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Problem 1
Consider the Dirac equation, given (in natural units) by

(i~/∂ −mc)ψ = 0 (1.1)

for a Dirac bispinor ψ, and /∂ ≡ γµ∂µ (Einstein summation convention is implied on repeated
indices). Observe that by operating on (1.1) with the operator i/∂, we can observe that, under
spinor component contraction, the components of ψ obey the Klein-Gordon equation

(−~2�−m2c2)ψ = 0 (1.2)

where � ≡ ∂µ∂µ with Minkowski metric gµν with signature (+ − −−). We have that

0 = iγν∂ν(i~γµ∂µ −mc)ψ (1.3)

= −~γνγµ∂ν∂µψ − imcγν∂νψ. (1.4)

First, note that by the properties of the γ matrices, that the first term under the µ, ν contractions
reduces to the box operator in (1.2):

γνγµ∂µ∂ν = (γ0)2∂20 + (γ1)2∂21 + (γ2)2∂22 + (γ3)2∂23

+ (γ0γ1 + γ1γ0)∂0∂1 + (γ0γ2 + γ2γ0)∂0∂2 + . . . (1.5)

where we now require all of the anti-commutation µ 6= ν terms to be zero, and (γ0)2 = 1, (γi)2 =
−1, hence reinforcing the Dirac algebra {γµ, γν} = 2gµν . Under this algebra, we have

γνγµ∂µ∂ν = gµν∂µ∂ν (1.6)

= �.

Secondly, observe that the Dirac equation can be substituted into the second term in (1.4), hence

imc/∂ψ = imc
(mc
i~
ψ
)

(1.7)

=
m2c2

~
ψ. (1.8)

Putting (1.6) and (1.8) back into (1.4), we regain the Klein-Gordon equation acting on the indi-
vidual components of the bispinor:

0 = −~�ψ − m2c2

~
ψ (1.9)

=⇒ (−~2�−m2c2)ψ = 0 (1.10)

as desired.
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Problem 2
For this problem, we invoke the Dirac algebra to prove some useful identities of γ matrices. The

gamma matrices obey the Dirac algebra under the anticommutation {γµ, γν} = 2gµν .

(a) Before proceeding, note that any contraction of two gamma matrices yields 4:

γµγµ = gµνγ
µγν (2.1)

= (1)(γ0)2 + (−1)(γ1)2 + (−1)(γ2)2 + (−1)(γ3)2 (2.2)

= (1)(1) + 3(−1)(−1) = 4 (2.3)

since β2 ≡ (γ0)2 = 1, (γi)2 = −1, and any component µ 6= ν is zero by the metric tensor. We have
that, for any four vector aµ,

γµ/aγµ = γµγνaνγµ (2.4)

= (2gµν − γνγµ)aνγµ (2.5)

= 2gµνaνγµ − γνaνγµγµ (2.6)

= 2/a− 4/a (2.7)

= −2/a (2.8)

since aν is just number (a component of a four-vector), and the second term in (2.7) follows from
(2.3).

(b) For two four vectors aµ and bµ, we may also perform a similar contraction and anticommute
the gamma matrices through twice:

γµ/a/bγµ = γµγλaλγ
νbνγµ (2.9)

= (2gµλ − γλγµ)aλγ
νbνγµ (2.10)

= 2gµλaλγ
νbνγµ − γλaλ(2gµν − γνγµ)bνγµ (2.11)

= 2γλaλγ
νbν − 2γλaλγ

νbν + γλaλγ
νbνγ

µγµ (2.12)

= 2/a/b − 2/a/b + 4/a/b (2.13)

= 4/a/b. (2.14)

Lastly, as in what was derived in (1.5), but now for two arbitrary four vectors aµ and bµ, the product
of their Dirac contractions reduces to their dot product:

γµaµγ
νbν = (γ0)2a0b0 + (γ1)2a1b1 + (γ2)2a2b2 + (γ3)2a3b3

+ (γ0γ1 + γ1γ0)a0b1 + (γ0γ2 + γ2γ0)a0b2 + . . . (2.15)

which then reduces to gµνaµbν , following the Dirac alegbra (any anticommutation goes to zero,
and β2 = 1, (γi)2 = −1). This implies that (2.14) becomes

γµ/a/bγµ = 4a · b (2.16)

which is what I wanted to show.

