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I will begin by finding the Lagrangian of the system. Finding the Lagrangian will allow me
to determine any conserved quantites and cyclic coordinates, so that I may write the Hamiltonian
in terms of these generalized momenta and apply Hamilton’s equations. As discussed in class and

by the Euler Angles, the total kinetic energy is T =
1

2
I1(θ̇2 + ϕ̇2 sin2 θ) +

1

2
(ψ̇ + ϕ̇ cos θ)2. In a

gravitational field, and the center of mass a distance ` from the pivot point, the potential is given
by V = Mg` cos θ. Therefore the Lagrangian of the system is

L = T − V =
1

2
I1(θ̇2 + ϕ̇2 sin2 θ) +

1

2
(ψ̇ + ϕ̇ cos θ)2 −Mg` cos θ.

Notice that the Lagrangian is independent of ϕ̇, ψ̇ and t, and therefore we have 3 cyclic coor-

dinates hence 3 conserved quantites. They are the generalized momenta pϕ =
∂L
∂ϕ

and pψ =
∂L
∂ψ

:

pϕ = ϕ̇[I1 sin2 θ + I3 cos2 θ] + I3ψ̇ cos θ ≡Mz

pψ = I3(ψ̇ + ϕ̇ cos θ) = I3Ω3 ≡M3.

These expressions are also derived in the text (and in lecture). With Mz and M3 being conserved
quantities, we are able to expression ϕ̇ and ψ̇ in terms of these angular momenta. After rearranging,
we find that

ϕ̇ =
Mz −M3 cos θ

I1 sin2 θ
and ψ̇ =

M3

I3
− cos θ

Mz −M − 3 cos θ

I1 sin2 θ
.

Furthermore, the total energy of the system is equivalent to the Hamiltonian, which is simply

H = E = T + V =
1

2
I1(θ̇2 + ϕ̇2 sin2 θ) +

1

2
(ψ̇ + ϕ̇ cos θ)2 +Mg` cos θ.

With this, we can express the Lagrangian and the Hamiltonian in terms of the conserved quantities
Mz and M3, since doing this will assist in apply the initial conditions given to the system. After
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substituting and simplifying, we have that

L =
1

2
I1θ̇

2 +
(Mz −M3 cos θ)2

2I1 sin2 θ
−Mg` cos θ

H =
1

2
I1θ̇

2 +
(Mz −M3 cos θ)2

2I1 sin2 θ
+Mg` cos θ︸ ︷︷ ︸

Veff(θ)

,

(all of these expressions are also given in the textbook) which also reduces the problem down to a
single dimension of generalized coordinate θ. I will proceed by applying Hamilton’s equations for

ṗ = −∂H
∂θ

. The generalized momentum pθ is given by
∂L
∂θ

= Iθ̇, which then implies that ṗθ = Iθ̈.

We have that

I1θ̈ = −∂H
∂θ

= 0− ∂Veff(θ)

∂θ
.

Now, allow me to invoke the initial conditions ϕ̇ = 0 and θi = θ0. Since Mz and M3 are conserved,

they are constant for all time, so Mz = I3ψ̇ cos θ = I3ψ̇ cos θ0. With ϕ̇ = 0, then ψ̇ =
M3

I3
, which

implies that Mz = M3 cos θ0. The effective potential can then be written as

Veff(θ) =
(M3 cos θ0 −M3 cos θ)2

2I1 sin2 θ
+Mg` cos θ =

M2
3 (cos θ0 − cos θ)2

2I1 sin2 θ
+Mg` cos θ.

Since M3 ≡ I3Ω3 along the x̂3 principle axis, then

Veff(θ) =
I2

3 Ω2
3(cos θ − cos θ0)2

2I1 sin2 θ
+Mg` cos θ and I1θ̈ = −∂Veff(θ)

∂θ
.

For the fast top, we have that I3Ω3 �
√
Mg`I1. This implies that

I2
3 Ω2

3

2I1Mg`
� 1 or

2I1Mg`

I2
3 Ω2

3

� 1.

