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Problem 1

(a) Consider a system where helium atoms in a gas can be absorbed onto a metal plate, where it
takes a work ¢ to remove the atoms from the plate. To calculate the partition function, we note that
we have two systems Z; and 2, described by the free gas of additional energy per particle ¢ and
the bound atoms on the plate. Consider first the Hamiltonian of the gas,
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since the free gas contains an additional energy ¢ per particle to not be bound to the metal plate.
Computing the partition function, we have that
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We can similarly compute the partition function on the two-dimensional surface of the plate with
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no additional potential, whose Hamiltonian is simply Ho = Z 5—’“,
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Since the partition function of the combination of multiple systems is the product between each of
the functions for the indivial system contributions, we have that
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where the whole system is in equilibrium temperature 7', and m is the mass of a helium atom.

(b) The first law of thermodynamics states that, for two systems to be in equilibrium at a tem-
perature T, their chemical potentials must be equal. We first compute the Helmholtz free energy

I
F = —kTlog Z, from which we can determine the pressure P = — (gv> and the chemical
TN
potential < or >
p=\5v)
ON /)7y
F1 = —k‘TlOg‘Zl (112)
_ (Ve Po)No 3N, /2

3N,
= —kT [Ng log(Ve P — 3Nglogh — Ngylog Ny — Ny + Tg log(27rka)] (1.14)

— Ny —Bp
= P=- <—/€Tve_ﬁ¢e > (1.15)
N,
=kT—2 1.16
> (1.16)
= = —kT [log(Veﬁd’) —3logh —log Ny — 2 + glog(%ka)} (1.17)

and similarly, for the plate system,
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Setting the chemical potentials (1.17) and (1.21) equal, we find
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which is the mean number of atoms absored onto the plate, as desired. Note that the last line
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followed since our pressure is given by (1.16), vV =%



Problem 2

(a) The energy of relativistic fermions with two spin states is ¢, = /p?c? + m2c*, and spin mul-
tiplicity ¢ = 2. Zero-Temperature Conditions: Suppose that the gas is contained within some
arbitrary volume in three dimensions, V/, so that the number of particles occupying the it at zero
temperature 7" = 0 is
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as specfied by the Fermi surface. The Fermi energy is therefore
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We can also calculate the total energy at zero temperature inside the volume by using ¢, which is
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Integral evaluation of (2.7): Let p = mctan 6§ so dp = mecsec? 0d6:
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From which sec(arctan x) = v/ 22 + 1, hence we obtain
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and (2.7) becomes (2.8):
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by letting * = pr/(mc). Finite-Temperature Conditions: Now accounting for the temperature
of the system, the number of particles (and energy) is given by relations with the Fermi-Dirac
function np(e),
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where np(e,) = is the probability that a state of energy ¢, is occupied. The inte-
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Recall that the Sommerfeld expansion defines a class of integrals I[f] = / de f(e)np(e) and
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F(e) = / . de’' f(¢') (in this problem, our lowest energy is mc”, not zero) so that I[f] can be
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expanded about the chemical potential 1 as
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Applying I[f] to our relativistic integral in (2.11) using (2.12), we find a first order correction to
the number of particles in terms of the chemical potential s
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from which (2.11) approximates into
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Keeping N constant, we use p% from (2.4) to re-write this as
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which follows from pp = ﬂ/siﬂ —m2c*. Since pu(T = 0) = ep, and the above represents the

chemical potential for 0 < T << 1, welet u = ep + 6 be a perturbation to the chemical potential,
for which we solve for ¢ after expansions. By the binomial expansions, we have that
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Asbefore, in determining IV atlow 7', we can perform a similar procedure to determine the internal
energy at finite temperatures,
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from which

