 A cubical box (sides of Jength @) consists of five metal plates, which are welded
together and grounded (Fig. 3.23). The top is made of a separatc shect of metal, insulated from
the others, and held at a constant potential V. Find the potential inside the box.

Figure 3.23

Problem 3.49 An ideal electric dipole is situated at the origin, and points in the z direction,
as in Fig. 3.36. An clccetric charge is relcased from rest at a point in the xy planc. Show that
it swings back and forth in a semi-circular arc, as though 1t were a pendulum supported at the
origin. |This charming result is due to R. 8. Jones, Am. J. Phys. 63, 1042 (1995),]
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3.19

To begin, we may consider the spherical expression of the electric potential, then proceed by
invoking boundary conditions:

V(r,0) => (A + Br~'"")Pi(cos ).
=0

Let R be the radius of the sphere. Since the sphere is hollow, we may consider the potential in two
regions - inside and outside the sphere:

> (A" + BlrT ) P(cos0)  (r < R)
V(n 9) = lc?oo

Z(A%rl + BZr " HP(cosh) (r > R).

=0

Our first boundary condition is that V(r = 00,0) = 0, so the potential must vanish at infinity.
This implies that AZQ = 0 for all /. Likewise, we cannot have the potential explode at the origin,
and thus Bll = 0 for all . For simplicity, I will now ignore the indices differentiating the outer from

the potential from the inner, since there is now only one A and B corresponding to terms r and

r~'=1 respectively. The potential is now

Z AirtPi(cos) (r < R)
V(r,0) =< 50

> B ''P(cosf) (r > R).

=0

Our third boundary condition is the requirement that the potential must be continuous at the
boundary, when r = R:

Z AiR'Py(cos ) = Z BiR7'""1P(cos ).
=0 =0

From direct observation, if these sums are equal at the boundary, only the Legendre polynomial
terms affect the magnitude of the potential, hence the coefficients must be equal:

AR = B R,

which implies that B; = A;R**!. Now to invoke the last boudnary condition, that the potential
at the boundary is specified to be Vj(6):

> AR'Py(cos 0) = Vy(0).
=0



We can determine the A; by applying the orthogonality relations for the Legendre functions, that
s

2
/ P, (cos0)P,(cos0)sinf df = ———— 6y, Integrating both sides, we have
0 2n + 1

ZAZRZ/ Py(cos0) Py, (cos0) smﬁd@-/ Vo(0) P, (cos8) sin 6 d

0
2
— ZAZRZ 57 70mm :/0 Vo(0) Py, (cos 0) sin 6 d6
— Ay = 22"‘};1/ Vo (6) Py (cos ) sin 0 do.

Our boundary conditions are now all invoked, and we may being solving for the surface charge
density on the sphere. By definition, the surface charge density is determined by

o OVout . OVin _ OVout . OVin
N —R o\ or or

1) on on
and n = 7 since the normal of the sphere is pointing in the radial direction. Differentiating, we find

O N i1 O o 4
o= —¢p (67" ;Bﬂ“ Py(cosh) — o ;Alr Py(cos 9))

= —¢gg (i(—l — D(A4R™Hr=172P(cos §) — ilAﬂ’lilPl(cos 0))

=0 =0

I

r=R

r=R

r=R

=gy (Z(l + 1D)(ARM YR P(cos 0) + Z 1A R Py(cos 9))

1=0 =0

=g Z AR+ 14 1)Py(cos )
1=0

=e0» (20 + 1) AR P(cos).
=0

_2m+1

Now, invoking th. dition that A
ow, invoking the condition that A,, SR

/ Vo(0) Py (cos ) sin 0 df, we have that
0

—EOZ (20 +1)?

0 o
(cos0) RZ_; (20+1) CZPZ (cos @),

s
where Cj is just the integral C; = / Vo(0) P, (cos0) sin @ df. Therefore, this is the expression for
0

the surface charge.



3.26

R
For points very far away on the 2 axis, the solid sphere with charge density p(r,0) = k— (R—2r) sin 0
2

will either appear as if it was a monopole (single charge), dipole, quadrupole, octopole, and so on.
Hence we may invoke multipole expansion to determine the approximate potential at points very
far away. The potential is given by

V(r,0 47r50 Z R / (cos 0) dr’

1 1
- s /V (') dr’ (monopole)
1
0 d+' dipol
4meq 12 /vr plr') con dr et
1 1 2 p(r') - 1(3 cos?0 — 1) dr’ (quadrupole)
dregr3 Jy 2
+ ...

