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Problem 1

A black hole is an object in space for which the curvature of the surrounding spacetime is so great
that light cannot exit (which is why it is called ‘black’, since all light is absorbed). The spacetime
curvature is established by the sheer mass of the object, squished into a tiny volume.

Einstein’s theory of general relativity explains that the curvature of the surrounding spacetime
dictates how much lengths are contracted and time is dilated compared to that of an object in
free-fall, which is called following a geodesic. For an object in free-fall (following a geodesic), time
is maximized, hence every accelerated object not on a geodesic experiences time dilated (length-
ened). In the context of a black hole, we observe that light-like geodesics (light paths, travelling at
¢ = 2.99 x 10® m/s) cannot overcome the energy required to escape the gravitational well created
by the mass, so we only see objects falling in to the black hole and not coming out, except for a
small amount of radiation called Hawking radiation.

Black holes form in nature by the collapse of heavy stars. This occurs when the inner pressure
of the star, established by nuclear fusion, at the end of it’s lifetime cannot withstand the outward
pressure created by gravity, causing the star to collapse in on itself. A stellar mass black hole forms
by the collapse of individual stars, around 100 - 900 Mg, where My is a solar mass (the mass of
our sun, Mg ~ 1.989 x 1030 kg). Supermassive black holes are formed the same way, but with
much larger or multiple stars. These are approximately millions or billions of solar masses, and
are usually located at the center of galaxies. Primordial black holes are black holes which formed
at the big bang, and are smaller than the other types of black holes.

The idea of a black hole was first concieved by Schwarzchild, who considered a
time-independent, spherically symmetric spacetime with no objects (a vacuum). The curvature
of the surrounding spacetime was found to have a critical radius r; where the equations would
diverge to oo, and this is called the Schwarzchild radius or the event horizon. The Schwarzchild radius
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where M is the mass of the object, c is the speed of light, and Gy = 6.67 x 107 Nm2/l<g2 is
Newton’s constant. If any mass occupies a radius less than 7, it is a black hole. The temporal term
is of the spacetime proportional to
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which means that, as one approaches the event horizon from a point 79 > r,, time becomes in-
finitely long and essentially ‘stops”. It is for this exact reason that any object which falls into a black
hole we observe it stop just as it reaches the event horizon. This is also because the last possible
emission of light from that object will be just before it passes the event horizon. The radial term of
the spacetime, since black holes are spherically symmetric, is similarly

(1 - Ti)_l (1.3)
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which means that radial lengths are infinitely contracted as one approaches the event horizon,
stretching you. There is also a diverging of the equations as r goes to 0, which is called the singu-
larity. Any object which falls past the event horizon goes directly to the singularity, a small point
of infinite density. It is at the singularity where the laws of physics break down and any object past
the event horizon is crushed. As density increases at the singularity, the event horizon becomes
larger and the black hole grows. It is assumed that the mass M of a black hole is positive, else the
spacetime equations become too complicated to interpret.

There is an extended theoretical solution to the Einstein vacuum equations in which spacetime
‘edges’ are forbidden (a continuous manifold). This means that, for every black hole, there must
also exist a white hole for the continuation of the spacetime past the singularity of a Schwarzchild
black hole. These points are called Einstein-Rosen bridges or wormholes and connect two different
points in spacetime. With the ideas presented, one may theorically move forward in time and
access all parts of space through interlaced connections of wormholes, entering black holes at one
point and exiting at another. At each singularity, it is suggested the traveller may access other
realities. However, there is yet evidence to be found of ER bridges.



