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1. The fast top: Consider a heavy symmetric top of mass M, pinned at point P which is a distance £ from
the centre of mass, as discussed in class. The principal moments of inertia about P are Iy, I; and 3.
The top is spun with initial conditions ¢ = 0 and 8 = 6,. Show that 6 obeys the equation of motion

dVes (0)

ho=-—p

where . )
I5Q35 (cos 8 — cos 6y)
‘/e 0) = 343
(6) 21 sin? 0

Suppose the top is spinning very fast, so that IsQ3 > /M gfl,. Show that 6y is close to the minimum
of Veg(0), and use this fact to deduce that the top nutates with frequency w ~ Q3I3/I; and draw the
subsequent motion.

+ Mgl cosé.

I will begin by finding the Lagrangian of the system. Finding the Lagrangian will allow me
to determine any conserved quantites and cyclic coordinates, so that I may write the Hamiltonian
in terms of these generalized momenta and apply Hamilton’s equations. As discussed in class and

1 . 1, .
by the Euler Angles, the total kinetic energy is T = 511(02 + p?sin?6) + §(¢ + pcosh)? In a

gravitational field, and the center of mass a distance ¢ from the pivot point, the potential is given
by V = Mgl cos 8. Therefore the Lagrangian of the system is

1. 1 .
L=T-V = 511(02+¢2sin20) + 5(1/1+gbcos@)2 — Mgl cos@.

Notice that the Lagrangian is independent of ¢, 11) and ¢, and therefore we have 3 cyclic coor-

oL
o’

dinates hence 3 conserved quantites. They are the generalized momenta p, = and py, =

oL
e
Py = @11 5in® 0 + I3 cos® 0] + I3y cos 6 = M,

Dy = Ig(¢ + pcosb) = IsQ3 = Ms.

These expressions are also derived in the text (and in lecture). With M, and Mj being conserved
quantities, we are able to expression ¢ and 1 in terms of these angular momenta. After rearranging,
we find that

. M, — Mscosf

. My
@ _

M, — M — 3cosf
— and = —2 — cos—= — €0 .
I sin“ 0 I3 I sin“ 0

Furthermore, the total energy of the system is equivalent to the Hamiltonian, which is simply
o I TR S 1. . 2
H—E—T+V—211(9 + $”sin 9)+2(¢+gocos«9) + Mgl cosb.

With this, we can express the Lagrangian and the Hamiltonian in terms of the conserved quantities
M, and M3, since doing this will assist in apply the initial conditions given to the system. After



substituting and simplifying, we have that

1. ., (M,— Mscosf)?

L==1,0 — Mgl cos b
9! + 21 sin% 6 greos
1. .o (M, — Mszcosf)?

H=-160° z Mgl cosb,
2 T o sze IS

Vet (0)

(all of these expressions are also given in the textbook) which also reduces the problem down to a
single dimension of generalized coordinate 6. I will proceed by applying Hamilton’s equations for

p= 30 The generalized momentum py is given by 20 = I6, which then implies that pg = I6.
We have that oH NVen(0)
Li=-"" =0 7
! T

Now, allow me to invoke the initial conditions ¢ = 0 and 6; = 6y. Since M, and M3 are conserved,
. ) .M

they are constant for all time, so M, = I3® cos = I31p costy. With ¢ = 0, then ¢ = T37 which
3

implies that M, = Mszcosfy. The effective potential can then be written as

(M3 cos 8 — M3 cos 6)? M2 (cos 0y — cos 0)?
Verr(0) = Mglcos = + Mgl cos®b.
eit(6) 21, sin’ 0 + Mgtcos 21, sin’ 0 greos
Since M3 = I3Q23 along the I3 principle axis, then
1202 (cos @ — cos f)? i OVert(0)
Veg(0) = 23 Mgl cos 0 d Li=-—-2
eit(6) 21, sin® 6 + Mgt cos a ! 00
1207 211 M gl
For the fast top, we have that I3Qs > «/MglI;. This implies that —>—3— > 1 or 12729 < 1.
211 M gt 1503

