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1. (This is a problem from a previous year’s midterm.) A particle is constrained to move on a bowl-shaped
surface shown in the figure. The height z of the surface of the bowl satisfies z = ap®, where p is the
distance from the point on the bowl’s surface to the z axis (i.e. cylindrical polar coordinates). The
particle is subject to a constant gravitational force —mg2.

(a) Find the Lagrangian of the particle.

1
Since F' = —VV, then V = mgz. The kinetic energy of the particle is simply T'= —=m (,0'2 + 2% + 732).

2
Therefore the Lagrangian of the particle is given by
1 . . .
L= 3m (p* + p** + %) — mygz.

(b) What are the integrals of motion? Express them in terms of the appropriate generalized coordi-
nates. Is the system integrable?

There are only two integrals of motion. The Lagrangian is not explicitly dependent on ¢, and ¢.
Thus, the Hamiltonian H and the angular momentum M, is conserved. They are

1 . ) .
H= im (p2 + 2% + 22) + mgz

M = mp*o.

There are 3 degrees of freedom: p, p, and z. There are only two integrals of motion, which are H
and M. Since 3 > 2, the | system is not integrable. ‘

(c) Reduce the problem to an effective one-dimensional problem and find the differential equation sat-
isfied by p(t). Write down an implicit solution of the equations of motion which would in principle
allow you to determine the form of the trajectory (i.e. reduce the problem to quadratures).

M
With ¢ = —— and z = ap?, then # = 3ap?p and
mp

1
L=—-mp?
2mp+

M2
2mp? + ifrrLoLZ,o‘Lp‘2 - mgap3,

which reduces the problem down to one dimension. The Hamiltonian becomes

1 ., M 9 .
E= 5me + mp? + ima2p4p2 + mgap®




oMM
= PQE [1+9a%p"] + Uess(p),

2

2mp?

with Uerr(p) = + mgap®. This gives the implicit differential equation that p must satisfy,

1
E = 5mp'2[1 +9a%p*] + Ue.(p). | Reducing the problem to quadrature,

dp _ L?n[E—Ueff(p)q 1/2

1+ 9a2pt
1+ 9a2
E [E —Uess(p)]

dp dp dcp dp M

, th
dt dgo dt dcp mp? o

which is the time for one period of an orbit. Taking —

dp M [2[E—=Uegs(p)]]"?
dp mp? m [1+ 9a?pd

= / M [1+ 9a2p dp
p? \| 2m[E — Ueps(p)]

which gives the implicit solution of the trajectory of the particle (to the equations of motion).

(d) What is the condition on the conserved quantities for the particle to undergo circular motion at

constant p = pg?

For the particle to undergo a circular trajectory, we must require that U’ f f(po) =0.

M
/ - _ 13 20
eff(p) mpg + omgap )

which implies that | M = 3m?gap] | This is the condition which M must satisfy for the particle to

undergo circular motion at rg. From this, we also can derive that ¢ must satisfy

¢ = 3mgapy = 3mgz(po).



2. * A particle of mass m moves in a “singular” central potential,

k
V(ir)=——
()=
with n > 2 and k > 0. Reduce the equations of motion to an equivalent one-dimensional problem and
discuss the qualitative nature of the orbit for different values of the energy. For the orbits where this
is relevant, find expressions for the amount of time for the particle to spiral to the origin as well as the
number of revolutions during this time, and show that both are finite.

The Lagrangian of the system is given by

1
L= §mv2 —V(r),

which is not explicitly time dependent, so the Hamiltonian is conserved. Furthermore, H = E since
T is quadratic in v. Since we are working with a central potential, the system is symmetric radially
about its origin, so the angular momentum is conserved as well, with M = M, = mr?¢.

1
H= §mv2 +V(r)

1
= —m(P2 4+ Y + V(r)
M? kK

2mr2  pn

2
]. .2
= §m7” +

1
= §m1'"2 + Ueys(r),
MQ
r2
the potential for arbitrary values of M, m, k, and n:

where Ueyrf(r) = — —-. With this, the problem has been reduced to one dimension. Plotting

m

~




Reducing the problem to quadrature, we have

1
E = imf"Q + Uecsy(r)

d’r
= [E Ueff]

T2
— T= /
wlE = Ueff]

B dr
N /7“1 \/%[E — M?2/(2mr?) + k/r”]7

which gives the amount of time the particle will take to traverse two different radii r1 from 7rs.
It now suffices to show the convergence of this integral for different cases. The integral varies
for different values of n, k, M, and E, however with our assumptions that n > 2 and k > 0, the
convergence of the integral depends on the value of F.