Problem 2

(a) Consider the Einstein field equations,
1
R, — §R9/W +Agu = —8TGNT . (2.1)

Taking the trace of (2.1) with respect to g"* (raising the index, then contracting to find the scalars),
we note that

"R, =R (2.2)
gwjg;w =4
¢ =T (2.4)
hence
1
g'uVR;w - iRnggp,y + Agw/guu = _87TGNngT;w (2-5)
—> R—2R+4A = —87GNT (2.6)
Solving for R, we find
R =4A + 87GNT. (2.7)
Re-substituting (2.7) back into (2.1), we find the alternate form of the Einstein equations:
1
R, = —81GNTw + 5 [4A + 87GNT) g — Mg (2.8)
= —81GNT +4AnGNT g + (2N — A9 (2.9)
1
= —-8mGyN [TW - 2Tg,u”,} + Agu (2.10)
as desired.
(b) In this problem, I will be referencing equations from notes in square brackets |...]. We begin

with equation(s) [14.15] from the notes, since the metric is the same and we have not imposed any
constraints from the field equations yet:

R = 0 |- (3F0) = (0,00 + (0,)0P) - 2(0,0)

+{~(028) ~ (98)* + (1) (&15)} [14.15]
Riy = {—i(atm} [14.15b)
oy = | (0R0) + (0,02 - 0,0)(0,5) ~ 2(0r0)]

+ e {—(078) - (98)° + (210) (015) } [14.15¢]
Rgp = — [ (1(0,8) — (0,0) = 1) + 1] [14.15d]
Ry, = sin” O Rgy. [14.15¢]

Since the metric is symmetric, [14.15b] is zero, and we again arrive at our conclusion [14.16] that
B = p(r). By [14.17] through [14.24] (the procedure is identical, and we have not imposed any
constraints from A yet), we also find

B(r)=C —alr) [14.25]



The difference is imposing the 6 equation [14.15d |, which is now nonzero:

Rgg = Agop = —Ar? (2.11)
— A= [ez(a—@ (—2r(dya) — 1) + 1 (2.12)
— Ar?—1= -9, {7”62(0‘76)} (2.13)
which, by a simple integration, implies
1

re?® = — §Ar3 +D (2.14)
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where I absorbed e~ into the time coordinate by a transformation (as per the notes...). Imposing
the physical constraint (as r — oo, gi+ goes like 1 —2Gy M /r (¢ = 1) in the Newtonian limit, where
A =0asin [14.30]),

1 2GNM
2a 2 N
=1—-Ar‘— 2.16
e gAr " (2.16)
By [14.13], the metric is therefore
1 2 -
ds? = (1— -Ar2—“E) a2 - (1- 1Ar2 2 dr® — r2dQ3. (2.17)
3 r 3 r
where 1 = Gy M.
(c) Let
1, 5 2p
f(r)y=1- gAr - — (2.18)
r

for simplicity. Using (2.17) and our SymPy code, the following non-zero Christoffels were found:

—p+ Ar3/3

It =Tt = :
= = e TR (2.19)
1 =2u/r* +2Ar/3 (2.20)
2 2u/r+Ar2/3 -1 ‘
1f'(r)
— 2.21
2 70) 221
, 1 2A73 Ar3
Iy, = 5,3 [2M -3 ] [2u +r <3 - 1)} (2.22)
1
= —§f’(r)f(7“) (2.23)
F:r - _Fir - _Fit (224)
r 3
%, = 2u + % —r (2.25)
1
= —f(r) (2.26)
IV, =sin® 0T (2.27)
1
Fg@ = Fzr = ng@ = Fir =~ (228)
T



0 .
I';, = —sinfcosf (2.29)
Iy, =T, =cotd (2.30)

where I have introduced f(r) and f’(r) where necessary. Using the temporal and azimuthal geodesic

equations (we want to find the effective potential, which implies finding the energy and angular
momentum J),

0=7F+ L;,((:)) it (2.31)
0=¢+ %w + 2 cot B0 (2.32)

the first integral of (2.32) is the angular momentum
J =r%sin?0¢ (2.33)

and (2.31) can be integrated to find the energy

0= f(r)t+ f'(r)rt (2.34)
d .
=0 [f(r)é] (2.35)
= E=f(r)t (2.36)

where (2.35) follows from the chain rule. Lastly, we invoke the tangent norm condition for this
metric (2.17)

e = F)i = [F() 7% — 1 (6% + sin 052) (2.37)
which becomes, with the help of our conserved quantities (2.33) and (2.36),

J2

€= PO B = [F] 7R = -

(2.38)