fe) = 2V/e2 — m2ct (2.31)
1 1 1 arcsec(e/mc?)
F(e) = ~-m'c® [sec3 ftanf — — secftanf — — arcsinh(tan (9)} (2.32)
4 2 2 arcsec 1
1 1 1
= Zm4c8 [y‘?‘\/y? —-1- Y y2—1-— 5 arcsinh(y/y% — 1) — C} (2.33)
L3 (mc?)? (mc?)* . €\ 2\4
=1 [z—: g2 —m2ct — —yE g2 —m2ct — Tarcsmh (ch) — 1) = (me)*C
(2.34)
3
F"(e) = 2ev/e2 — m2c* + S — (2.35)
2 _ m2cA
1
where y = % and C = V2 — £ ~3 arcsinh(v/2) ~ 1.3399... is a constant (this integral was
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computed similarly to the prev1ous energy integral in the zero-temperature régime, but with the
substitution ¢’ = mc?secf. The same secant reduction formula was used). Then, invoking the
Sommerfeld expansion,
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Again, expanding /. as a Taylor series and only keeping terms O((kT)?§; §?), term by term,
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where x = % is defined as before. Whence, just taking leading order in the latter half, and only

considering the O(T?) terms (since we're differentation constants away anyway, I don’t want to
keep doing pointless algebra), we obtain
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where z = p—FQ again. The heat capacity at constant volume is just given by one derivative in T,
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as desired.
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(b) In the non-relativistic limit, we have that ¢ — co and e = g—F Then, piggybacking off of our
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solution from (a), we have that
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as found with the regular, quantum-mechanical Fermi gas. We can also take the ultra-relativistic

limit, ppe > me® = ﬁ < 1, hence e — prc. We have that
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in the ultra-relativistic limit.



Problem 3

(a) Consider a box V' of spinless (¢ = 1) Fermions with energy ¢ = |p/h|® in d dimensions. Let
kn = pn/h be the wavevector of the n-th fermion. We first begin by calculating the grand partition
function Q,
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which follows by the Pauli exclusion principle, fermionic states are either unoccupied (n; = 0) or
occupied with capacity 1 (n;, = 1). Since we are aiming to find the grand potential G, we take the
logarithm of (3.3):
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for which £ is continuous (we integrate) in d dimensions,
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The integrand in (3.8) is spherically symmetric, and df}, is the solid angle in d dimensions. If we
recall the formulas for d-dimensional sphere volumes and surface areas to be
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10



1/s 1 1/s—1
and k is always positive at this point. Letting z = Sk®, thenk = (x) and dk = 5B (w) dx,
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Now, integrating by parts, with u = log(1 + ze™), dv = %571 dx, we find
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Since we define f,(z) = F(ln) /0 h dx % for fermions, (3.17) becomes
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Since the grand potential is defined as G = —kT log Q, by expanding out 8 = % we have that
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Furthermore, we can calculate the density of particles v = n at a chemical potential p, by letting
a= B,
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so we can integrate (3.23) by parts, letting v = 2 and dv e |:(216‘73 1) 2] dx, we find
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since n 1F(a +2) = 1 (a + 1)a! = I'(a + 1). Substituting our simplified integral in terms of
a a

fn(2) back into (3.23) and dividing both sides by V, we obtain the density of particles to be
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(b) We now aim to determine the ratio between pressure and volume with energy, R Since we
already have found log Q and that

BPV =log Q, (3.29)
we just need to find the energy
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at constant a = S (from (a)). Taking from (3.18), we notice that log Q is a polynomial in /3, since
fa/s+1(2) is just a number (and z = e~ is held constant), hence we quickly find that
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For s = 2 in 3-dimensions, we regain our relation £ = —%PV.

(c) We lastly consider the low-temperature limit as 7' — 0, so z — oo in the function f,(z). In
general, we can approximate this as

fulz) 222, Qog2)" _ (B, (3.35)

n! n!

I will begin by noting that the number of particles, at zero temperature, is the number of states
within the d-dimensional sphere of radius kp:

.
(2m)

N = /ddk O(k — kr) (3.36)
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The energy is given by (3.32), where diving both sides by N give
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And since (T = 0) = ep = kj, we further find, using (3.38), that
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which implies that the energy per particle (at 7' = 0) decreases as density increases.
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We can similarly determine the dependence of the pressure P from (3.33) on the gas. We find that
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which means that pressure (at 7' = 0) increases as the density increases.
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