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1. At t =0 a ball is thrown upward from y = 0. At a time ¢, later it returns to the same position. Guess
a solution for the position y(t) of the ball of the form y(t) = ast?+ a1t + ag, and by directly minimizing
the action between ¢ = 0 and ¢ = ¢, find y(¢). Show that this is equivalent to the result you would
obtain from Newton’s Second Law. (NOTE: In this question you are to directly minimize the action,
not solve the Euler-Lagrange equations.)

To start, we find the kinetic and potential energies of the system:

1 1
T= §mv2 = imy(t)2, V =mgy(t).

1
Our Lagrangian is given by L=T —V = imy(t)2 — mgy(t) with the action

to to 1

S= [ Lot = [ Gmi(e? - moyt)de.
0 0

Guessing y(t) = ast? + a1t + ag,
1 2 2
S = 5m[2a2t+a1] — mglagt® + a1t + ag dt
0
to 1
= / §m[4a%t2 + 4ajast + @3] — mglast® + art + ag) dt
0

to 1
= / [2ma3 — mgas|t? + [2majas — mgaq ]t + ima% — mgayg dt.
0

Integrating yields

1 1 1
S = g[Zmag — mgas)ts + 5[2ma1a2 — mgay |t + Q[ma% — 2mgay|to.

Our boundary conditions require y(0) = y(t9) = 0, which implies that ap = 0. Furthermore, this

implies a constraint that atg + a1 = 0 or that a; = —asty. Applying this constraint, the action
becomes:
1 1 1
S = 5[2ma% — mgag]ty + 5[—2ma%to + mglasto|ti + ima%t%]to
Lo, 1 3
= |=a —gag | mty.
[6 2+ 69 2] 0

Now, minimizing S with respect to as,

05 _[1, .1 5,
-— = |z« —ga m =
day 3727 69720
1
— a2:—7g

2



1
= a1 = §gt0'

1 1
Therefore |y(t) = —§gt2 + §gt0t.

How is this equivalent to Newton’s laws? First notice that the only force influencing the motion is
gravity. This yields § = —g. Solving this ODE gives y(t) = —% gt? +vot + 1o, where vy is the initial
velocity of the object and yg is the initial height.

In this problem, since y(0) = 0, then yg = 0. vy can be determined by differentiating y(¢) and

t
finding when ¢/(t) = 0, which gives the equation of motion _950 + vg = 0 if the object reaches a

1 1 1
maximum a to/2. Therefore vy = 5 gto and y(t) = D) gt? + igtot, which is equivalent to what was
shown by minimizing the action.



2. Consider the most general Lagrangian for a system of n dynamical degrees of freedom ¢;, i =1...n,
with only kinetic, and no potential, energy:

1 ..
L=y zl; 9ab(0:)dads (1)

where the functions g.;(¢;) = gra(g;) are the components of a symmetric n X n matrix, and depend on
all the generalized coordinates.

(a) Show that the Euler-Lagrange equations for this system are

Go + Y Tidode =0 (2)
b,c
where ) 5 5 5
a _ Lo-1 9bd 9ed  Ofbe
b= 250 Dt ( dg. © Ba  Oua ) ' )

d

The matrix g~! is the inverse of g: >, (97!)abgbc = Jac, Where d4. is the Kronecker delta (or

equivalently, the unit matrix)
1, i=3j
0ij =1 .
N {0, i#j

We begin with the Euler-Lagrange equation
dafoL] _oL
dt [0¢;]  Og;’

1=1,...n

1 ..
for L = 3 gb 9ab(Qi)Gadp:
a,

1d | 0 .. 10 ..
sdi |90 ;gab(Qi)QaQb = 3% azl;gab(ql)QaQb-

1
Now the 5’5 cancel and the right hand side simplifies to Z

0
Jab Gaqp, since ¢, and ¢, do not depend
qi

a,b

0

on each g¢;.
The left hand side, by the produce rule, yields

d . 8@(1 . 8Qb
I ;gab <Qb 4, + qa &ji)

Taking the time derivative,

d . 8@(1 . aQb o dgab . aQa . aQb . 8@@ . aCIb
a Z [gab <Qb 24, + Qaaqi)] = Z [ ar \ D 94, + q“aqz- + Gab | B 4, + qaaqi

a,b a,b




dgab OQa . Ogp 04q 8qb
Z 6 +4q aaq +Zgab Qba 8(]
The second term yields delta functions which can then be re-indexed with the sum:
. 0da | .. 04 y .
S gas (qaq + i 8(;;) = G (i + adi)
a,b a,b
= Z ivGy + Z Yaifa
b a
=2 Z GiaGa-
a