We may proceed by determining each of these integrals until we find the lowest n with a non-zero
value. This lowest term (whether it be monopole, dipole, quadrupole, ...) will be how the appoxi-
mate potential behaves at far away distances. (1 will be using integral calculator for trigonometric
integrals; I do not want to waste time typesetting every step out) Now:

2m
477507“/ / / r2 (R — 2r)sin® 0r2 drdfdy

2
= T kR/ / (R — 2r) sin? 0 dodr

Vmon (T7 9)

dweg T

1 kR
= —— sin 0d0/ R—2r)d

2e9g T

1 kRﬂ' 9 9 '
=5 "5 - 1 calcul

20 7 2(R R?) (integral calculator)
= 0.

Thus the monopole term is zero. For the dipole term,

1 1 [ B R . 9 3
Vaip(r,0) = yr kT—Q(R — 2r)sin” 0 cos 0r° drdfdy

27 kR/ / (R —2r)rsin 20 cos O drdo
47r50 r2
1 kR
= singﬁcosede/ (R—2r)rdr
2e0 74 Jo 0
1k 3
= Tjj(o) <_}2> (integral calculator)
—0,



and so the dipole term is zero as well. And the quadrupole term:

1 1
47‘(’501”73
1 kR
_ETT
1 kR [T
e B g

1 kR T R*
=7 (°5) (_6>
o kR®
T 192e 13

unad (T, 9) =

T rR
/ / (R —2r)r?sin? 0(3 cos® § — 1) drdf
o Jo

R
sin?(3 cos® —1) / (R —2r)r?dr
0

2 s R R 1
/ / / k= (R — 2r)sin®* 0= (3cos® 0 — 1) r* drdfdy
o Jo Jo T 2

(integral calculator)

hence the quadrupole term is non-zero. Now, along the z-axis, 8 = 0 and r = zcos#f, hence r = z.
Therefore the potential far away from the sphere will appear as if it were a quadrupole:

© kRS
192e9 23 °

V(z) ~



3.15

In this problem, I will execute a seperation of variables to solve the Laplace equation in 3-
dimensional cartesian coordinates. Laplace’s equation states
o’V 0’V 9%V

20, _
viv= Ox? +8y2 +8z2 =0.

Guessing the solution V(x,y,2) = X(2)Y(y)Z(z) and proceeding with seperating the variables,
Laplace’s equation yields that

Now, since all of these terms sum to zero, they must all be constant, since each function only
depends on a variable independent of the other variables (ie, X (x) is independent of y and z, Y (y)
14

" "
is independent of x and z, and so on). Set x5 = c1, Y7 = ¢9, and - = c3. Thus c3 = —c1 — co.
Allow me to invoke some symmetry into the problem. The boundary conditions of the problem
state that
V(0,y,2) =V(a,y,z) =V(z,0,2) = V(z,a,z) =V(z,y,0)

while V(z,y,a) = Vp, and therefore the solutions given by the X and Y functions must be similar
(or identical), since both of their boundary conditions are identical. Let me pick ¢; = —A? and
co = —&2. Therefore we must have that c5 = A\? + &2, which is positive. This will yield us similar
solutions for X (x) and Y (y), but a different solution for Z(z), which will be useful for applying
the last boundary condition. Therefore we have three individual, non-coupled ordinary differential
equations:

X'=-XNX, Y'==¢Y, Z'=caxZ
The solutions to these ODE’s can be easily solved by an appropriate guess. They are

X(z) = Asin(A\x) + B cos(\z)
Y (y) = Csin({y) + D cos(&y)
Z(z) = EeVS* 4 Fe V&% = EeV A2z Fe—\/mz.

All of the constants (including A and ) are determined by the boundary conditions, as stated
above.
1. First off, we require that X (0) = X(a) = 0. When z = 0, then X(0) = B = 0.

2. Likewise, when z = a we obtain X (a) = Asin(Aa). Here, however, A cannot be zero else we
arrive at a trivial result for the potential. Instead, sin(Aa) = 0, which only occurs if Aa is an

integer multiple of 7, therefore A = nr
a

3. Secondly, by a similar argument as applied to the function X, Y (0) = D = 0, hence D = 0.
4. Furthermore, Y (a) = Csin(éa) =0 = { = iy
a

5. Third, we require Z(0) = 0. Here, Z(0) = E(1) + F(1) = 0, which implies that £ = —F.
We now have only one constant in circulation in the potential V', since the product of two
constants is indeed a constant...



