PHY 350 Problem Set 3 — Due November 21, 23:00
1006940802

4.5

I will begin this problem by imposing a cartesian coordinate system (z,y,z) with (x,y) as one
normally would in a plane, and Z pointing out of the page. The torque on a dipole is determined
by the behaviour of the electric field at the center of the dipole (since we are working with ideal
dipoles), and is given by 7 = px E. Next, note that the electric field of a dipole in polar coordinates
is given by

Pi

E;, = pr—; [2 cos 07 + sin 0],

where p; is the i-th dipole in the configuration.
e First consider the electric field at p, produced by the dipole p;. Here, E; should be pointing

b
in the —¢ direction and should have no & component. With respect to the dipole, § = 5

here, so the electric field should be E; = 4p7130»’ but with 8 — —1q, therefore the field
TEQT
produced by p; is E1 = ng.
Amegrs

e Second, consider the field at p; produced by the p, dipole. Due to the 45—degree rotation

of py dipole means that § = m yields an electric field pointing purley in the & direction,

b2

with no ¢ component. We obtain E9 = [—27], however with 73 being positive in our

3
TEQT
coordinate system with the field pointing along the positive & direction, then # — —&, thus
the electric field from dipole 2 at dipole 1 is Ey = P24
2megrs

Now for the torques. In both cases, the electric fields FE; are perpendicular to their dipoles they
pass over p; with ¢ # j = 1,2, thus the cross product becomes just E; x p; = E;p;z. For 71, we
have that

TL =D X E1
_ pip2 . % 53]
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which points into the page. Similarly,

pip2 . .
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which also points into the page.



4.10
(a) The bound charges are defined as follows:
op=P-n, ppb=—-V P.

With a polarization P(r) = kr, then the bound surface charge is given at the radius R, with i = #,
which is then just o, = kr# - #|,—g = kR. The bound volume charge cam be found by taking the
divergence of P in spherical coordinates. Since P = Pf#, then the contribution to the divergence
is just the # component:

(b) As for the electric field inside and outside the sphere, we can apply Gauss’s law ¢ E-da = Qenc.

€0
The permittivity of free space is used here because the sphere does not have any designated dielectric

inside it. Therefore:

4
(In) The enclosed charge is g?['?“3pb, and the flux of E is parallel to # which is just Fdnr?, so

k
equating the two yields the electric field inside the sphere E(r) = &r = ——T.

- 380 €0
(Out) The enclosed charge is all of the total bound charge o, and p,. Multiplying by their respective

area and volume elements yields the total enclosed charge Qene = opdmri+ pbgm“S = Ankr’R—

-4
%erR = 0, which implies that there is no electric field outside the sphere.
ko
-7 for0<r<R . .
Therefore E(r) = €0 is the electric field in and out.
0 forr > R



4.20

For this problem, due to the embedded uniform free charge p and dielectric constant €., we may
being by finding the electric field inside and outside the sphere. Once we have found the field, we
may take the line integral, by the definition of the potential, from infinity to zero. For fields in

matter, we have that 7{D ~da = Qy, encl-

4
(In) For points inside the sphere, Gauss’s law yields that Ddrr? = gwr?’p, which implies that

1
Din = EEin = ngf‘

4
(Out) For points outside the sphere, we obtain a similiar result Danr? = §7TR3p, hence D,y =

1 R3
coF out = 3 p—Qf (note the permittivity of free space here, since we are outside the dielectric).
r
Now to find the potential. From first year electrostatics,
0
V=- / E-de
o0
R R3 0
I—/ deT—/ P dr
o 0T R SE0Er
o R3 R p r2 0
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= 2 (1y !
~ 3eoR2 2, /)’

which is thus the potential at the center of the sphere with infinity used as the reference point.




4.15

(a) First off, to locate the bound charges, we must consider the three regions where bound charge
can inhabit: the inner surface at r = a, the volume a < r < b, and the outer surface » = b. With

k
the polarization given by P(r) = —#, then the bound surface charges are given by o, = P - 71. For
T

. R k . k
r = a, since ¥ = 7, then o, = —— for the inner surface and o, = — for the outer surface. The

a
bound charge is determined by the negative gradient of the polarization p, = —V - P, however
10 k

since P = P,#, only the radial contribution matters. Thus p, = -V - P = ——Qa—[kr] = ——, for
r2 or r

a<r<hb.

By applying Gauss’s law, we can determine the field in each of the three regions 7{ E -da= Q¢

For r < a, the enclosed charge is 0, so there is no field in that region. For a < r < b, we have that

-
—k
Qenel = ab,a47ra2 + 47T/ T—QTQ dr
a

= —Adnka — A7k(r — a)
= —A4nkr.

For outside the sphere, we have that

b
k
Qencl = —kdmra — 47'(/ ﬁr2 dr + kAnh

= 47nk(b— a) — 47k(a — b)

=0,
hence the field outside of the sphere is zero as well. However, for inside the dielectric, Gauss’s law
Ak k
implies that 47r?FE = - = E(r)=——r.
€0 eor

(b) Applying a different method, Gauss’s law for dielectrics, we have that % D da=Qfenct =0

since there is no specified free charge on the sphere. This implies that D = 0 in all space. Recall

P k
that D =eggE+ P =0, or that F = —ﬂ. Using the specified polarization P(r) = —, one can
€0 r
k
easily verify that E((r)) = ———#, which is only specified throughout the region a < r < b, and is

eor
zero otherwise.

This result coincides with the result found in part (a), hence

0 forr<a
k
E(r) = —;f‘ fora<r<b
0
0 forr >b

as desired.
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