I will proceed by Taylor expanding to the second order, which gives a good approximation around
the minimum of the effective potential, since we are examining small perturbations from a stable
orbit. To help me Taylor expand to approximate, I will give the expressions for the first and second
derivatives of the effective potential:

V ′eff(θ) = −Mg` sin θ − I2
3 Ω2

3

I1

cos θ − cos θ0

sin θ
− I2

3 Ω2
3

I1

cos θ(cos θ − cos θ0)2

sin3 θ

=⇒ V ′eff(θ0) = −Mg` sin θ0

V ′′eff(θ) =
I2

3 Ω2
3

I1
−Mg` cos θ +

I2
3 Ω2

3

I1

(cos θ − cos θ0)2

sin2 θ
+
I2

3 Ω2
3

I1

cos θ(cos θ − cos θ0)

sin2 θ

+
I2

3 Ω2
3

I1

cos2 θ(cos θ − cos θ0)2

sin4 θ

=⇒ V ′′eff(θ0) =
I2

3 Ω2
3

I1
−Mg` cos θ0.

Now we cannot necessarily invoke a Taylor expansion around θ or θ0, since neither of those quanties
are neglibly small. However, when θ0 is close to the minimum of Veff(θ), then θ − θ0 ≈ 0, which
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gives a small approximation parameter (I will call it ε). Taylor expanding the effective potential
to the second order around ε = θ − θ0, we have

Veff(θ0 + θ − θ0︸ ︷︷ ︸
≡ε

) ≈ Veff(θ0) + εV ′eff(θ0) +
1

2
ε2V ′′eff(θ0)

= Mg` cos θ0 − εMg` sin θ +
1

2
ε2

(
I2

3 Ω2
3

I1
−Mg` cos θ0

)

= Mg` cos θ0 − εMg` sin θ +
1

2
ε2 I

2
3 Ω2

3

I1

1−
�
�
�
�>
≈ 0

Mg`I1

I2
3 Ω2

3

cos θ0


=
I2

3 Ω2
3

I1


�
�
�
�>
≈ 0

Mg`I1

I2
3 Ω2

3

(cos θ0 − ε sin θ0) +
1

2
ε2


=
I2

3 Ω2
3

I1

ε2

2
.

Taking the derivative of this approxmation (as funny as it seems) implies that V ′eff(θ) ≈ I2
3 Ω2

3

I1
(θ−θ0),

which shows that when θ − θ0 � 1, V ′eff(θ) ≈ 0, hence θ0 is close to a minimum of the effective
potential. Using this same approximation in the equation of motion for nutation, taking θ0 as
arbitrary gives the relation

I1θ̈ = − d

dθ

[
I2

3 Ω2
3

I1

θ2

2

]
,

which directly implies that θ̈ = −I
2
3 Ω2

3

I2
1

θ. Equivalent to the motion of a pendulum undergoing small

oscillations, then the top will nutate along the generalized coordinate θ with frequency ω ' I3Ω3

I1
.

Initially, the top is released with precessions frequency ϕ̇ and polar angle θ0, however as the top
precesses, gravity exerts a torque on the top. The motion of the top is then a nutation with a
changing azimuthal velocity:
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For a top to rotate purely about its vertical axis, then the x̂3 axis is aligned with the z axis,
which implies that M3 = Mz. A stable orbit occurs when the top does not oscillate between two
angles θmin and θmax, which means that θ is a minimum of Ueff(θ). Taking the effective potential
in terms of M3 and Mz from Q1, then

Ueff(θ) =
M2
z (1− cos θ)2

2I1 sin2 θ
−Mg`(1− cos θ).

For θ � 1, we can Taylor expand about θ = 0 to find a condition for stable rotations:

Ueff(θ0) ≈
M2
z (
(

1− 1 + θ2

2 −HOT
)2

θ2
−Mg`

(
1− 1 +

θ2

2

)
=
M2
z

2I1

θ4

4

1

θ2
− 1

2
Mg`θ2

=

(
M2
z

8I1
− 1

2
Mg`

)
θ2.