I will proceed by Taylor expanding to the second order, which gives a good approximation around
the minimum of the effective potential, since we are examining small perturbations from a stable
orbit. To help me Taylor expand to approximate, I will give the expressions for the first and second
derivatives of the effective potential:

133 cos 6 — cos b B 1303 cos 0(cos 0 — cos Bp)?
I sin 6 I sin>

"5(0) = —Mglsinf —

= V)3(0p) = —Mglsin 6y

" 1303 1303 (cos @ — cos 0p)? 1303 cos O(cos O — cos b))
en(0) = L Mgt cos 0+ I sin? 6 I sin? 6
1203 cos? 0(cos 0 — cos 0)?
I sin* 6
_ B

= V2z(6o) — Mg/ cos .

1

Now we cannot necessarily invoke a Taylor expansion around 6 or 6, since neither of those quanties
are neglibly small. However, when 6y is close to the minimum of Veg(#), then 6 — 6y ~ 0, which



gives a small approximation parameter (I will call it £). Taylor expanding the effective potential
to the second order around € = 6 — 0y, we have

1
Vesr(0o + 0 — 09) ~ Verr(60) + eVig(00) + 5" Vii(o)
=€
. 1, (1303
= Mglcosty —eMglsin + <\ M gl cos 6y
1
1 51202 Mgt ~0
= Mglcosfy —eMglsinf + —e2=3-3 | 1 — 5 cos g
2 I 2Qs
1202 [ Mgt ~0 1
= 3I_13 02 (cosbp — esinbp) + 562
_ 303
L 2

1202

3I1 3 (9_60)7
which shows that when 6 — 6y < 1, VJ3(0) ~ 0, hence 6y is close to a minimum of the effective
potential. Using this same approximation in the equation of motion for nutation, taking 6y as
arbitrary gives the relation

Taking the derivative of this approxmation (as funny as it seems) implies that V/;(0) ~

2002 p2
ni=— L BB
ao | I 2
which directly implies that 6 = —?9. Equivalent to the motion of a pendulum undergoing small
1
150
oscillations, then the top will nutate along the generalized coordinate 6 with frequency w ~ 3I 3.
1

Initially, the top is released with precessions frequency ¢ and polar angle 6y, however as the top
precesses, gravity exerts a torque on the top. The motion of the top is then a nutation with a
changing azimuthal velocity:




ProBLEM 2. Find the condition for the rotation of a top about a vertical axis to be stable.

For a top to rotate purely about its vertical axis, then the &3 axis is aligned with the z axis,
which implies that M3 = M,. A stable orbit occurs when the top does not oscillate between two
angles Oy and 0.y, which means that 6 is a minimum of Ug(#). Taking the effective potential

in terms of M3 and M, from Q1, then

M2(1 — cos6)?

— Mgl(1 — ).
21, sin? 6 94 cos )

Uest(0) =

For 8 < 1, we can Taylor expand about 8 = 0 to find a condition for stable rotations:

2
M§(<1—1+§—HOT> 5
Uet(00) ~ 7 — Mgt (1— 1+2>

M2o*1 1

= _Mglo*
of, 402 29

M? 1

= (=% - -Mgl)6?

<8]1 2 9>

Taking Ulz(0) = 0 implies that § = 0 gives a stable orbit, however the leading coefficient must be
greater than zero (or else Usg(6) = 0 for all 8), so

M2 1
: Mgl > 0.
81, 219t~

Since M, = M3 = I3{Q)3, then this rearranges to give the condition for stability, which is

AL Mgt

03 >
I




3. The Lagrangian for the heavy symmetric top is
1 9 19 . 9 1 . . 2
L=§I1 (0 + ¢“sin 0)+§I3 (1,0+¢cos0) — Mg{cos®.

Obtain the momenta py, ps and py, and the Hamiltonian H (6, ¢,v,ps, ps, py). Derive Hamilton’s
equations.

In this problem, I will use the given expressions for the momenta p, and p, as in the text for
the symmetric top, pinned a distance £ from the center of mass. Since L is independent of ¢ and

, then p, = and py, = — are conserved. The momenta are given by Equations (1) and (2
® W a9

oL
on page 112 of Landau and Lifshitz, as well as py = %

9

po = 110
o = (I1 sin? 6 + I3 cos? 0)o + Iggﬁcose =M,
Py = 13(1/') + @COS@) = Mg.

