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Problem 1

(a) Consider a Lorentz transformation in the :'-direction. For two observers, with relative velocity
v between them, an event position (z*’, 2", 0,0) is related in the unprimed frame (z°,z',0,0) as

a' = va® 4+ 2''V/1 - 02 (1.1)

where v2? follows from origin displacement after a time z°, and z''\/1 — v2 follows from length
contraction of a difference z" of an event in the unprimed frame. With the use of the invariant
interval

ds? = (da®)? — (dz")? = (da®)? — (dz'")? (1.2)

one finds
2 =~ (z' — va®) (1.3)
2% = y(2° — vat) (1.4)

We note that dz®’ = dz? and dz® = da® because length is not contracted along an axis which is
independent of the boost. Hence

dz® = v (dz® + vdz") (1.5)
dz' = ~v(dz"" + vdz") (1.6)
da? = da®' (1.7)
dz® = dz® (1.8)
I have just taken the inverse Lorentz transformation of (1.3-1.4).
1 1
Since coordinates transform as dz" = gx,dx”', we can use (1.5 - 1.8) to obtain the ga: . = A)
g Y
tensor elements. Hence we obtain
A=Al =7 (1.9)
A=Ay = (1.10)
A=A =1 (1.11)
while all other elements must be zero. These can be represented in matrix form as
v v 0 0
T e e 0 0
Av 00 10 (1.12)
0 0 01



We now consider the covariant antisymmetric field tensor (in matrix representation)

0 B E, E;
“F, 0 —Bs B
~Ey By 0 -B
~E3s By B 0

F, = (1.13)

and examine how each of the components transform under (1.12). I will only be noting the non-
zero components of both tensors. Namely, any ;1 = v component is zero in (1.13). If p, v > 1, we
also obtain zero from (1.12) else 4 = v > 1 in (1.12) and not in (1.13).

E| = F}y = ASAYF.p (1.14)
= AQA] Fo1 + A§AY Fig (1.15)
=By + v’y (—Ey) (1.16)
= B, (1.17)

E) = Fly = A§A3F,p5 (1.18)
= AJA3Foe + AjA3Fyo (1.19)
= vE2 +yv(—Bs) (1.20)
= v(Ey —vB3) (1.21)

By = Fyy = A§A3Fas (1.22)
= ASASFy3 + AJASFy3 (1.23)
=vFE3 + yvBy (1.24)
= (B3 + vBy) (1.25)

as desired for the E’ fields. We can perform a similar calculation for B':

B} = Fip = AJAS Fy (1.26)
= Fy = By (1.27)

By = Fi3 = ASA3F,3 (1.28)
= AYA3Fo3 + AjA3Fis (1.29)
=vyE3 +vBo (1.30)
= ~(By + vE3) (1.31)

B = F3, = A3A] Fag (1.32)
= AN Fyo + ASA  Fy (1.33)
= vy(—E2) + vBs3 (1.34)
= (B3 — vE3) (1.35)

This is the law for field transformations, not for regular 3-vectors. This is because E and B are re-
lated by (1.13), which are implicity the Maxwell equations (if you minimize the action ~ F*“F},,,).
You would get a different result if you were to apply this Lorentz transformation to a different
4-vector. The reason currents / charge distributions are altered under A}, are exactly because the
tields satisfy Maxwell equations. For instance, under LT, we would expect a contraction along the
boost axis, but the opposite occurs here, where the un-boosted axes are altered.



(b) Consider first a point charge. Gauss’s law states that the electric field is given as

q xX+yy+ 2z

E(Iﬂ,y,Z) = 47'('60 (.TQ +y2 +22)3/2

(1.36)

and B(z, y, z) = 0 everywhere, hence the transformed fields would become

q X+ Yy + y2Z
E’ = 1.37
/ g vyERy —vyi
B (iE,y, Z) - 47T€0 (.'132 + y2 + 22)3/2 (138)

Since E' and B’ don’t change along the boost axes, I have plotted the initial and transformed fields
in the z%2°-plane:
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Here the blue field is (1.36), the untransformed field. The green field is (1.37), which is E/, and the
purple field is (1.38), the transformed B’. Hence a stationary charge for a relativistically moving
observer appears like a current, as expected, since the charge is now moving away from that frame.
We further observe that the E field is magnified along the axes perpendicular to the boost axis.
One may also produce similar results for a line current, say, also along the boost axis:

ol ol

B(r,p,x) = S %[— sin ¢y + cos ¢z (1.39)

with J ~ %. Maxwell equations imply

E(r, p, 1) = —/:—th (1.40)