Taking U ′eff(θ) = 0 implies that θ = 0 gives a stable orbit, however the leading coefficient must be
greater than zero (or else Ueff(θ) = 0 for all θ), so

M2
z

8I1
− 1

2
Mg` > 0.

Since Mz = M3 = I3Ω3, then this rearranges to give the condition for stability, which is

Ω2
3 >

4I1Mg`

I2
3

.
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In this problem, I will use the given expressions for the momenta pϕ and pψ as in the text for
the symmetric top, pinned a distance ` from the center of mass. Since L is independent of ϕ and

ψ, then pϕ =
∂L
∂ϕ̇

and pψ =
∂L
∂ψ̇

are conserved. The momenta are given by Equations (1) and (2)

on page 112 of Landau and Lifshitz, as well as pθ =
∂L
∂θ̇

:

pθ = I1θ̇

pϕ = (I1 sin2 θ + I3 cos2 θ)ϕ̇+ I3ψ̇ cos θ ≡Mz

pψ = I3(ψ̇ + ϕ̇ cos θ) ≡M3.

Rearranging, we can solve for θ̇, ϕ̇ and ψ̇, obtaining

θ̇ =
pθ
I1

ϕ̇ =
pϕ − pψ cos θ

I1 sin2 θ

ψ̇ =
pψ
I3
− cos θ

pϕ − pψ cos θ

I1 sin2 θ
.

The Hamiltonian is given by the total energy of the system, in this case H is

H =
1

2
I1(θ̇2 + ϕ̇2 sin2 θ) +

1

2
I3(ψ̇ + ϕ̇ cos θ)2 +Mg` cos θ.

Re-writing H in terms of the previously derived quantites θ̇, ϕ̇ and ψ̇, we have that

H =
p2
θ

2I1
+
p2
ψ

2I3
+

(pϕ − pψ cos θ)2

2I1 sin2 θ
+Mg` cos θ.

I can now proceed by applying Hamilton’s equations, given by q̇i =
∂H

∂pi
, and ṗi = −∂H

∂qi
. For the

generalized coordinate θ with corresponding momenta pθ,

θ̇ =
∂H

∂pθ
=
pθ
I1

ṗθ = −∂H
∂θ

= − ∂

∂θ

[
1

2
I1(θ̇2 + ϕ̇2 sin2 θ) +

1

2
I3(ψ̇ + ϕ̇ cos θ)2 +Mg` cos θ

]
= −I1ϕ̇

2 sin θ cos θ + I3(ψ̇ + ϕ̇ cos θ) sin θ +Mg` sin θ

= sin θ
[
−I1ϕ̇

2 cos θ + I3(ψ̇ + ϕ̇ cos θ) +Mg`
]
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= sin θ

[
pψ(pϕ − pψ cos θ)

I1 sin2 θ
+Mg`− I1 cos θ

pϕ − pψ cos θ

I1 sin2 θ

]
.

For generalized coordinate and momenta ϕ, pϕ, Hamilton’s equations give

ϕ̇ =
∂H

∂pϕ
=

2(pϕ − pψ cos θ)

2I1 sin2 θ

=
pϕ − pψ cos θ

I1 sin2 θ

ṗϕ = −∂H
∂ϕ

= 0.

Lastly, the generalized coordinate and momenta ψ, pψ, we have

ψ̇ =
∂H

∂pψ
=

∂

∂pψ

[
p2
θ

2I1
+
p2
ψ

2I3
+

(pϕ − pψ cos θ)2

2I1 sin2 θ
+Mg` cos θ

]

= 0 +
pψ
I3

+
2(pϕ − pψ cos θ) cos θ

2I1 sin2 θ
+ 0

=
pψ
I3
− cos θ

pϕ − pψ cos θ

I1 sin2 θ

ṗψ = −∂H
∂ψ

= 0.