Rearranging, we can solve for 0, ¢ and ¢, obtaining

;Do
0=—
I
. Do — Py cosf
v I, sin’ 0
C Dy Dy — Dy COS 0
=" —cos—F—————.
w 13 Il sin20

The Hamiltonian is given by the total energy of the system, in this case H is
Lo o 9.9 Lo 2
H= 511(9 + ¢”sin”0) + 5[3(1& + pcosh)” + Mgl cosb.
Re-writing H in terms of the previously derived quantites 0, ¢ and ¢, we have that

2
_ P, Py (py—pycost)?

= + Mgl cos®.
oI, ' 213 21, sin” 0 grees
. . . . . 0H ) H
I can now proceed by applying Hamilton’s equations, given by ¢; = I and p; = — P For the
Pi qi
generalized coordinate 6 with corresponding momenta py, ' '
o 9H _ P
Opg I
OH o1 . 1_ .
Po = ~%0 = 79 [211(92 + ¢?sin? 0) + 5]3(21) + ¢ cosh)? + Mgl cos 9}

= —L1p?sinfcosf + I3(1) + pcosh) sin@ + Mglsin 6
= sinf [—Ilng cos 0 + I3(th + pcos ) + Mgl



— 0 — 0
pqp(p@ By 505 ) + Mgl — I cos HP‘P Py 05

=siné =2
S I, sin? 6 I, sin? 6

For generalized coordinate and momenta ¢, p,, Hamilton’s equations give

OH  2(py, — py cost)

e Opy 211 sin? 0
Dy — Dy cos 0
I sin?6
. oOH
P, =—— =0.
Y 6(,0

Lastly, the generalized coordinate and momenta v, p,, we have

._O0H _ 0 |py Py (po—pycost)’

= = |Z£ + Mgl cosf
Opy  Opy |2 213 21, sin® 0 grees
Py 2(pp — py cos ) cosb
=0+ =+
I 21, sin® 0
— Dy _ cos 9107@ — by cost
13 Il sin2 0
. OH

We find that Hamilton’s equations yields the same expressions as previously defined and calculated,
as required.



4. Prove that the following transformations are canonical:

(@) P =3 +¢?) and @ = tan"" (¢/p)

(b) P=¢ " and Q = pg®.

(¢) @1 = Qrcos A+Pysin ), g2 = Q2cos A\+Pysin ), p1 = —Q2sin A+ Pj cos A, p2 = —Q18in A+P;cos A
for any constant A.

(a) A transformation is canonical if is leaves the matrix equation J.JJ T —J invariant, where

J = 0,Q  OpQ is the Jacobian matrix of the transformation and J is the inverse identity
0qP 0pP

_ 0 1n><n
/= <_ln><n 0 )

1
Now, for P = i(q2 + p?) and Q = arctan <q> The partial derivatives of each are
p

q
2

b
WO ST

¢ +p°
0P =q OpP = p.

Then, by matrix multiplication,

p
P q P _
JIT" = <q2+p2 q2+p2> (0 1) i

- p
q p q2 n pz
q P I q
_ <q2~|—p2 q2+p2> q2+qp2
—p q “2+p P
aw—pq ¢ +p?
. q2 +p2 q2 +p2
= 2 2
¢ +p°
0 1\
B (—1 0) =
and therefore this transformation is canonical.
(4b) For this transformation, we have that
2pq ¢ 0 1
J = _% 0 and again, J = <_1 0> .

q



Then as before, matrix multiplication follows:

—2qp + 2gp —q2(—€f2)>
—q % 0
=0 1 -1 0)=J

(4c) Lastly, if a transformation is canonical, it’s inverse transformation will also be canonical. The
transformation is given by

Q1 = cq1 + sp2 Q2 = cqo + sp1
Py = —sq2 + cp1 Py = —sq1 + cps.