B
(easy to check that V x E =0 = —%t) Hence, under an z! boost,

B(2,y,2) = vB (L41)



HO 1. ol . pol
(@.9:2) = ~E23% + (o) B2 cos o + 0B (~sing)z (1.42)
J i
- _ DI At 1.43
Ho 60 + QWP] ( )
= Eox — y|B|f (1.44)

Similarly, we obtain the plots of the fields
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where again the blue field represents the untransformed magnetic field, the green represents the
transformed magnetic field, and the purple field the resultant electric field from a boost along
the ! axis (which is out of the page). We observe a reduction in magnitude along the curl of
the magnetic field, and an altered electric field with a new inward field component in the radial

direction, since we had previously seen the electric fields becoming “squished” inwards along a
boost axis from the previous part.



Problem 2

(a) We begin by noting that, for a general acceleration along an axis in the IIRF, that CLI/(T) = g(7),
hence

a'(1) =7,°g(r) = g(1) = ra' (7). (2.1)
If a general acceleration along the 1 direction is (in the astronaut’s frame)
2rr
1 _ .
a* (1) = asin <T > (2.2)
then )
. T
g(T) = arsin (T) (2.3)

(here I have relabelled our constant ‘g’ to «, for brevity, which will still have units of acceleration)
The rapidity ¢ along the 1 direction is given as the integral over the proper time of g(7),

= d 24
)= [ drglo) (24

which implies that the velocity is
u'(7) = tanh ¢(7). (2.5)

(2.4) can be evaluated as
¢(1) :a/OTdJ sin <2;U) (2.6)
=« % [005 <2;0>]T (2.7)
0
T 2

= (;— [1—(:03 <;T>] (2.8)

Since u' () = tanh ((7) (velocity along the axis direction), then we both have

dt = cosh {(1)dr (time dilation formula) (2.8)
— da' =sinh (1) dr.

These can then be integrated to obtain the quadrature reduction of the explicit motion of the astro-
naut in spacetime coordinates, as a function of their proper time:

H(r) = /OT do cosh [;‘: [1 ~ cos (T)” (2.10)
() = /OT do sinh [‘;‘: [1 _ cos (T’)H . (2.11)

1
The velocity v is given as % = tanh ((7), which is obtained by integrating (2.2):

o(r) = —% cos (T) (2.12)



(b) We will numerically integrate using Simpson’s rule (using quadratics to approximate the
curve, then to integrate), since my computer usually integrates different values if I were to use
Gaussian quadrature instead. I have attached the code in addition to my solutions. Here, I just
2 .
took g = 15 = = 10 % (3600 24 % 365)2 * 1.057 x 10716 w
s years
there wouldn’t be that much of a difference, since gravity on earth is approximately 9.81 m/s?),
and T" = 1/52 years. This was plotted inmatplotlib.pyplot, using 7 as a 1-week parametrization.

(if it was around 9.81 m/s?,
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The resulting time dilation was taken as two times the maximum value of z° in the homebody

frame, minus the 1/52 year time (1 week) that the astronaut experienced. The two is because we

are assuming a round trip. The resulting output was about 21.19 s, that is, how much older the

homebody frame would be.



Problem 3

The Twin’s “Paradox”:

As you have previously seen, an observer who travels at relativistic speeds close to the speed
of light (¢ ~ 2.99 x 10® m/s) experiences reality differently than someone who isn’t moving. These
differences are a result of Einstein’s special theory of relativity (SR), a consequence being the fact
that time is not absolute. Instead, the speed of light is absolute, meaning that it is the same speed
regardless of which reference frame you are in. The coordinates of one frame of reference S are
related to another, moving frame, S’, by a set of rules called Lorentz transformations.