We find that Hamilton’s equations yields the same expressions as previously defined and calculated,
as required.
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(a) A transformation is canonical if is leaves the matrix equation J JJ T = J invariant, where

J =

(
∂qQ ∂pQ
∂qP ∂pP

)
is the Jacobian matrix of the transformation and J is the inverse identity

J =

(
0 1n×n

−1n×n 0

)
.

Now, for P =
1

2
(q2 + p2) and Q = arctan

(
q

p

)
. The partial derivatives of each are

∂qQ =
p

q2 + p2
∂pQ = − q

q2 + p2

∂qP = q ∂pP = p.

Then, by matrix multiplication,

J JJ T =

( p

q2 + p2
− q

q2 + p2

q p

)(
0 1
−1 0

) p

q2 + p2
q

− q

q2 + p2
p


=

( q

q2 + p2

p

q2 + p2

−p q

) p

q2 + p2
q

− q

q2 + p2
p



=


qp− pq
q2 + p2

q2 + p2

q2 + p2

−q2 − p2

q2 + p2
−pq + qp


=

(
0 1
−1 0

)
≡ J,

and therefore this transformation is canonical.

——————————–

(4b) For this transformation, we have that

J =

 2pq q2

− 1

q2
0

 and again, J =

(
0 1
−1 0

)
.
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Then as before, matrix multiplication follows:

J JJ T =

(
2pq q2

q−2 0

)(
0 1
−1 0

)(
2pq q−2

q2 0

)
=

(
−q2 2pq

0 −q−2

)(
2pq q−2

q2 0

)
=

(
−2qp+ 2qp −q2(−q−2)

−q−2q2 0

)
=
(
0 1 −1 0

)
≡ J.

——————————–

(4c) Lastly, if a transformation is canonical, it’s inverse transformation will also be canonical. The
transformation is given by

Q1 = cq1 + sp2 Q2 = cq2 + sp1

P1 = −sq2 + cp1 P2 = −sq1 + cp2.

The Jacobian of the transformation is then

J =



∂Q1

∂q1

∂Q1

∂q2

∂Q1

∂p1

∂Q1

∂p2
∂Q2

∂q1

∂Q2

∂q2

∂Q2

∂p1

∂Q2

∂p2
∂P1

∂q1

∂P1

∂q2

∂P1

∂p1

∂P1

∂p2
∂P2

∂q1

∂P2

∂q2

∂P2

∂p1

∂P2

∂p2


=


c 0 0 s
0 c s 0
0 −s c 0
−s 0 0 c

 .

The matrix J is then given by the 2× 2 identity matrices:

J =

(
0 12×2

−12×2 0

)
=


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 .

For the last time, matrix multiplication follows:

J JJ T =


c 0 0 s
0 c s 0
0 −s c 0
−s 0 0 c




0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0



c 0 0 −s
0 c −s 0
0 s c 0
s 0 0 c



=


c 0 0 s
0 c s 0
0 −s c 0
−s 0 0 c




0 s c 0
s 0 0 c
−c 0 0 s
0 −c s 0


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=


0 0 s2 + c2 0

0 0 0 s2 + c2

−s2 − c2 0 0 0

0 −s2 − c2 0 0

 ≡ J,
which follows from the pythagorean trigonometric identity sin2 λ + cos2 λ = 1. Therefore this
transformation is canonical, so it’s inverse transformation will also be canonical.
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(a) To recall, Euler’s equations are given by

I1Ω̇1 + Ω2Ω3(I3 − I2) = 0

I2Ω̇2 + Ω1Ω3(I1 − I3) = 0

I3Ω̇3 + Ω1Ω2(I2 − I1) = 0.

The principle axes of inertia through the center of mass of the lamina are given to be I1 = µ2 −
1, I2 = µ2 + 1 and I3 = 2µ2. Notice subtle symmetry, and how

I3 − I2 = I1, I1 − I3 = −I2 and I2 − I1 = 2.