By rotational symmetry, we can chose equitorial motion for § = g, sof = 0and sinf = 1. The

1 1
kinetic energy component is 57'“2, and the total energy is §E2, which implies the potential is

1 1. 1 J?
ZE?Z _Zp2-C — 2.
5 5 2f(r) [e—i—rz] (2.39)
= V5™ (r) (2.40)
Expanding f(r), we find
1 1 241 J?
cosmo _ - _ A2 27 -z
Vg o (r) = 5 [1 3AT . } [e—i- 1”2] (2.41)
B 1 2# J2 A?“2 J2
_2<1_T>(6+T2>_6<6+T2> (2'42)
A
= V;Sﬁ?hw(’l”) — E (67‘2 + J2) (243)

as desired. We note the affects of the addition of A to the potential as in (2.43). Generally, A is very
small (O(107°?)), which means that it is only important on a universal scale, and negligible on a
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solar system scale. For particles (massless or not) with high angular momentum, the addition of

A
the —— (er? 4 J?) just reduces the overall magnitude of the potential. Otherwise, for various values

of M and J, orbits (stable or unstable) may still form. For (very) large r or J, the cosmological
term will have a greater affect, hence this term is generally only important for large-scale systems.
In particular, is has a greater large-scale affect for massive particles, since we include the 7* term.
Otherwise, only massless particle angular momentum is important. The negative sign implies the
A term produces a repulsion from the attracting mass, more prevalent at large scales / high angular
momentum values.

(d) In the Newtonian limit, g = —V,V (), to O(r~?) (any terms smaller we will neglect). The
derivative of (2.43) is

d e ew JE opJ? A, 2
g—‘dr[z‘ﬁw‘rsw(er”) (244)
en J? pJ? A
_ e 7 _ A 2.4
[rQ R 3(6T) (2.45)
- po Ar -3

Since we are assuming a massive particle, ¢ = 1. We can lastly re-dimensionalize by multiplying
everything by ¢? and re-substituting . = Gy M:

M A
g:<_GN L6 7”) (2.47)

r2 3

which is the weak-field (r > 1) Newtonian limit gravitational acceleration. As mentioned in part
(c), the addition of the A term is only crucial for large scale systems, since in reality it is so small.
In a solar system context, this term is not very important. But for » >> 1, such as a galaxy-galaxy
system, on a universal scale, is more important.



Problem 3

(a) Let
ds? = L? [dt2 — cosh? ¢ (d@2 + sin? 9dg02)] (3.1)

be a 3-dimensional de Sitter metric. The geodesic equations are derived from
i+ T it =0 (3.2)

where & = % along the affine parameter. Using [problem set 2, 3b] and our SymPy code, the

only nonzero Christoffels are

',y = coshtsinht Ffpw = coshtsinhtsin? @ (3.3)
Y% =TY, = tanht FZ@ = —sinfcosf
Iy, =T7, = tanht Iy, =T7,=cotd

from which the geodesic equations are (by (3.2)),

 +sinhtcosht [0% 4 sin? 0% =0 (3.6)
0 + 2tanhtif — 2sinf cosf 2 = 0 (3.7)
¢+ 2tanhtip 4+ 2cot 6 0p = 0 (3.8)

Note that each term in (3.8) contains derivatives in ¢, which implies the existence of a conserved
quantity. We have

0=¢p+2¢ [tanhti + cot 6 9] (3.9)
=¢+ 2(@% [log(cosht) + log(sin §)] (3.10)
= ¢+ (’b% [log(cosh? ¢ sin” §)] (3.11)
= ¢ + ¢ [cosh? t sin® 0] - % [cosh? ¢ sin” ] (3.12)
= ((cosh? tsin? 0) + gb% [Cosh2 tsin’ 0] (3.13)
= % [ cosh? ¢ sin” )] (3.14)
hence
J = pcosh? tsin’ 6 (3.15)
is constant (conserved quantity). Lastly, returning to (3.7), we note that if § = g (equitorial

motion) is constant, then 0 =6 = 0and cos g = 0, which solves the equation in 6 for all .