One way to quickly derive a Lorentz transformation, say, a ‘boost” (which is a change of ref-
erence along an axis, not a rotation) along a certain axis (say, the X axis) is to consider the frame
S’ moving at a speed v = vx relative to frame S, and to consider an event at a spacetime point
E' = (t,2/,0,0) in S’. We wish to determine the representation of E’ in S. The general Galilean
transformation implies that

t=1t

x=2a + vt

y=1v

z=12 (Galilean) (2.1)

however, the Galilean transformation does not consider the maximum propagation of information
in spacetime, which is ¢, and the fact that time is not absolute. A spherical wavefront of light,
emitted at ¢ = 0, travelling at speed c at a time ¢, must obey the equation of a sphere in R? because
it will travel in all directions equally after a time ¢ with radius ct:

(ct)? —a? —y*> =22 =0 (2.2)

which must be true in every frame, hence

12

(ct')? — a? =yt =% =0 (2.3)

Since the velocity of the boost is only in the % direction, then following from (2.1) y = ' and z = 2.
Concatenating the wavefront relations yields an “interval term” which is the same in all reference
frames, and we call this the invariant interval s°:

s% = (ct')? — 2? = (ct)? — 22 (2.4)

The interesting thing about s is the relations of whether or not it is positive or negative, and how
it determine the kind of seperation between various events, but we will not look at this here. Let’s
go back to our events E’ in S and in S. Thus, after a time ¢, S’ will move a distance vt, plus
a term accounting for the length contraction between the event E’ and the origin of S, which is

2'y/1 —v?/c2. Hence, the event 2’ in S can be written as

x=vt+2'\/1—0v2/c2 (2.5)

Plugging this into the invariant interval (2.4) implies the relation between ¢ and ¢":

— vz /c?
(ct)? — (vt +2/\/1 —v2/c2)? = (ct')? — (/) = 1 = \;ﬁ (2.6)



furthermore the relation for z,
/ t/
Lo Tttt 1)

VI=v2/e
which give us the Lorentz transformations (this should just be review),
t' + vz’ )
z’ + ot
V1—v?/c?
y=y
z=2" (Lorentz) (2.8)

I now want to introduce you to a specific thought experiment, with the use of time dilation,
called the Twin’s Paradox. We first return to time dilation: the concept that time is slowed for moving
observers. For a time-like seperated event (to—t; = At) in a frame S, which is stationary (z2—z1 =
Az = 0), time is transformed according to (2.8) in a moving frame S’ at speed v as

At
At = ———— (2.9)
V1—v2/c?
1
which is the relation for time dilation. That is, as v increases, 7, = ———= — Ointhev — ¢

V1—v2/c?
limit, so time actually increases for the observer in the moving frame S'!

Now consider two observers. Both observers, say, are twins born identically at the same time
here on earth at the same location. Let me call them Sam and Jess. Now, let’s suppose that Sam goes
off and gets an advanced degree in physics and engineering and is recruited to pilot a spacecraft to
a distant galaxy during the course of a two-year round trip. Since the planet is so far away, Sam is
required to travel at a fraction of the speed of light to reach his destination on time. For generality,
let’s assume that Sam doesn’t spend any time accelerating to the required speed, but decelerates
temporarily to change direction for a couple days to collect samples from the distant planet before
returning at the same speed. Sam’s worldline over the two-year period may appear as
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However, what is important to note that Sam is travelling a greater distance in the same amount
of time at a higher speed, which implies that time must slow down for him in the frame of the
homebody! Not only does this occur on his trip towards the planet, but also on his return trip.
The paradox is that, from the perspective of Sam on the stationary spacecraft, the homebody is the
frame which is moving, implying that from Sam’s perspective, time slows down for Jess! However,
once Sam arrives home again, he is actually younger than Jess would be.

The twins paradox in and of itself is not really a paradox, but appears as a paradoxical result of
SR. The key difference between Sam and Jess is Sam must produce a negative acceleration to turn
around and return home once he has reached his destination. In doing this, Sam experiences a time
dilation forward in time, then backwards in time, skipping over a whole “region” of spacetime!