We can easily incorporate these relations into Euler’s equations above:

I1Ω̇1 + I1Ω2Ω3 = 0 =⇒ Ω̇1 = −Ω2Ω3 (5.1)

I2Ω̇2 − I2Ω1Ω3 = 0 =⇒ Ω̇2 = Ω1Ω3 (5.2)

I3Ω̇3 + 2Ω1Ω2 = 0 =⇒ Ω̇3 = − 2

I3
Ω1Ω2. (5.3)

Now, to show that the component of ~Ω in the plane of the lamina, that is
√

Ω2
1 + Ω2

2, is constant

in time, then
d

dt

[√
Ω2

1 + Ω2
2

]
= 0. We have that

d

dt

[√
Ω2

1 + Ω2
2

]
=

1

2
√

Ω2
1 + Ω2

2

d

dt
[Ω2

1 + Ω2
2]
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=
2Ω1Ω̇1 + 2Ω2Ω̇2

2
√

Ω2
1 + Ω2

2

=
Ω1

by (5.1)︷ ︸︸ ︷
(−Ω2Ω3) +Ω2

by (5.2)︷ ︸︸ ︷
(Ω1Ω3)

2
√

Ω2
1 + Ω2

2

=
−Ω1Ω2Ω3 + Ω1Ω2Ω3√

Ω2
1 + Ω2

2

= 0,

as desired. Therefore the component of angular momentum in the plane of the lamina is constant
in time.

——————————–

(5b) Since tanα =
Ω2

Ω1
, we can solve for α then proceed by taking time derivatives:

α = arctan

(
Ω2

Ω1

)
=⇒ α̇ =

1

Ω2
2/Ω

2
1 + 1

· d
dt

[
Ω2

Ω1

]
︸ ︷︷ ︸

chain rule

=
1

Ω2
2/Ω

2
1 + 1

· Ω1Ω̇2 − Ω̇1Ω2

Ω2
1︸ ︷︷ ︸

quotient rule

=
Ω1Ω̇2 − Ω̇1Ω2

Ω2
1 + Ω2

2

=
Ω1

by (5.2)︷ ︸︸ ︷
(Ω1Ω3)−

by (5.1)︷ ︸︸ ︷
(Ω2Ω3) Ω2

Ω2
1 + Ω2

2

=
Ω3(Ω2

1 + Ω2
2)

(Ω2
1 + Ω2

2)
= Ω3.

Taking a second time derivative simply yields that α̈ = Ω̇3, which is what I wanted to show. Now,
from (5a), we found that the component of ~Ω which lies in the plane of the lamina is given by√

Ω2
1 + Ω2

2 and is constant in time. If the angle between
√

Ω2
1 + Ω2

2 and Ω1 is α (since tanα =
Ω2

Ω1
),

then respectively

Ω1 =
√

Ω2
1 + Ω2

2 cosα and Ω2 =
√

Ω2
1 + Ω2

2 sinα. (5.4)

By Equation (5.3), we have that Ω̇3 = − 2

I3
Ω1Ω2 = − 1

µ2
Ω1Ω2. Therefore since α̈ = Ω̇3, then by

Equation (5.4),

Ω̇3 = − 1

µ2

(√
Ω2

1 + Ω2
2 cosα

)(√
Ω2

1 + Ω2
2 sinα

)
= − 1

µ2
(Ω2

1 + Ω2
2) cosα sinα.

Initially, if Ω1 = µN and Ω2 = 0, then α̈ = − 1

µ2
(µ2N2 + 0) cosα sinα = −N2 cosα sinα. To show

that
~Ω = µN(coshNt)−1x̂1 + µN tanhNtx̂2 +N(coshNt)−1x̂3
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is a solution to the differential equation, it suffices to check whether Euler’s equations are satisfied,
since the ODE α̈ = Ω̇3 is a product of those equations. The components are given by

Ω1 = µN [coshNt]−1, Ω2 = µN [tanhNt], Ω3 = N [coshNt]−1.

Then

Ω̇1 = −µN [coshNt]−2 d

dt
[coshNt]

= −µN2[coshNt]−2 sinhNt.