(c) Define the ”fifth gamma matrix” by the pseudoscalar product γ5 ≡ iγ0γ1γ2γ3. I will show
that (γ5)2 = 1 following the Dirac alegbra. Since for any µ 6= ν, the gamma matrices anticommute
{γµ, γν} = 0, we have that

(γ5)2 = i2βγ1γ2γ3βγ1γ2γ3 (2.17)
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requires an even number of commutations to group the matrices together. Allow me to show this
explicitly:

(γ5)2 = −(−1)3β2γ1γ2γ3γ1γ2γ3 (2.18)

= −(−1)3(1)(−1)2(γ1)2γ2γ3γ2γ3 (2.19)

= −(−1)3(−1)2(−1)(−1)(γ2)2(γ3)2 (2.20)

= −(−1)3(−1)2(−1)2(−1)2

= −(−1)9

= +1 (2.21)

since any interchange of two gamma matrices yields a factor of (-1).

(d) We may also use the similar anticommutation algebra as in (c) to show that {γ5, γµ} = 0. We
have that

γ5γµ = iβγ1γ2γ3γµ (2.22)

where µ = 0, . . . , 3. If µ = 0, then we must anticommute β through γ3, γ2, γ1 to yield a factor of
(−1)3. Similarly if µ = 1, γ1 anticommutes through γ3, γ2 and β to yield another factor of (−1)3 to
anticommute the matrix all the way to the other side. This is equivalent for µ = 2, 3 as well, hence
always yielding a factor of (−1)3, thus

γ5γµ = (−1)3γµγ5 = −γµγ5 (2.23)

which implies that {γ5γµ} = 0.

(e)Consider now two Dirac four-component bispinors ψ, andϕ. We define the Dirac adjoint as the
Hermitian spinor contracted with the β gamma matrix: ψ ≡ ψ†β. Let j = ψγµϕ be the contraction
of two spinors in product with a gamma matrix (note that j is a 1× 1 matrix). Let us calculate the
Hermitian conjugate of j, j†.

First observe the Hermitian conjugate of any γ matrix is simply the contraction with the metric
tensor (lowered index): (γµ)† = γµ. Explicitly,

β =

(
1 0
0 −1

)
=⇒ β† = β (2.24)

γi =

(
0 αi
−αi 0

)
=⇒ (γi)† = −γi (2.25)

since the Pauli matrices are Hermitian, and each matrix entry is 2 × 2 (making 4 × 4 matrices),
hence (γµ)† = gµνγ

ν . Furthermore, notice that

(γµ)† = βγiβ (2.26)

=

(
1 0
0 −1

)(
0 αi
−αi 0

)(
1 0
0 −1

)
(2.27)

=

(
1 0
0 −1

)(
0 −αi
−αi 0

)
(2.28)

=

(
0 −αi
αi 0

)
= −γµ (2.29)
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which allows us to write the Hermitian conjugate of the gamma matrices in the condensed form
(γµ)† = βγµβ. All of this implies

j† = (ψγµϕ)† (2.30)

= ϕ†(γµ)†β†(ψ†)† (2.31)

= ϕ†βγµββψ (2.32)

= ϕγµψ (2.32)

since β2 = 1.
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Problem 3
In this problem we consider the explicit p 6= 0 plane wave constant four-component bispinor

solutions to the Dirac equation ψ = au(r)p eip·x (for particles, and v(s)p for antiparticles). I will show
that the relativistic mass-shell relation E2 = m2c4 + p2c2 is recovered from the momentum space
dirac equation (/p−mc)u(1)p = 0 when u(1)p (or in general, if any of the spinors) are substituted into
the equation. In matrix form, we have that

u(1)p =


1
0
cp3

E +mc2
c(p1 + ip2)

E +mc2

 (3.1)

and the four-momentum gamma matrix contraction is

/p = γµpµ = β
E

c
− γipi (3.2)