Let Upaz = Ueff(Tmaz) be the maximum value of the effective potential on its domain. By differ-

entiating the effective potential, it can be shown that 7,4, = (]\42)

e For £ > Uz, the orbltmg particle is unbound. It will come in from r = oo then spiral into
dr

the origin. Then T' =
0 /2B - M2/@mr2) + k/rr]

diverges.

e For F = U,,4:, the particle will converge to a circular orbit of radius r,,4;. The integral
diverges so T' = oo because the integrand is undefined. Here, 7,4, is an unstable equilibrium
- any ‘nudge’ will send the partcile to 7 = oo or into the origin.

e For F < Uz, the initial radius at which the particle is released will determine its behaviour.
For ro < 7maz, the particle will orbit and spiral into the origin with a finite 7', since r(t)
would be monotonically decreasing function. For rg > 742, the particle will diverge away
from the origin and T = oc.

Now for F < Upqee where the integral of T' converges (r < 7mqq), there exists a maximum radius ro
which the particle will obtain throughout its orbit. I will give an argument for the convergence of
this integral. Since F < Upgz and r < rpq., the particle physically does not have enough energy
to become ‘stuck’ in the infinite, unstable orbit at » = 7,4, The only option would be for the

k
particle to spiral inwards until r = 0, since the dominating term in the potential is ——, not the
r

2
centripetal energy 5 Intuitively, if the particle cannot become ‘stuck’, then 7' is finite. If we
" . . c
apply a convergence test, we can consider the function g(r) = ———:
ro—7Tr
1 1
0< <

VELE = M2/2mr?) + kjrr] - VT

for 0 <r <rg < rmaz. Now = 2./79, which is convergent. Therefore

/’"0 dr
, Vo=t



T— / ro dr
° \/% [E = Uepy(r)]
is convergent and hence finite. We proceed by analyzing the shape of the orbit. With dp = £ahf,
then with substituing dt, mr

dr 2 M dr
& EE-Uyy = o) = [ = ,
it =Vl b= 0= |2 =]

which yields an expression for the path. It was derived during lecture that during the amount of
time (7') which the particle takes to orbit from rqg — r = 0, the radius vector turns an angle Ay,

given by
oM 1
Ap = / — dr.
0o 7 /2m[E —Uess(r)]

Applying the same argument as the convergence of T, the integral for Ay is also finite. Intuitively,
if the particle is spiraling into the origin with a finite time, it must require a finite distance to travel
to converge. Since the potential in singular, once the particle enters the singularity (at r = 0), it
does not come back out of the singularity. This implies that the change in the radial angle Ay is
the total angle for which the particle sweeps out, and thus

A
N=2%
2

gives the number of revolutions, which will most likely be a fraction. This too is finite (which is a
direct result of Ay being finite). Therefore

70 To
T= / dr and N = 1/ %2 ! dr
0 \JE[E - M2/ 2mr2) + k/r] 21 Jo % \/2m[E = Ueys(r)]




3. * Two point particles of masses m; and my interact via the central potential

7,.2
U(T) = UO In (m)

where b is a constant with dimensions of length.

(a) For what values of the relative angular momentum ¢ does a circular orbit exist? Find the radius
rg of the circular orbit.

We begin by finding the Lagrangian of the two particle system. As derived in lecture, r = r; — rs.

