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To start, we find the kinetic and potential energies of the system:

T =
1

2
mv2 =

1

2
mẏ(t)2, V = mgy(t).

Our Lagrangian is given by L = T − V =
1

2
mẏ(t)2 −mgy(t) with the action

S =

∫ t0

0
L[y(t), ẏ(t), t] dt =

∫ t0

0

1

2
mẏ(t)2 −mgy(t) dt.

Guessing y(t) = a2t
2 + a1t+ a0,

S =

∫ t0

0

1

2
m[2a2t+ a1]

2 −mg[a2t
2 + a1t+ a0] dt

=

∫ t0

0

1

2
m[4a22t

2 + 4a1a2t+ a21]−mg[a2t
2 + a1t+ a0] dt

=

∫ t0

0
[2ma22 −mga2]t

2 + [2ma1a2 −mga1]t+
1

2
ma21 −mga0 dt.

Integrating yields

S =
1

3
[2ma22 −mga2]t

3
0 +

1

2
[2ma1a2 −mga1]t

2
0 +

1

2
[ma21 − 2mga0]t0.

Our boundary conditions require y(0) = y(t0) = 0, which implies that a0 = 0. Furthermore, this
implies a constraint that at0 + a1 = 0 or that a1 = −a2t0. Applying this constraint, the action
becomes:

S =
1

3
[2ma22 −mga2]t

3
0 +

1

2
[−2ma22t0 +mg[a2t0]t

2
0 +

1

2
ma22t

2
0]t0

=

[
1

6
a22 +

1

6
ga2

]
mt30.

Now, minimizing S with respect to a2,

∂S

∂a2
=

[
1

3
a2 +

1

6
ga2

]
mt30 = 0

=⇒ a2 = −1

2
g

1



=⇒ a1 =
1

2
gt0.

Therefore y(t) = −1

2
gt2 +

1

2
gt0t.

How is this equivalent to Newton’s laws? First notice that the only force influencing the motion is
gravity. This yields ÿ = −g. Solving this ODE gives y(t) = −1

2gt
2+ v0t+ y0, where v0 is the initial

velocity of the object and y0 is the initial height.
In this problem, since y(0) = 0, then y0 = 0. v0 can be determined by differentiating y(t) and

finding when y′(t) = 0, which gives the equation of motion −g
t0
2
+ v0 = 0 if the object reaches a

maximum a t0/2. Therefore v0 =
1

2
gt0 and y(t) = −1

2
gt2 +

1

2
gt0t, which is equivalent to what was

shown by minimizing the action.
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We begin with the Euler-Lagrange equation

d

dt

[
∂L

∂q̇i

]
=

∂L

∂qi
, i = 1, . . . n

for L =
1

2

∑
a,b

gab(qi)q̇aq̇b:

1

2

d

dt

 ∂

∂q̇i

∑
a,b

gab(qi)q̇aq̇b

 =
1

2

∂

∂qi

∑
a,b

gab(qi)q̇aq̇b.

Now the
1

2
’s cancel and the right hand side simplifies to

∑
a,b

∂gab
∂qi

q̇aq̇b, since q̇a and q̇b do not depend

on each qi.
The left hand side, by the produce rule, yields

d

dt

∑
a,b

gab

(
q̇b
∂q̇a
∂q̇i

+ q̇a
∂q̇b
∂q̇i

) .

Taking the time derivative,

d

dt

∑
a,b

[
gab

(
q̇b
∂q̇a
∂q̇i

+ q̇a
∂q̇b
∂q̇i

)]
=
∑
a,b

[
dgab
dt

(
q̇b
∂q̇a
∂q̇i

+ q̇a
∂q̇b
∂q̇i

)
+ gab

(
q̈b
∂q̇a
∂q̇i

+ q̈a
∂q̇b
∂q̇i

)]
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=
∑
a,b

dgab
dt

(
q̇b
∂q̇a
∂q̇i

+ q̇a
∂q̇b
∂q̇i

)
+
∑
a,b

gab

(
q̈b
∂q̇a
∂q̇i

+ q̈a
∂q̇b
∂q̇i

)
.

The second term yields delta functions which can then be re-indexed with the sum:∑
a,b

gab

(
q̈b
∂q̇a
∂q̇i

+ q̈a
∂q̇b
∂q̇i

)
=
∑
a,b

gab (q̈bδai + q̈aδbi)

=
∑
b

gibq̈b +
∑
a

gaiq̈a

= 2
∑
a

giaq̈a.