Our Lagrangian is then

be (. Qb 361 OGpe . .
2 i+ 3G e ( ) > % i
b ’L
dgbe 8qb 8qc ~ Ogbe .
— 2 =0,
Z YiaGa + Z [ + 8% dg; gvdc

which appears by re-indexing the sum. We now examine the partial derivatives in the second term
in the equation above.

9gbc dqa — 3gbcq. Furthermore, as
0qq dt 9q4 & ,

d
The time derivative %, by the chain rule, becomes Z

0
before, the partial derivatives L and give delta functions d;, and 516, respectively. The second

dq; a‘h
term is then
IGbe Age . .
> [ D, G0 (cdiv + dvdic) = 7, Z Pa, % Gadedin + Z D0, " Gadvdic — Y 9q, e
b,c,d b,c,d b,c,d b,c,d
and re-indexing yields
ag‘b .. g dsi agb ..
9. o+ Z “ande = Y 4 v
c ¢ b,c b,c

Factoring the like terms, we have

quq (agib + agci . agbc>
AN T

Our Lagrangian is then

qc oqy

. Ogib | 0gci  Ognc\ . .
2ZgiaQa+Z<a o oy ) =0
a b,c
o . I
By multiplying the equation by 5ia » We have

0 09y O
Zgw Gaila + = Z ( glb Jei - éqql)c) avgc = 0.
i

Oqp




Now, we have that Zg;llgm-cja = djiGa = {q. Since i = 1,...,n was fixed, we have obtained a
a

solution for a single ¢ — th coordinate. To account for all solutions, our Lagrangian must sum over
all i. Let each i be replaced by the summation index d. This yields

.. 1 —1 (Ogbd | OGea  Ogpc . .
- - O-
da + 9 bgc Ed Yad < e + 9qa dbqc

oqp

Therefore

| _1|09d  0gea 39&;] ..
a + = + - c — O
a3 bzc: (zd: Jad [ Jgq.  Ogqy  Oqq Wi

.o 1 ..
Gt 5 bz T%.dsde = 0,
C

as required.



(b) For polar coordinates, ¢y = r and go = 6, show that

1=(p ) (@

and the I'®’s are

o ( 0 r_l) (5)
r1 0 /-

Use these to find the equations of motion of a free particle in two dimensions in polar coordinates
from Equation (2), and show that these are identical to those obtained in class (the ball on a
spring, in the special case g = k = 0).

The Lagrangian for a single particle in polar coordinates, with no potential, is given by L =

im(fz + r2é2). The generalized Lagrangian in question (2a) was given by
L= lng piads = 2 (31 o) (91 912) (@
27~ vt 2 921 922/ \ @2

in matrix notation. The equating and expansion of these Lagrangian’s give

2 4+ 120% = 72 g11 + 270g12 + 62 gao.

1
This implies that g2 = g21 =0, g11 =1 and ga2 = r2. Therefore g= (0 TOQ) . Furthermore, the

1
inverse of g can be easily calculated as g~ = (0 782).

The following I'*'s can be calculated by the explicit formula from (2a),

Tl I (3%1 09c1 agbc> 1 (agbz 09c2 3gbc>

291 \9g. T 0qy a1 12\ 0¢. " 9qy g

2 _ Lt —1(9w 09 Oge _1 (0902 | 992 Ogye
=29\ 0. T 00, O 2\  Oq g2 )’

1
2
1
2
Since g1 = go1° = 0, we can simplify our expressions to

1 -1 <agb1 agcl . agbc>

I, ==
e =29\ 9g. T o0 Oar

2 _ L . Ogvz | 992 Ogsc |
272\ 0g.  Oqy  Ogo

Each entry of each T will need to be calculated explicitly. For T'!,

rro_ L <8911 991 0911> _1
L2\ 0g 0 ¢ 2

(0+0—-0)=0
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1 (Og1n  0Oga1  Ogi2 1
rt,=ri == — =—(04+40-0)=0
12 21 2(8(12 o1 B 2( + )

1 _ 1 -1 5)921 8921 8922
Iy = S911 -
2 8(]2 8(]2 aQI

>:;(0+0—2r):—r.