(b) A massless particle following a lightlike geodesic has the tangent vector norm condition
G’ = 0. (3.16)

For an arbitrary 6 = g (we can choose this by the rotational symmetry of the metric), this condition

expands to
0 = L** — cosh? t? (3.17)



where we have invoked 6 = 0 and sin g = 1. We re-arrange this, and invoke (3.15) to write

L*i? = cosh? tp? (3.18)
) J?
L% = 3.19
cosh?t ( )
dt J
= TTcosht (3.20)

where we have taken the ‘+’ from the square root since time propagates forwards from A = 0.
Seperating variables and integrating,

dtcosht = d)\% (3.21)
= sinht = %)\ +C (3.22)
= t(\) = arcsinh [i)\ + C] (3.23)

where (' is a constant imposed by the initial condition of time. Since we can always perform a
translation in ¢, we can choose C' to be zero, so the origin of time corresponds to A = 0. Note that
we deal with the inverse hyperbolic functions via

cosh? z —sinh?z =1 = | for x = arcsinh(y),
cosh?(arcsinh(y)) — y*> = 1 = cosh(arcsinh(y)) = v/1 + y2 (3.24)

Imposing the function for ¢(\) (3.23) on our condition for .J (3.15) to solve for ¢ (),

dy J
—_ = 3.25
dX  cosh?(t(\) (3.25)
J
- 2
EES ey (3:26)
J
= d\— . 2
= dy d)\l—i—J?/\?/L? (3.27)
. d . o J . ,
Using T arctanzx = T2 and making the substitution © = f)\’ we can integrate to find
J
©(\) = Larctan (L)\> + D, (3.28)

where D is another constant of integration, determining the initial condition on ¢()), which we
may also just take to be zero since it is arbitrary. We plot ¢ (t) by noting ¢(\) = ¢((L/J) sint(X)):
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This occurs because time runs on a hyperbolic scale. If one were to plot the cartesian projections
from the polar coordinates, (cos¢(t())),sinp(t()))), one would find that the solution converges
to a single point as ¢ — oo. This is due to the hyperbolic nature of three-dimensional de Sitter
spacetime.



Problem 4

(a) Let
€ = guiti’ (4.1)

d
be the tangent vector norm condition, where & = %, A being the affine parameter. We can derive
the geodesic equations from (4.1) by showing that ¢ is a conserved quantity along the path.

d AN TSR
0= -5 (g (27)2"2"] (4.2)
dguw(z?) ., . iy e
= ) 3 4 g ()5 g0 (43)
09w e
= DI040 g (a7 g (4.4

Since g,,,(z7) is symmetric, then the last two terms are identical under exchange of indices. Hence
0 = Oy gpud” iti” + 29,3 . (4.5)

In a similar fashion, since the first term contracts all indices, and g,,,, is symmetric, we can add and
subtract a derivative term,

0= [(%gﬂy + Ougor — &,gug] oty + 2ng:Vié“ (4.6)
which is equivalent to the downstairs, covariant Christoffel symbol
QFV,MU = 8Uguu + augm/ - 8l/gua (47)

We raise the index by multiplying through an upstairs ¢”" metric:

0= 2¢""T, oa"i"3" + 2g"" g, @" (4.8)
= 20 a7 aka” + 2002 i (4.9)
= 23" [, i7" 4 i) (4.10)

After dividing both sides by 24", we arrive at the geodesic equation (I will explicitly write the
derivatives here)
d?z"~ . dxt dx?
A TRy dx
and therefore (4.1) is a conserved quantity, a first integral of the geodesic equation.

=0 (4.11)

(b) We consider purely radial motion for a massive object to fall into the Schwarzchild field. The
geodesic equations are

t+—"—1tr=0 (4.12)
r(r—rs)

L Ts(r=Ts) o s .o 32 2 02]

T+ 5,3 = — 2T(T_Ts)r —(r—rs) [9 + sin” 6 } =0 (4.13)

. 9.