Our Lagrangian is then

2
∑
a

giaq̈a +
∑
b,c

dgbc
dt

(
q̇c
∂q̇b
∂q̇i

+ q̇b
∂q̇c
∂q̇i

)
=
∑
b,c

∂gbc
∂qi

q̇bq̇c

=⇒ 2
∑
a

giaq̈a +
∑
b,c

[
dgbc
dt

(
q̇c
∂q̇b
∂q̇i

+ q̇b
∂q̇c
∂q̇i

)
− ∂gbc

∂qi
q̇bq̇c

]
= 0,

which appears by re-indexing the sum. We now examine the partial derivatives in the second term
in the equation above.

The time derivative
dgbc
dt

, by the chain rule, becomes
∑
d

∂gbc
∂qd

dqd
dt

=
∑
d

∂gbc
∂qd

q̇d. Furthermore, as

before, the partial derivatives
∂q̇b
∂q̇i

and
∂q̇c
∂q̇i

give delta functions δib and δic, respectively. The second

term is then∑
b,c,d

[
∂gbc
∂qd

q̇d (q̇cδib + q̇bδic)−
∂gbc
∂qi

q̇bq̇c

]
=
∑
b,c,d

∂gbc
∂qd

q̇dq̇cδib +
∑
b,c,d

∂gbc
∂qd

q̇dq̇bδic −
∑
b,c,d

∂gbc
∂qi

q̇bq̇c

and re-indexing yields ∑
b,c

∂gib
∂qc

q̇cq̇b +
∑
b,c

∂gci
∂qb

q̇bq̇c −
∑
b,c

∂gbc
∂qi

q̇bq̇c.

Factoring the like terms, we have∑
b,c

q̇bq̇c

(
∂gib
∂qc

+
∂gci
∂qb

− ∂gbc
∂qi

)
.

Our Lagrangian is then

2
∑
a

giaq̈a +
∑
b,c

(
∂gib
∂qc

+
∂gci
∂qb

− ∂gbc
∂qi

)
q̇bq̇c = 0.

By multiplying the equation by
1

2
g−1
ia , we have

∑
a

g−1
ia gaiq̈a +

1

2

∑
b,c

g−1
ia

(
∂gib
∂qc

+
∂gci
∂qb

− ∂gbc
∂qi

)
q̇bq̇c = 0.
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Now, we have that
∑
a

g−1
ia gaiq̈a = δiiq̈a = q̈a. Since i = 1, . . . , n was fixed, we have obtained a

solution for a single i− th coordinate. To account for all solutions, our Lagrangian must sum over
all i. Let each i be replaced by the summation index d. This yields

q̈a +
1

2

∑
b,c

∑
d

g−1
ad

(
∂gbd
∂qc

+
∂gcd
∂qb

− ∂gbc
∂qd

)
q̇bq̇c = 0.

Therefore

q̈a +
1

2

∑
b,c

(∑
d

g−1
ad

[
∂gbd
∂qc

+
∂gcd
∂qb

− ∂gbc
∂qd

])
q̇bq̇c = 0

q̈a +
1

2

∑
b,c

Γa
bcq̇bq̇c = 0,

as required.
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The Lagrangian for a single particle in polar coordinates, with no potential, is given by L =
1

2
m(ṙ2 + r2θ̇2). The generalized Lagrangian in question (2a) was given by

L =
1

2
m
∑
a,b

gabq̇aq̇b =
1

2
m
(
q̇1 q̇2

)(g11 g12
g21 g22

)(
q̇1
q̇2

)
in matrix notation. The equating and expansion of these Lagrangian’s give

ṙ2 + r2θ̇2 = ṙ2g11 + 2ṙθ̇g12 + θ̇2g22.

This implies that g12 = g21 = 0, g11 = 1 and g22 = r2. Therefore g =

(
1 0
0 r2

)
. Furthermore, the

inverse of g can be easily calculated as g−1 =

(
1 0
0 r−2

)
.

The following Γa′s can be calculated by the explicit formula from (2a),

Γ1
bc =

1

2
g−1
11

(
∂gb1
∂qc

+
∂gc1
∂qb

− ∂gbc
∂q1

)
+

1

2
g−1
12

(
∂gb2
∂qc

+
∂gc2
∂qb

− ∂gbc
∂q2

)
Γ2
bc =

1

2
g−1
21

(
∂gb1
∂qc

+
∂gc1
∂qb

− ∂gbc
∂q1

)
+

1

2
g−1
22

(
∂gb2
∂qc

+
∂gc2
∂qb

− ∂gbc
∂q2

)
.

Since g−1
12 = g−1

21 = 0, we can simplify our expressions to

Γ1
bc =

1

2
g−1
11

(
∂gb1
∂qc

+
∂gc1
∂qb

− ∂gbc
∂q1

)
Γ2
bc =

1

2
g−1
22

(
∂gb2
∂qc

+
∂gc2
∂qb

− ∂gbc
∂q2

)
.