Ω̇2 = µN2[1− tanh2Nt]

= µN2 sech2Nt

= µN2[coshNt]−2

Ω̇3 = −N2[coshNt]−2 sinhNt.

Applying Euler’s Equations, we have that

(5.1) : −µN2[coshNt]−2 sinhNt = −(µN tanhNt)(N [coshNt]−1)

= −µN2[coshNt]−2 sinhNt

(5.2) : µN2[coshNt]−2 = (µN [coshNt]−1)(N [coshNt]−1)

= µN2[coshNt]−2

(5.3) : −N2[coshNt]−2 sinhNt = − 1

µ2
(µN [coshNt]−1)(µN [coshNt]−1 sinhNt)

= −N2[coshNt]−2 sinhNt.
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(a) The Poisson bracket is given by {f, g} =
∂f

∂qi

∂g

∂pi
− ∂g

∂qi

∂f

∂pi
. The angular momentum is defined

as ~M = ~r × ~p, however we are only wanting to isolate the j − th component of this cross product.
Using the Levi-Civita permutation tensor, we can rewrite Mj = (~r × ~p)j = ejklxkpl. This will
simplify the Poisson bracket calculations. If any of the indices i, j, k are equal, ejkl = 0. With delta
functions, this implies that eijkδjk = 0 always. Furthermore, ‘swapping’ any of the indices changes
the sign of the tensor: eijk = −eikj = . . . . Using Einstein summation, we have

{xj ,Mk} =
∂xj
∂qi

∂Mk

∂pi
−
�
�
��7

0
∂xj
∂pi

∂Mk

∂qi
= δij

∂

∂pi
[ekabxapb]

= δijekabxapbδib = ekajxa = eajkxa

{pj ,Mk} =
�
�
���

0
∂pj
∂q)u

∂MK

∂pi
− ∂pj
∂pi

∂Mk

∂qi
= −δij

∂

∂qi
[ekabxapb]

= −δijekabpbδia = −ekjbpb = ebjkpb

{Mj ,Mk} =
∂Mj

∂qi

∂Mk

∂pi
− ∂Mk

∂qi

∂Mj

∂pi
=

∂

∂qi
[ejklxkpl]

∂

∂pi
[ekljxlpi]−

∂

∂pi
[ejklxkpl]

∂

∂qi
[ekljxlpi]

= (eikjδikpl)(ekljδijxl)− (ekljδilpj)(ejklδilxk)

=���
���:

0
eijkδjkplxl − ejklδilxkpj

= eikjxkpj = Mi

The magnitude of the angular momentum squared can also be expressed using the Levi-Civita
tensor. Since ~M2 = M2

x +M2
y +M2

z , we can sum over each of the components squared:
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~M2 = (enklxkpl)
2, summing over n. Using this fact,

{Mj , ~M
2} =

∂Mj

∂qi

∂ ~M2

∂pi
− ∂Mj

∂pi

∂ ~M2

∂qi
=

∂

∂qi
[ejklxkpl]

∂

∂pi
[(enklxkpl)

2]− ∂

∂pi
[ejklxkpl]

∂

∂qi
[(enklxkpl)

2]

= (ejklδikpl)(2enklxkplxkδil)− (2enklxkp
2
l δil)(ejklxkδik)

= 2ejklenklδlkx
2
kp

2
l − 2enklejklδklx

2
kp

2
l

= 0,

which follows by the Levi-Civita tensor and the delta functions since i = k or i = l, and the terms
cancel. Therefore

{xj ,Mk} = eajkxa, {pj ,Mk} = ebjkpb, {Mj ,Mk} = Mi, {Mj , ~M
2} = 0.

——————————–

(6b) For this problem, I will begin by determining a singular component of ~A, which then I can

determine
∂Aj
∂qi

and
∂Aj
∂pi

. Note that

~A = ~p× ~M −mKr̂ = ~p× (~r × ~p)−mK~r

r
.