Therefore | ' = (0 0 ) . For T2,

o 1 1 (0q12  Ogi2  9gn

'Yy = 599 -
2 o O Ogo
1 _1(0g12  Ogaa Ogi2

r2 2 _ 1 -1 ( n B
12 21 2922 92 dq1 9¢2
1 (0922 0Ogoa 0Oga2

ng’:zg??l(a g D

qz q2 q2

1
57«*2(0+0—0) =0

1
57“_2(0 +2r—0)=r"1

1
5r—2(0 +0—0) =0,

~1
and thus [T? = 91 " .
r

Now for q; =7,

and for go = 0

6=—( 0) <r01 T) <2> — —9/fr L.

1 .
As in class, let us solve the Lagrangian with no potential energy given by L = §m(7‘2 + 7’292):

dator)
at |or | T
oL ‘9
E = m?”e
— T‘ = ’["02 and
L . . ..
% [29} = % [mrQH} = 2mri-0 + mr20
oL
0" 0

— 0 = —2msihr L.

Therefore | # = rf? and 6 = —2m7’“9.r*1, so the two forms are identical.




3. The pivot end of a simple pendulum of mass m and length L is attached to the edge of a disk of
radius R, rotating about its centre with angular frequency w, as shown in the figure. Write down the
Lagrangian and derive the equations of motion for the angle § between the pendulum and the vertical
axis. (HINT: you may find it most straightforward to determine the velocity of the mass by writing
down an expression for its Cartesian coordinates at time ¢ in terms of the generalized coordinates, and
then differentiating.)

Figure 1: Problem 3.

Let ¢ be the angle of the fixed point on the disk with respect to the vertical, so (;5 = w. Then
P(t) = wt + go.

The = and y cartesian coordinates of the mass are then given by

x = Lsinf + Rsin¢
y = Lcos + Rcos ¢.

Then

i = L cos 00 + R cos ¢
§ = —Lsin 00 — Rsin ¢¢.

Our Lagrangian is given by
L=T-V= ém[:t2+y2]+mgy
= %m[(L cos 06 + R cos ¢¢)% + (—Lsin 00 — Rsin ¢¢)?] + mg|L cos 6 + R cos ¢]
= %m[L2 cos? 00% + 2L R cos  cos p¢ + R? cos® ¢+
L%sin% 00% 4+ 2L R sin 0 sin ¢p0¢ + R? sin? ¢¢?] + mg[L cos 0 + R cos ¢]
= %m[Lzé}2 + R%$% + 2LRO¢(cos b cos ¢ + sin 0 sin ¢)] + mg[L cos § + R cos ¢]

= 1m[Lzé}2 + R*$? + 2LROG cos(0 — ¢)] + mg[L cos 6 + Rcos ¢)].

2
Now our Euler-Lagrange equations on the generalized coordinate 6 gives
d [OL d |1 . .
— |=| == |sm[2L*0 + 2L 0 —
|55 | = i |gmero LR costo — o)
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= % m[L?0 + LR cos(6 — ¢)]
= mL*) + mLR$ cos(d — ¢) — LRGsin(0 — ¢)(6 — ¢)
oL 1 e .
=20 = 5m[—2LR9q§ sin(6 — ¢)] —mgLsin6.
Notice that since ¢> = w, then gi) = 0. This yields
mL2%) — mLRwsin(f — ¢)(6 —w) = —mLROwsin(f — ¢) — mgLsin 6.

Furthermore, since ¢ = w then wt + ¢g = ¢(t), where ¢ is the initial value of the pivot point on
the disk. Rearranging the Lagrangian and factoring,

0=mL? — mLRwsin(f — wt + ¢o)[0 — (0 — w)] + mgLsin b
= mL*0 + mLRw?sin(h — wt + ¢g) + mgLsin.

Cancelling m and dividing by L? on each side, our equations of motion becomes

. R , .
0= —Ew2 sin(6 — wt + ¢g) — %sm 6.




4. * A coffee cup of mass M is connected to a mass m by a string. The coffee cup hangs over a frictionless
pulley of negligible size, and the mass m is initially held with the string horizontal, as shown in part
(a) of the figure below. The mass m is then released. Find the equations of motion for r, the length
of string between m and the pulley, and 0, the angle that the string to m makes with the horizontal.
Assume that m somehow doesn’t run into the string holding the cup up.