Each entry of each Γ will need to be calculated explicitly. For Γ1,

Γ1
11 =

1

2

(
∂g11
∂q1

+
∂g11
∂q1

− ∂g11
∂q1

)
=

1

2
(0 + 0− 0) = 0
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Γ1
12 = Γ1

21 =
1

2

(
∂g11
∂q2

+
∂g21
∂q1

− ∂g12
∂q1

)
=

1

2
(0 + 0− 0) = 0

Γ1
22 =

1

2
g−1
11

(
∂g21
∂q2

+
∂g21
∂q2

− ∂g22
∂q1

)
=

1

2
(0 + 0− 2r) = −r.

Therefore Γ1 =

(
0 0
0 −r

)
. For Γ2,

Γ2
11 =

1

2
g−1
22

(
∂g12
∂q1

+
∂g12
∂q1

− ∂g11
∂q2

)
=

1

2
r−2(0 + 0− 0) = 0

Γ2
12 = Γ2

21 =
1

2
g−1
22

(
∂g12
∂q2

+
∂g22
∂q1

− ∂g12
∂q2

)
=

1

2
r−2(0 + 2r − 0) = r−1

Γ2
22 =

1

2
g−1
22

(
∂g22
∂q2

+
∂g22
∂q2

− ∂g22
∂q2

)
=

1

2
r−2(0 + 0− 0) = 0,

and thus Γ2 =

(
0 r−1

r−1 0

)
.

Now for q1 = r,

r̈ = −
(
ṙ θ̇

)(0 0
0 −r

)(
ṙ

θ̇

)
= rθ̇2

and for q2 = θ

θ̈ = −
(
ṙ θ̇

)( 0 r−1

r−1 0

)(
ṙ

θ̇

)
= −2ṙθ̇r−1.

As in class, let us solve the Lagrangian with no potential energy given by L =
1

2
m(ṙ2 + r2θ̇2):

d

dt

[
∂L

∂ṙ

]
= mr̈

∂L

∂r
= mrθ̇2

=⇒ r̈ = rθ̇2 and

d

dt

[
∂L

∂θ̇

]
=

d

dt

[
mr2θ̇

]
= 2mrṙθ̇ +mr2θ̈

∂L

∂θ
= 0

=⇒ θ̈ = −2mṙθ̇r−1.

Therefore r̈ = rθ̇2 and θ̈ = −2mṙθ̇r−1, so the two forms are identical.
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Let ϕ be the angle of the fixed point on the disk with respect to the vertical, so ϕ̇ = ω. Then
ϕ(t) = ωt+ ϕ0.
The x and y cartesian coordinates of the mass are then given by

x = L sin θ +R sinϕ

y = L cos θ +R cosϕ.

Then

ẋ = L cos θθ̇ +R cosϕϕ̇

ẏ = −L sin θθ̇ −R sinϕϕ̇.

Our Lagrangian is given by

L = T − V =
1

2
m[ẋ2 + ẏ2] +mgy

=
1

2
m[(L cos θθ̇ +R cosϕϕ̇)2 + (−L sin θθ̇ −R sinϕϕ̇)2] +mg[L cos θ +R cosϕ]

=
1

2
m[L2 cos2 θθ̇2 + 2LR cos θ cosϕθ̇ϕ̇+R2 cos2 ϕϕ̇2+

L2 sin2 θθ̇2 + 2LR sin θ sinϕθ̇ϕ̇+R2 sin2 ϕϕ̇2] +mg[L cos θ +R cosϕ]

=
1

2
m[L2θ̇2 +R2ϕ̇2 + 2LRθ̇ϕ̇(cos θ cosϕ+ sin θ sinϕ)] +mg[L cos θ +R cosϕ]

=
1

2
m[L2θ̇2 +R2ϕ̇2 + 2LRθ̇ϕ̇ cos(θ − ϕ)] +mg[L cos θ +R cosϕ].

Now our Euler-Lagrange equations on the generalized coordinate θ gives

d

dt

[
∂L

∂θ̇

]
=

d

dt

[
1

2
m[2L2θ̇ + 2LRϕ̇ cos(θ − ϕ)]

]
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=
d

dt

[
m[L2θ̇ + LRϕ̇ cos(θ − ϕ)]

]
= mL2θ̈ +mLRϕ̈ cos(θ − ϕ)− LRϕ̇ sin(θ − ϕ)(θ̇ − ϕ̇)

=
∂L

∂θ
=

1

2
m[−2LRθ̇ϕ̇ sin(θ − ϕ)]−mgL sin θ.