Worldline of Twins Paradox
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From the diagram above, for instance (I am greatly overexaggerate here), Sam skips an entire
year (1.5 —0.5) of Jess’s life, simply because his acceleration had changed directions. In reality this
difference is a lot smaller. Altogether, the Twin’s “paradox” is just a consequence of SR, result being
due to time dilation as noted by the Lorentz transformations as derived above. There are more ad-
vanced mathematical explanations for this, involving rapidity measurements of acceleration inte-
grals and general proper time transformations, these of which I will not mention here. (Note: I got
the some of the help for this explanation from https://www.youtube. com/watch?v=0iJZ_QGMLDO,

which is not my direct thinking).


https://www.youtube.com/watch?v=0iJZ_QGMLD0

Problem 4

(a) Consider the following Poisson bracket relations:

{P.,,P,} =0 (4.1)
{Juw, Pa} = Npa Py — Mua Py (4.2)
{Juvs Japt = Muadvs — Mupdva + Msdua — Mvadup (4.3)
and define
« 1 afBvyé
We = —5¢ J3yPs. (4.4)

Recall that the linearity of Poisson brackets, along with the product rule, implies (generally)

{f+ag,h} ={f,h} +a{g,h} (4.5)
{fg,h}y ={f,h}g+ f{g.h} (4.6)

Let Cy = P*P, be a contraction of momentum 4-vectors. If C is an invariant of the Poincaré group,
it has zero Poisson bracket with both P, and J,,,. We have, by (4.6),

{PaPaa Pu} = {naﬁpﬁpm Pu} (4.7)
= 1% [{ P, Py} Pa + P3{Pa, P.}]
=0

which follows from (4.1). Similarly,

{PaPouJ/w} :UQB[{PB’JMV}Pa"‘Pﬂ{Pa’JuuH (4-9)
=1 (s Py — Nus Po) Poc + Po(hva P = 1ua B)] (4.10)
= naﬁnyﬂPuPa — naﬁnugPyPa + naﬁnyanPM — n“BnWPBPV (4.11)
= P,P,— P,P,+ P,P, — P,P, (4.12)
=0.

Hence (' is an invariant of the Poincaré group.

(b) Now let Cy = W*W,. This contraction is equivalently

megziéwa%memijA (4.13)
::_iﬁgﬁJ@J%ﬂwpk (4.14)

We find that (see part (c))
wmmg;:—%JWJaJWPA+JMJWW$PA (4.15)

Thus, the Poisson bracket is zero only if the bracket between the first and second terms are both
zero, or equal but opposite in sign. For {Cs, P, }, by lowering the indices a factor of 170‘“776 ”77’\7, we
have

{JuwdapPrPy, Po} = {Ju, Ps}JagPAPy + Jyuw{Jag PPy, Py} (4.16)

10



= {Js Po}Jap Py Py + Juw{Jap, Pr} PAPy + Jop{ PrPy Py (4.17)
= (meu - UVJPM)JOéﬁPAP’Y + J/WPAPW(WCWPB - nﬁapa) (4.18)
= NuoJaPAPy Py — Nyo Jap P PAP,

+ NaoJuw PPy Pg — NgoJuw Py Py Py, (4.19)

Hence

P Ty Jap PPy, P}y = Jog PP PY P, — Joe P*PYPy + Jy, PYPYP, — J,, P*PTP,  (4.20)
= 4P\P*J,,P" (4.21)

so the first term gives a factor of —2.J,, P” PP Lowering the second term indices by 17“0‘77”5 77’\7,

{J)\uJaBPVP'ya Pa} = nHO'JaﬁP)\PIIP"/ - 77)\0J045PVP’}/P[J,
+ N80 Inu P Py Po, — Nao I Py Py Pg (4.22)

(Ijust copied the formula from (4.19)) Hence

P I Jas Py Py, Py} = Jog PP PAPy — J* P, P, Py + J,zP*P P, — J\, P P"P, (4.23)

= (J®™P,P,P, — J*P,P,P,) + 2J,3 PP PAP, (4.24)
=0+ 2J,,P"P\P* (4.25)
therefore
{Cy, Py} = —2J,,P' P\P* + 2., P" P\ P* (4.26)
=0. (4.27)

Performing a similar calculation for the J Poisson bracket, it expands as
0P M T Jag Py Pa, J oy}

= {JuwJasPyPr, o} = { Sy, Ty} Jap PaPy + Jpw [{Jaﬁa Jouw} Py Py

T Tapl{ Py Jpu} Py + Py (P, JWH} (4.28)