With the reduced mass p = M, then
mi + ms
Le i i U =) — L= i~ Ulog (=
= —mar]{ + —mor; — U(|ry — r = —urs — og| —— .
o MTT + 5Ty 1= T2 oH 0108 \ 2 2

The Lagrangian is not explicity dependent on ¢ and ¢, and so H and M are consvered quantities.
Furthermore, H = F since the kinetic energy is quadratic in . We have

Lo .2 2 .92 r?
L:iu(r —+7r 2 )—Uglog (W

1 . ) 2
— F = —u(r? +r’¢?) + Uy log ( )

2 r2 4+ b?
1 5 1 5., 72
= 5/,”“ + §MT %) + U() log <7’2—i—b2

1 5, M? r?
= w4+ —— + Uyl -
Pl + 2ur? +Yolog (7“2 + b2

M M? r?
with ¢ = — and Ug¢(r) = —= + Uglog | =——= |. Now, any elliptical orbit is given when the
P ef£(7) o2 T U0 g<r2+b2> y ellip g
particle traverses paths between two different radii r; and 9. These are the turning points. For a

perfect circle, the particle ‘sits’ in a well of the effective potential, given when S2ell

dr
d 2
Ueff:_]\{)’_i_QUO(]- T ):O
ur

dr T2+ b2

_ M2 (B
prd o \r2+ b2
= M?r? + M?b* = 2uUyr?

Mb

=T0.
V22U, — 2

> =




We wish to analyze the values of M for which this rg is defined. For a defined value of ro (M # 0),
we require the value under the square root of the denominator to be non-zero and non-negative:

2ub*Uy — M? >0 = |0 < |M| < by/2uUo

Mb

V2ub2Uy — M2’

This yields all the values of M for which a circular orbit exists, with radius |rg =




(b) Suppose the orbit is nearly circular, with r(¢) = ro + 7(t), where |n(t)| < 7¢. To find the shape
of the orbit, we need to find n(¢), not n(t). Show that n(¢) obeys the equation

d*n(¢)
do?

=—B"n(¢) + ...

(where the dots denote terms suppressed by powers of 1/r), and hence n(¢) = Acos(8¢ + 6),
where A and § are constants. Find (3 in terms of £ and £., where £, is the maximum value of £
for which a critical orbit exists (from the previous part). Sketch the shape of the orbit.

(NOTE: since |n| < rg, you are going to need to use Taylor expansions wherever possible.)

Since the Lagrangian does not explicitly depend on time, the Hamiltonian is a conserved quantity.
From (3a),
H= 1M(T"Q +1r29%) + Up log (?”2> .
2 r2 + b?
. : . : M? r?
Or, writing H in terms of the effective potential Uefs(r) = S + Uplog <r2+bQ>7

1
H= 5/;7"2 + Ueys(r).

With r — ro +n for n < rg, we can apply a Taylor expansion to Ues¢(ro + 7). Note that since rg
is constant, the 7o = 0, and thus 7 =7

I 1
H =~ 5;4?72 + Uess(ro) +nUgyp(ro) + 5772 erp(ro) + ...

Since rq is a critical orbit, we have that Uéf f(ro) = 0. By the chain rule, since H is conserved,

dH dHd dH d d
e _aady 0, which implies that — = 0. This also implies that /- —ngb. The Hamiltonian
dt — do dt dy dt dy
becomes
1 -2 1 277N
1 _dn\? 15 ,
= 5/}, <90d(p> + Ueff(To) + 57] eff(TQ) + ...
1 2 dn\? 1,
=7 | 5 U, = !
2" 12l + ] <ds0> T Uerslro) + 5 Uegs(ro) +
1211 4n 1092 dn\> 1, .,
~N-o— | = - = - = U =
i by (B) vt gtieo
ALY 4 20y ) (dn\T O Ay 102 Gy d
do —2p [ g 08 \de) T g of T 0f L dpdg? T dp Y
% d?n
= 0= —-— !
prgdg? T 1Vers o) %
d2 U o /ﬂ"4
This directly implies that d—z = —/3%n|, with |3 = eff(ﬁ)o. The second derivative of the
2




effective potential simplifies to
3026 + (6020% — 2Upub*)rg + (302 — 6Ugb?u)rg
wrd(r3 + 27 |

é’ff(TO) =

By Wolfram Alpha, this simplifies 5% to give
2 &
=———+2
P Uopub? *
2
For a critical orbit to exist, 56 < Uppb? from 3a, which implies that

62
r=2(1-)

Below I have included a sample sketch, as well as 3 sample plots for different values of 3.
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