The Jacobian of the transformation is then

Q1 0Q1 0Q1 0

01 Oq2  Op1  Opo
8&2 852 8@2 8@2 C 0 s
_|o@m 0¢ Op1 Op | _[ O ¢ s 0
J= 61%1 3%1 3%1 C7%1 "o —s ¢ 0
6 1 8 2 8 1 6 2 —S 0 0 ¢
ob, ob, om, op
O Oq2  Op1  Op2
The matrix J is then given by the 2 x 2 identity matrices:
0O 0 10
7 0 ool [ O 0 01
S \-1yxo O -1 0 00
0 -1 0 0
For the last time, matrix multiplication follows:
c 0 s 0 0 1 0 c 0 0 -—s
r |0 c s 0 0 0 01 0 ¢ —s O
JIT" = 0 —-s ¢ 0 -1 0 00 0 s ¢
—5 0 c -1 0 0 s 0 O c
c 0 s s ¢ O
10 ¢ s 0 s 0 0 ¢
10 —s ¢ 0 —c 0 0 s
-s 0 0 c 0 —c s O



0 0 s+ c 0
0 0 0 2+
B I 0 0 0 =J,
0 —s2 =2 0 0

which follows from the pythagorean trigonometric identity sin® A + cos® A = 1.

Therefore this
ransformation i noni so it’s inverse transformation wi nonical.
transformation is canonical, so it’s inverse transformatio 11 also be canonical



5. * A rigid lamina (i.e. a 2 dimensional object) has principal moments of inertia about the centre of

mass of
L= (p®—1), I = (p* +1), Iy = 2.

(a) Show, using Euler’s equations, that in the body-fixed frame, the component of the angular velocity
in the plane of the lamina (i.e. \/Q7 + Q3) is constant in time.

(b) Choose the initial angular velocity to be 8 = uN#; 4+ N#3. Define tana = Q,/Q;, which is the
angle the component of € in the plane of the lamina makes with ;. Show that it satisfies

a=0Q3
and from this show that
1
&= — (2% +93) sinacosa = —N? cosasina.
Show that the solution to the motion is
Q(t) = pN(cosh Nt)~'%; + pN tanh Ntz, + N(cosh Nt) 3.

(Note: It is enough to check that this is the solution; you do not need to solve the differential
equation).

(a) To recall, Euler’s equations are given by
L + Q03(13 — I2)
I + 0 Q31 — I3)
I + U Q(I — I)

0
0.

The principle axes of inertia through the center of mass of the lamina are given to be I} = p? —
1, Ir = u®> + 1 and I3 = 2p2. Notice subtle symmetry, and how

13—12211, 11—13:—12 and 12—11:2.

We can easily incorporate these relations into Euler’s equations above:

1191 + 1203 =0 = Ql = —0s03 (51)

IQQQ — 129193 =0 = QQ = 9193 (52)
. . 2

1303 + 20109 =0 — Q3 = _TQIQZ (53)
3

Now, to show that the component of Q in the plane of the lamina, that is y/Q2 + Q2, is constant

d
in time, then T [\ /3 + Qg] = 0. We have that
d 1 d
— [,/ +QQ] - 0?24+ 02

10



by (5.1) by (5.2)
. . m—N— —N—
2101 + 200 Oy (—2203) +Q2 (2193)
2,/9% + Q3 2,/0% + Q3
—01Q2Q3 + 210203

VO 4+ Q3

=0,

as desired. Therefore the component of angular momentum in the plane of the lamina is constant
in time.

Q
(5b) Since tana = Q—Q, we can solve for o then proceed by taking time derivatives:
1

a:arctan<92> —— a:#.i [QQ]
0 Q%/Q% +1 dt |
chain rule
1 Q19 — 2
02/ 41 02

quotient rule
by (5.2) by (5.1)
. . —N—
_ -y O (Q3) — (Q203) D
07 + 03 Q2 + 03
Q3(03 + Q3)
= 020z
(Qf +Q3)

Taking a second time derivative simply yields that & = Qg, which is what I wanted to show. Now,
from (5a), we found that the component of 2 which lies in the plane of the lamina is given by

Q
\/ Q2 + Q3 and is constant in time. If the angle between 1/Q? + Q2 and ; is « (since tana = Q—z),
1

then respectively
0 =4/02+ Q2cosa and Qy =4/ + O2sina. (5.4)

) 2 1 .
By Equation (5.3), we have that Q3 = —I—Qlﬁg = ——MQy. Therefore since & = (3, then by
3 H

Equation (5.4),
. 1
O3 = _E < 02+ Q%cosa) < 02 + Q%sina)

1
= —E(Q% + Q%) cosasina.