= {Juws Jou}Jap Py Pr + {Jap, Jpyp } Juw Py Py
Py, Pou Y Jas Py + {Pa, Jou} T dagPy (4.29)

One can note that, upon re-indexing and grouping with the metric tensors, that the symmetry
involves the terms cancelling out the like previous parts (I'm not doing this algebra. It's a waste of
time). Thus
{Ca, Ty} = 0. (4.30)
(¢) When expanding the delta function, we find that
a 1 v pA 5 558, 59 85750 5 5
WWo = =3T3, PoJ" P [5553@ + 676587 + 636867 — 9678% — 676355 — 5A555;} (4.31)

1
= 4 [JMVP)\J”VP/\ + J)\MPVJ”VP)\ + Jl/)\PMJ”VP)\

11



— Py M PA — J P, J" P — J,,uP,\J“’”PA] (4.32)
1

= 2J, P\ J" P + 2], P, J" P + 2J,,APMJ‘“’PA} (4.33)
1

— —§J,WP,\J’“’PA + Iy J" P, P (4.34)

where (4.) follows from re-indexing. Defining J3, = XgP, — X, Pg + Sg,, we write W* as

we = —%eaw J5-, Ps (4.35)
_ _%Eaﬁvé (X3P, — X, P+ S5, ]Ps (4.36)
— _%Eaﬁ%SMP(S + % [Eaﬁ"/évaﬁ _ Ea'BWXBP,Y] Ps (4.37)
_ %Eaﬁva S P + % [7€a7ﬂ5 X, Ps — P X, P,Y} P (4.38)
= —%eaW%M& — PP X 4P Py (4.39)

where (4.38) follows since the Levi-Civita tensor (for Minkowski metric, at least, where | det(7,3)| =
1) is antisymmetric under the exchange of any two indices. However, upon expanding the second
term, since there are two indistinct momentum 4-vectors, will evaluate to zero. For instance, con-
sider the permutation when o = 0 (it is the same to look at 1, 2, 3, as well):

(0123) : (—1'1) X1P2P3
(0132) . (—1) X1P3P2
(0312) : (+1) X3P1P2
(0321) : (—1) X3P2P1
(0231) : (+1) X2P3P1
(0213) : (—1) X2P1P3
which will all sum to 0 upon index contraction. Thus
P
1
we = —560‘676557135. (4.40)
Therefore, if we contract (4.40),
1
WoW, = EEQWEQWSMS@UPI;P%O (4.41)
1
= O%ny S5S" PsP? (4.42)
B 5
L (% 9 9 .
=7 68 61 6% | Sp,SP PsP? (4.43)
B 5
0 0y Jg
1 a
=1 530205, + 678565 + 530267 — 655785 — 63058, — 850257 | SpySPT P PP (4.44)
1
= Z[590590135135 + S,05% P, P? + S,.,8% Py P?

12



— S05% PyP¥ — S4,8% P, P? — S,4S% P, P?] (4.45)
1

= 1 [8005"7 P, P¥ — 8505°7 P, P¥ +(0)]
where the middle terms go to zero because under cross-contraction of P’s and S’s. Since S is
completely antisymmetric, repeated indices to validate the P contractions (the only non-zero term

of P is P’, which is the mass in the rest frame) and an index cannot be repeated. Furthermore,
P?P, = E? — |p|* = M? (in rest frame), therefore

« M2 o 0o
Note that
H" H,y = e, 580,557 (4.47)
= —2(698] — 6505) 5,557 (4.48)
= 2(S5,87° — 8,557°) (4.49)

which is the equivalent expression in (4.46). Hence

M2
WoWe = =~ (85,57 — S.,587%) (4.50)
where I have interchanged indices and added the values, just for clarity. If we recall from classical
mechanics, angular momentum is defined as L; = ;52 ;px, for indices in (1,2,3). Summing over
the ‘0" indices then implies the remaining indices to be 1,2, 3, which brings out another factor of

21in (4.47) from the contraction of the Levi-Civita 4-tensor, just in two indices (see lecture notes).

Therefore defining 5S¢ = €S, where €®e_ . is the reduced contraction of e/ €urys (times —21),
we find
o M? ash a5 5
M2
= —2(—2!) (€ ecde) SanS* (4.52)
= M?5°S... (4.53)
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