Notice that since ϕ̇ = ω, then ϕ̈ = 0. This yields

mL2θ̈ −mLRω sin(θ − ϕ)(θ̇ − ω) = −mLRθ̇ω sin(θ − ϕ)−mgL sin θ.

Furthermore, since ϕ̇ = ω then ωt + ϕ0 = ϕ(t), where ϕ0 is the initial value of the pivot point on
the disk. Rearranging the Lagrangian and factoring,

0 = mL2θ̈ −mLRω sin(θ − ωt+ ϕ0)[θ̇ − (θ̇ − ω)] +mgL sin θ

= mL2θ̈ +mLRω2 sin(θ − ωt+ ϕ0) +mgL sin θ.

Cancelling m and dividing by L2 on each side, our equations of motion becomes

θ̈ = −R

L
ω2 sin(θ − ωt+ ϕ0)−

g

L
sin θ.
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In this problem I will work with polar coordinates, with the pulley at the origin. Let r be the
distance from the origin and let θ be the angle of the swinging string with respect to the horizontal.
Our kinetic and potential energy, respectively, is given by

T =
1

2
m(ṙ2 + r2θ̇2) +

1

2
Mṙ2, V = mgr cos θ −Mgr.

Notice the plus sign in the potential energy term. Assuming m > M , this is a result of the mass
m moving upwards while the mass M moves downwards. Our Lagrangian is then

L =
1

2
m(ṙ2 + r2θ̇2) +

1

2
Mṙ2 −mgr cos θ +Mgr.

Applying the Euler-Lagrange equation yields

d

dt

[
∂L

∂ṙ

]
=

d

dt
[mṙ +Mṙ] = (m+M)r̈

=
∂L

∂r
= mrθ̇2 −mg cos θ +Mg.

and for θ

d

dt

[
∂L

∂θ̇

]
=

d

dt
[mr2θ̇] = m[2rṙθ̇ + r2θ̈]

=
∂L

∂θ
= mgr sin θ.

Therefore our equations of motion are

r̈(m+M) = mrθ̇2 −mg cos θ +Mg and rθ̈ = g sin θ − 2ṙθ̇.
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Let R be the radius of the hoop and let r be the distance from the mass to point A. The kinetic

energy of this system is rotational: T =
1

2
mR2ϕ̇2 +

1

2
mr2ω2. There is no ṙ term since the bead

is fixed to the ring, the kinetic energy would be accounted for in the
1

2
mR2ϕ̇2 term. There is no

potential energy since the hoop is located in the horizontal plane.

The distance r from A to m can be given by cosine law:

r2 = R2 +R2 − 2R cos(π − ϕ)

= 2R2(1− cos(π − ϕ))

= 2R2(1 + cosϕ)

=⇒ r =
√
2R
√
1 + cosϕ.

Then L =
1

2
mR2ϕ̇2 +mR2ω2(1 + cosϕ) . The Euler-Lagrange equations give

d

dt

[
∂L

∂ϕ̇

]
= mR2ϕ̈

∂L

∂ϕ
= −mR2ω2 sinϕ

=⇒ ϕ̈ = −ω2 sinϕ,

which is the equation for a simple pendulum oscillating about ϕ = 0, which is B. For small
amplitudes, sinϕ ≈ ϕ, which gives the frequency ω.
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The kinetic energy of the mass, in cylindrical coordinates, will be T =
1

2
m(ρ̇2 + ρ2ω2 + ż2), while

the potential energy is given by V = −mgkρ2. The Lagrangian is then

L =
1

2
m(ρ̇2 + ρ2ω2 + 4k2ρ2ρ̇2) +mgkρ2.

It follows by the Euler-Lagrange equations

d

dt

[
∂L

∂ρ̇

]
=

d

dt

[
mρ̇+ 4mk2ρ2ρ̇

]
= mρ̈+ 4mk2ρ2ρ̈+ 8mk2ρρ̇2

=
∂L

∂ρ
= mρω2 + 4mk2ρρ̇2 + 2mgkρ

=⇒ ρ̈
(
1 + 4k2ρ2

)
= −4k2ρρ̇2 + ρω2 + 2gkρ.

Now, if ρ is constant at equilibrium points, then ρ̇ = 0 and ρ̈ = 0. Thus

0 = ρ(ω2 + 2gk).

This can only be true if ρ = 0 or ω2 = −2gk. This implies that
−ω2

2gk
= −1, so ρ is constant.

The equilibrium positions of the mass are then

[unstable] ρ = 0, ω > 0

[stable, converges to each ρ] ρ(ω) =
ω2

2gk
.
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