1
Initially, if Q3 = N and Q3 = 0, then & = —— (u*N? + 0) cosasina = —N? cos asin a. To show
p

2
that
Q = uN(cosh Nt)~ &1 + uN tanh Ntiy + N(cosh Nt) " Lis

11



is a solution to the differential equation, it suffices to check whether Euler’s equations are satisfied,
since the ODE & = €13 is a product of those equations. The components are given by

Q1 = pNcosh Nt]™!,  Qy = uN[tanh Nt], Q3 = Ncosh Nt]~!.
Then

) d
) = —pN[cosh Nt]*Qg[cosh Nt]
= —uN?[cosh Nt]~? sinh Nt.

Qy = pN?[1 — tanh? Nt]
= 11N?sech® Nt
= puN?[cosh Nt] 72
Q3 = —N?[cosh Nt]~2sinh Nt.

Applying Euler’s Equations, we have that

(5.1) : —uN?%[cosh Nt]"2sinh Nt = —(uN tanh Nt)(N[cosh Nt]~1)
= —uN?[cosh Nt]~?sinh Nt

(5.2) : 1 N?[cosh Nt] 72 = (uN[cosh Nt]7')(N[cosh Nt] 1)
= uN?[cosh Nt]~2

1
(5.3) : —N?[cosh Nt] "2 sinh Nt = ——5 (1N [cosh Nt]71)(uN[cosh Nt]~! sinh Nt)
i

= —N2[cosh Nt]_2 sinh Nt.

12



6. * A particle with mass m, position ¥ and momentum p has angular momentum M=7x p.

(a‘) Evaluate {xja Mk}7 {pj,Mk}v {ijMk} and {M,“Mz}
(b) Consider a particle moving of mass m moving in a central potential V(r) = —mK/r. Recall the
Runge-Lenz vector . .
A=px M —mKr.
Show that

2H
{M;, A;} = €1 Ak, {Ai, A} = —HfijkMk

where

—1 if (4,4,k) is an odd permutation of (1,2,3) -

+1, if (4,4, k) is an even permutation of (1,2,3)
Cijk =
0 otherwise

Prove using Poisson brackets that A is conserved. (Also note that A, M and H form a closed
algebra under the Poisson bracket.)

of g 0g of
~ dq; Op;  Oq; Op;
as M = 7 x p, however we are only wanting to isolate the j — th component of this cross product.
Using the Levi-Civita permutation tensor, we can rewrite M; = (7 x p); = ejmarp;. This will
simplify the Poisson bracket calculations. If any of the indices ¢, j, k are equal, ej; = 0. With delta
functions, this implies that e;;;0,x = 0 always. Furthermore, ‘swapping’ any of the indices changes
the sign of the tensor: e;;, = —e;;; = .... Using Einstein summation, we have

(a) The Poisson bracket is given by {f, g} = . The angular momentum is defined

0
0x; OMy Oz OM, 0

0q; Op; pi 0g;
= 0ijCkabTaPb0ib = €kajTa = €aqjkTa

0
Opy/ OMyi  Opj OMj, 0
MY = _ - 5.2
{pjv k} q)u 8]?7; 8}%’ aQi ij aqi [ekabxapb]
= —0;ij€kabPbOia = —€kjbDb = €bjkPb

A _ OM; oM  OMpOM; 0 ‘ 0 o i ' i o
{M;, My} = 90 O, 9 Op g [ejklxkpl]api lextjzipi] o [ejklmkpl]aqi lextjzipi]
= (eirjoirpr)(extjdijrr) — (er0up;)(ejriduxy)

0
= CipdprPITl — ejrdilzyp;

= eijrrp; = M;

The magnitude of the angular momentum squared can also be expressed using the Levi-Civita
tensor. Since M? = M? + My2 + M?, we can sum over each of the components squared:

13
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M? = (enkla:kpl)Q, summing over n. Using this fact,

anaMQ_anaM‘ﬁ’_g[e' 9 o 0 Kl 5
90, Op op 0 0 ik TEDI ; [(entizrpr)”] o, lejrxrpi] a0 [(enkizrpr)”]
= (ejidipt) (2enmTkpizrdi) — (2enmrpida)(ejmTrdi)

= 2€11EnkiOTEP] — 2€nki€kIOkIT D]

=0,

{Mj7M2} =

which follows by the Levi-Civita tensor and the delta functions since ¢ = k or ¢ = [, and the terms
cancel. Therefore

{zj, My} = eajia, {pj, My} = enjrpp, {Mj, My} = M;, {M;, M?} =0.

(6b) For this problem, I will begin by determining a singular component of A, which then I can

A A
04, and 04, . Note that

dq; Opi

determine
A=pFx M —mKf=px (Fxp)—mK-.
r
> i
By applying the triple product identity to the p’x (7x ) term, we have that A = p?7— (p-7)p—mK —.
r

This easily gives us each of the components of A:

2 i Zj
Aj = ajp” —pi(P-7) —mK-,

where I have relabelled r; = z; to avoid any confusion between the magnitude r. Note that the
magnitudes r and p each still depend on the components. Then

0A; a . . mK 01
aqj = 0ijp” — 9 P TIPs = = 0 — meis
mK mKx;x,;
= 8ip” — pipj — ——0ij 3 ’
94; 9 , 0

— i p 7-Fp; — (- 785
api ]8]91' apl( ) J ( _j v
= 2pixj — xip; — (P~ )04

As before, we can write a component of angular momentum using the Levi-Civita tensor:

M; = €inmTnpPm. 1 wish to determine the Poisson bracket {M;, A;}, however for sanity’s sake, I
would like to keep my partial derivatives with respect to the ¢ — th component. Therefore I will
reindex to instead determine {M;, Ay}

OM; 9Ax  OM,; DAy,

M;, Ay} =
{0, A} 0q; Op; Op; 0¢;

14



o S mK mKx;x,;
= €jnmOinDm (2pitk — Tipk — (B 7)0ik) — €jnmTnSim (650" — pipk — — i + T”
mKux,

. 2
= ejnmpm(2pnxk - -Tnpk) - ejkmpm(p : T) — €jnk (xnp -
by Sin by dindik=0nk

by §im8ik=0mk

0
TpXm T oL €
= €jnm <2pnpmka —mK r?") — ejup(P-7) — eji (fczp2 —mK—

r

> +€jnm (pmpkxn - mK———

by index ;ﬁange n—l
- 0 Tk, a0 2 Lo x
= 2ap(ExP); — mKﬁMJr €jkl (xzp —p(p-7) — mK7>

= ejklAl.

Now to determine {Aj, Ay} (I changed the indices again). The Hamiltonian is given by the total
2
K
energy of the particle, in which caseis H =T +V = % — —. We have that
m T
0A; 0A,  0Ag 04,
dq; Opi  Oqi Opi

mK mKx;x,; .
= <5ijp2 PP~ dij + Tgl j> (2pizk — wipr — (P~ 7)dik)

{4, Ax} =

mK mKx;xy N
- (5ikp2 — PPk~ — di, + Tgl ) (2pizj — zipj — (P 7)045) -

After too much algebra which I do not wish to typset (a photo is included below), we have that

2
P k
{A;, A} = —2m <2 - 7’) (xkp; — xjpK)

= —2mHejkiMi.

15



N .

e ! 1 ;
B

2

I should note that summation is implied over i, so xj = r2, pf = p? and x;p; = 7- . This property
was previously applied and I will apply it again to the next Poisson bracket calculation. Now if A
is conserved, then A will poisson commute with the Hamiltonian, that is {A;, H} = 0. To begin, I

16




OH

dq; apz
OH 0 K
R P
oH pi
6p,~ N m’

Again, because I do not wish typesetting all of this algebra, we have that { A, H} = 0, which holds
for all components of A, and therefore A4 is conserved.

Therefore

{M;, Ay} = el {Aj, Ay = —2mHey; M; and  {Ag, H} = 0.
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