In this problem I will work with polar coordinates, with the pulley at the origin. Let r be the
distance from the origin and let 6 be the angle of the swinging string with respect to the horizontal.
Our kinetic and potential energy, respectively, is given by

1 . 1
T= 5m(7'”2 + r26%) + §M7'“2, V = mgrcosf — Mgr.

Notice the plus sign in the potential energy term. Assuming m > M, this is a result of the mass
m moving upwards while the mass M moves downwards. Our Lagrangian is then

1 . 1
L= im(f2 +7262) + §M7'“2 — mgrcos + Mgr.

Applying the Euler-Lagrange equation yields

d [OL d . . . .
dt[@r} —ﬁ[mr+Mr]—(m+M)r
I .
za—zmrez—mgcosﬁ+Mg.
or
and for 6
d [0L d. o PR
— | — = — = 2
o [89} dt[mr 0] = m[2rr6 + r°0]
_ L rsing
= 5g = Mmyrsind.

Therefore our equations of motion are

f(m+M):mr92—mgcose+Mg and rf = gsind — 270.
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5. * A circular wire hoop rotates in the horizontal plane at constant angular velocity w about a vertical
axis through the point A in part (b) of the figure below (the figure is shown viewed from above). A
bead of mass m is threaded on the hoop and free to move around it, with its position specified by
the angle ¢ shown in the figure. Find the Lagrangian for this system using ¢ as your generalized
coordinate. Show that the bead oscillates about the point B exactly like a simple pendulum. What is
the frequency of these oscillations if their amplitude is small?

Let R be the radius of the hoop and let r be the distance from the mass to point A. The kinetic

1 . 1
energy of this system is rotational: T = —mR2$? + —mr?w?. There is no 7 term since the bead

2 2
1 .
is fixed to the ring, the kinetic energy would be accounted for in the QmR2¢2 term. There is no
potential energy since the hoop is located in the horizontal plane.

The distance r from A to m can be given by cosine law:
r? = R* 4 R? — 2R cos(1 — ¢)
= 2R?(1 — cos(m — ¢))
= 2R?*(1 + cos ¢)

= r =V2R\/1+ cos ¢.

1 i
Then | L = —mR?*¢? + mR?w?(1 + cos ¢) |. The Euler-Lagrange equations give

2
4 [8[/} = mR%¢
dt [ 9¢
8L o 2 2 .
90 mR“w” sin ¢

— ¢ = —w?sin ¢,

which is the equation for a simple pendulum oscillating about ¢ = 0, which is B. For small
amplitudes, sin ¢ = ¢, which gives the frequency w.
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6. * Consider a bead of mass m sliding on a wire that is bent in the shape of a parabola and is being
spun with constant angular velocity w about its vertical axis, as shown in part (c) of the figure. Take
the equation of the parabola to be z = kp? for some constant k. Find the Lagrangian in terms of
the generalized coordinate p, and find the equation of motion of the bead. Are there any points of
equilibrium (values of p at which the bead can remain fixed, without sliding up or down the spinning
wire)? Discuss the stability of any equilibrium positions you find, as a function of the frequency w.
(Recall: an equilibrium position is stable if there is a restoring force for small perturbations about the
equilibrium point, otherwise it is unstable).

1
The kinetic energy of the mass, in cylindrical coordinates, will be T = §m(p'2 + p?w? + %), while

the potential energy is given by V = —mgkp?. The Lagrangian is then
1 . .
L= gml(p* + p*w® + 4k p"p%) + mgkp?®.

It follows by the Euler-Lagrange equations

d [OL d
== = = . 4 k22~: 544 k,22-~ ] k? :2
a [8p] at [mp—{— m pp] mp + 4mke=p°p + SmK-pp
oL
za—p:mpw2+4mk2pp2+2mgk‘p

‘ == p (1 + 4k2p2) = —4k2pp? + pw? + 2gkp.

Now, if p is constant at equilibrium points, then p = 0 and g = 0. Thus

0 = p(w? + 2gk).
2
This can only be true if p = 0 or w? = —2gk. This implies that ﬁ = —1, so p is constant.

g
The equilibrium positions of the mass are then

[unstable] p=0,w>0

[stable, converges to each p] plw) = —.
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