0 + =0 — sinf cos fp? = 0 (4.14)
T
9 )

@+ —pr+2cotbp =0 (4.15)
T
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dz
where & = i along the affine parameter. Furthermore, we consider the conservation of the

geodesic four-velocity squared magnitude,

e = (1 - %) 2 (1 _ %) iz, [«9’2 + sin? «9@2] (4.16)
where € = 0 for massless particles and € = 1 for massive particles. The initial conditions of the
problem impose € = 1 for a massive buoy, and ry > r,. Purely radial motion further implies that,
by the rotational symmetry of the Schwarzchild field, ¢ = § = 0. For a buoy released from rest,
7(A = 0) = 0 as well, if we let r(A = 0) = o at some time t(A = 0) = ty. Since we may always
perform a translation in time to the event when the buoy is released, we can just pick tg = 0. Then
the geodesic equations and norm condition reduce to (we will only need the temporal equation
and the norm constraint, not the radial geodesic equation)

T's

t+ ——ir=0 4.17
* r(r—rs) " (4.17)
, -1
(1 - E) 2 (1 . E) P2 =1 (4.18)
T T
The temporal equation implies that energy is conserved with a first integral,
E=p = (1 — E) t = constant (4.19)
T
hence the norm condition becomes
-1
1= (1-2) (B2 -7 (4.20)
T
which implies
P2 = E2 (1 - Ti) . (4.21)
T

Using this, and noting that at (A = 0) = 0 and the potential is (1 - T—S), then we can invoke the
T
total energy as a constraint:

E?=1-"2, (4.22)
0

Let the time ¢ be a function of , so we can use r as a parametrization from the moment the buoy
was released at 7 to find the total amount of time elapsed at a radius r. By the chain rule,

E= (1 - %) %7‘" (4.23)
(-2 (-] =

so, by some simple re-arranging,

dt = dr B (1 - %*)_1 [EZ - (1 - %)} e (4.25)
which implies
bt [ ar (1 . %)71 [E2 - (1 - %)} e (4.26)



Yet, we can still simplify this expression. Using the constraint on £ in terms of , and taking to = 0,

this simplifies to
—1
T o T T T
1= g (1—i)1/i—i 4.97
70 /T " { r! oy ( )

is the amount of time the buoy will take to fall into the black hole (the ‘time” here is referring to
us, on the spaceship - since the proper time for the buoy will remain linear as it's maximized along
the geodesic, according to the choice of affine parameter A = at + ¢). One key observation is that
the integral diverges as r — 7, (just plot it in Desmos). Thus, from the perspective of the stewards
on the ship, we observe the buoy make it’s way into the black hole until we do not see it moving
anymore: time has ‘stopped’ for it once it reaches the event horizon. The buoy may physically pass
through the event horizon to the other side, however since no information will leave the black hole,
we will see the last stationary position of the buoy prior to crossing 7.
The proper time 7 of the buoy should be finite as it goes to the singularity. The interval is

AT =17—1) = / ds (4.28)
S

where ds is the line element formed by the metric

1/2

ds= (1= ") ae - (1-7) (4.20)

@ -0-n =

and S is the path from 7 to » = 0. Using the fundamental theorem of calculus on (4.27), taking
the derivative with respect to r, we find

%:— 1—:;[(1—“) s _ sl (4.31)

= (@) -0

hence, from (4.30), we have the line element

ds = - T's rs\“1[rs Ts ! e\ 1 12
s = (1_7“0) (1-%) (r—m> -(1-=) dr (4.33)

e B T (430
L\ rs(ro — ) r
[r2(rg — rs) — rrs(ro — 1) 1/2

— 4.

rs(ro —r)(r —rs) ] dr (4.35)

[ ror 1/2
| 7570 — TsT
(ry 7 —1/2

=|=-= dr (4.37)
L T To
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Hence, using (4.28), and integrating from r inwards to the singularity » = 0, we have

0 -1/2
T :/ dr [’rs — ’rs} (4.38)
)

r o

which is the total proper time for the buoy to reach the singularity (I have taken 79 = 0 to coincide
with the release of the buoy at ¢ = 0). If one were to plot (4.38) as a function of r (the upper
integral bound is r instead of zero), one would observe a convergence over the event horizon ;.
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