By applying the triple product identity to the ~p×(~r×~p) term, we have that ~A = p2~r−(~p·~r)~p−mK~r

r
.

This easily gives us each of the components of ~A:

Aj = xjp
2 − pj(~p · ~r)−mK

xj
r
,

where I have relabelled rj ≡ xj to avoid any confusion between the magnitude r. Note that the
magnitudes r and p each still depend on the components. Then

∂Aj
∂qi

= δijp
2 − ∂

∂qi
(~p · ~r)pj −

mK

r
δij −mKxj

∂

∂qi

1

r

= δijp
2 − pipj −

mK

r
δij +

mKxixj
r3

∂Aj
∂pi

= xj
∂

∂pi
p2 − ∂

∂pi
(~p · ~r)pj − (~p · ~r)δij

= 2pixj − xipj − (~p · ~r)δij .

As before, we can write a component of angular momentum using the Levi-Civita tensor:
Mi = einmxnpm. I wish to determine the Poisson bracket {Mi, Aj}, however for sanity’s sake, I
would like to keep my partial derivatives with respect to the i − th component. Therefore I will
reindex to instead determine {Mj , Ak}:

{Mj , Ak} =
∂Mj

∂qi

∂Ak
∂pi
− ∂Mj

∂pi

∂Ak
∂qi
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= ejnmδinpm(2pixk − xipk − (~p · ~r)δik)− ejnmxnδim(δijp
2 − pipk −

mK

r
δij +

mKxixj
r3

)

= ejnmpm(2pnxk − xnpk)︸ ︷︷ ︸
by δin

− ejkmpm(~p · ~r)︸ ︷︷ ︸
by δinδik=δnk

− ejnk
(
xnp

2 − mKxn
r

)
︸ ︷︷ ︸

by δimδik=δmk

+ejnm

(
pmpkxn −mK

xkxmxn
r3

)

= ejnm

(
2pnpmxk

���
���

���
��:0

−pkpmxn + pkpmxn −mK
xkxmxn
r3

)
− ejklpl(~p · ~r)− ejlk

(
xlp

2 −mKxl
r

)
︸ ︷︷ ︸

by index change n→l

= 2xk���
��:0

(~p× ~p)j −mK
xk
r3��

���:0
(~r × ~r)j + ejkl

(
xlp

2 − pl(~p · ~r)−mK
xl
r

)
= ejklAl.

Now to determine {Aj , Ak} (I changed the indices again). The Hamiltonian is given by the total

energy of the particle, in which case is H = T + V =
p2

2m
− K

r
. We have that

{Aj , Ak} =
∂Aj
∂qi

∂Ak
∂pi
− ∂Ak

∂qi

∂Aj
∂pi

=

(
δijp

2 − pipj −
mK

r
δij +

mKxixj
r3

)
(2pixk − xipk − (~p · ~r)δik)

−
(
δikp

2 − pipk −
mK

r
δik +

mKxixk
r3

)
(2pixj − xipj − (~p · ~r)δij) .

After too much algebra which I do not wish to typset (a photo is included below), we have that

{Aj , Ak} = −2m

(
p2

2m
− k

r

)
(xkpj − xjpk)

= . . . . . .

= −2mHejkiMi.
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I should note that summation is implied over i, so x2
i = r2, p2

i = p2 and xipi = ~r · ~p. This property
was previously applied and I will apply it again to the next Poisson bracket calculation. Now if ~A
is conserved, then ~A will poisson commute with the Hamiltonian, that is {Ak, H} = 0. To begin, I

16



will find the quantities
∂H

∂qi
and

∂H

∂pi
:

∂H

∂qi
= 0−K ∂

∂qi
=
K

r3
xi

∂H

∂pi
=
pi
m
.

Again, because I do not wish typesetting all of this algebra, we have that {Ak, H} = 0, which holds
for all components of ~A, and therefore ~A is conserved.

Therefore
{Mj , Ak} = ejklAl {Aj , Ak} = −2mHekjiMi and {Ak, H} = 0.

17