6. The last boundary condition, V(z,y,a) = Vj, will be determined later in the calculation via
a Fourier orthogonality relation.

Multiplying each of these terms together, the general expression for our potential is then given by
summing over every possible integer n and m which satisfy the boundary conditions:

V(z,y,z Z Z Glm sin (mra;) sin (mﬂg;) [egmz — e_g\/mz}

a
= 27;]mZZOGnmsin (?) sin (may) 1nh< vn? —I—m2,z> )

I will now proceed by determining the last constant Gy,, which is given by the last boundary
condition V(z,y,a) = Vp:

Vo=V(z,y,a) =2 Z Z Gy Sin (n;r:l:) sin (m;ry) sinh (77\/ n2 + m2)

n=0m=0

To isolate Gy, we may multiply and integrate by orthogonal terms. Recall that for integers k£ and

. : . . ¢ km . (lrx
[, the Fourier orthogonality relation dictates that sin [ — | sin dr = *5k:l Therefore
0 a a

we have that

//V()Sln<k7rw)sin<l )dydm—?ZZGnm&nh(W n2+m2>

n=0m=0

-/Oa sin (/cm;) sin (nzx) / sin <l7;;g> sin <m;ry) dy

=2 i Z Gm sinh (77\/ n2 + m2) .Cféknélm

n=0m=0

2

= %le sinh (77\/ k2 + l2)

2 S k l
= G = / / V4 sin (m) sin <7Ty> dydzx.
a? sinh <7T\/ k2 + 12> 0o Jo a a

Since the double integral on the right hand side of the above relation is just two seperate integrals
of seperate variables (z and y), we may evaluate it. It is

l
G = / / Vbsm( ) (Fy> dydzx
a? Slnh 7T VE2 + 12 a

2V a a 9 <k:7mv) e (lwy) v
= - —(=1)%cos | — cos | —
a?sinh (V2 + 1) ke @/ lamo @ ) ly=o

= 2Vo (cos(km) — 1)(cos(Im) — 1).

72kl sinh (m/m)

=a

It is now important to notice that whenever cos(km) or cos(Imw) are 1, then Gy = 0. This only
occurs when k and [ are even multiples of 7 (0,27, 4m,...). Gy does not vanish at all if both k



and [ are even integers. Therefore

0 if m or n even

Gr = 8Vo
72kl sinh (Wk? n 12)

if m and n odd.

Under a brief index change, we just have G,,,,, which we may not include in our initial expression
for the potential above. Summing over odd values of m and n only, we finally obtain the potential
inside the cube:

16V0 > 1 nmwx mayy Sinh (% Vn? +m? Z)
V(z,y,z) = Z Z ——sin (—) sin ( ) .
n=135,..m=135,. a smh(w n2+m>



3.49

For this problem, we may consider the expression of the potential of a dipole in spherical coordinates:

1 - T 1 cosf
Vdip (T7 9’ SD) = P = P .

Aweg 2 Admeg 12

It suffices to first determine the electric field of this potential. Once the electric field is found, we
may apply the proportionality relation F = ¢E = —¢VV. We have, in spherical coordinates,

ov 10V 4
F=-—¢qVV=— [f‘—i— rH—H)cﬁ]

or 00
q 2pcosf . 1psinf
=— — r— - (7]
dmeg r3 r 2
-4 P [20089? + sin@é} ,
dmeg 13

which gives the expression for the force on the charge in the presence of the dipole. Now, for a
pendulum in the classical regime, the Euler-Lagrange equations yield the equations of motion for
the Lagrangian in polar coordinates,

L= —mi*+ —mr

5 > —mgrcos — mi = mré? — mg cos 0, mr20 + 2170 = mgrsin 6.

I will note here that 0 represents the angle apart from the vertical z axis along unstable equilibrium,
and not the angle with respect to equilbrium. For constant r, we obtain the single equation of
motion mlf = mgsinf = Fy, we notice the drastic similarity with the above expression for the
radial force of the charge g being a distance | away from the dipole:

qQ p

=1 l—gsin9<—>F9:mgsin9.
TEQ

Fy

With the radial component of the force being independent of the motion of the angle, the charge
thus behaves as if it were a pendulum mounted at the origin.
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