=


E/c 0 0 0

0 E/c 0 0
0 0 −E/c 0
0 0 0 −E/c

−


0 0 0 p1
0 0 p1 0
0 −p1 0 0
−p1 0 0 0



−


0 0 0 −ip2
0 0 ip2 0
0 ip2 0 0
−ip2 0 0 0

−


0 0 p3 0
0 0 0 −p3
−p3 0 0 0

0 p3 0 0

 (3.3)

=


E/c 0 −p3 −p1 + ip2

0 E/c −p1 − ip2 p3
p3 p1 − ip2 −E/c 0

p1 + ip2 0− p3 0 −E/c

 (3.4)

When subtracted by 1mc, we have the explicit form of the Dirac equation in momentum space
(where 1 is just the 4× 4 identity matrix):

/p−mc =


E/c−mc 0 −p3 −p1 + ip2

0 E/c−mc −p1 − ip2 p3
p3 p1 − ip2 −E/c−mc 0

p1 + ip2 0− p3 0 −E/c−mc

 (3.5)

Matrix multiplication by (3.1) yields

(/p−mc)u(1)p =


E/c−mc 0 −p3 −p1 + ip2

0 E/c−mc −p1 − ip2 p3
p3 p1 − ip2 −E/c−mc 0

p1 + ip2 0− p3 0 −E/c−mc




1
0
cp3

E +mc2
c(p1 + ip2)

E +mc2

 (3.6)
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=


E/c−mc

0
p3

p1 + ip2

+



−cp23
E +mc2

cp3(−p1 − ip2)
E +mc2

cp3(−E/c−mc)
E +mc2

0


+



c(p1 + ip2)(−p1 + ip2)

E +mc2
cp3(p1 + ip2)

E +mc2
0

c(p1 + ip2)(−E/c−mc)
E +mc2


(3.7)

=



E/c−mc− cp23
E +mc2

+
c(p1 + ip2)(−p1 + ip2)

E +mc2
cp3(−p1 − ip2)
E +mc2

+
cp3(p1 + ip2)

E +mc2

p3 +
cp3(−E/c−mc)

E +mc2

p1 + ip2 +
c(p1 + ip2)(−E/c−mc)

E +mc2


. (3.8)

We can now consider each of the four rows individually. The second row immediately vanishes,
as

−cp3(p1 + ip2)

E +mc2
+
cp3(p1 + ip2)

E +mc2
= 0. (3.9)

Similarly, the third row gives zero when the fraction is simplified:

p3 +
cp3(−E/c−mc)

E +mc2
= p3 − p3

E +mc2

E +mc2
(3.10)

= p3 − p3 = 0. (3.11)

The fourth row also gives zero following the exact same calculation as in (3.11). The first row,
however, can be expanded and simplified:

E

c
−mc− cp23

E +m2
− c(p1 + ip2)(p1 − ip2)

E +mc2
=
E

c
−mc− c(p21 + p22 + p23)

E +mc2
(3.12)

= (E −mc2)(E +mc2)− c2|p|2 (3.13)

= E2 −m2c4 − c2p2 (3.14)

which must be set to zero, hence regaining the mass-shell energy relation

0 = E2 −m2c4 − c2p2 =⇒ E2 = m2c4 + p2c2 (3.15)

as desired. The exact same calculation can be taken out for (/p − mc)u(2)p = 0 as well as for the
antifermion spinors (/p+mc)v(s)p = 0.
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Problem 4
In this problem, we consider electron-muon scattering e−µ− → e−µ− with the modification

that the photon propagator is now a massive spin-0 force carrier. At each vertex, we now include
a factor of ige1 where 1 is the four-by-four unit matrix, and ge is the electromagnetic coupling
constant. Since the photon is no longer a massless polarizable force carrier, the propagator goes
into −i

q2 −m2
γc

2
.

(a) To determine the Feynman amplitude for the O(g2e) matrix element, we must consider the
diagrammatic perturbation of the scattering at tree level. There is only one contributing diagram,
since the electron and muon are distinguishable particles:

e−(r)

µ−(s)

e−(r′)

µ−(s′)

p1 p3

qγ

p2 p4

where I have denoted the spins of the particles (r, s) before and (r′, s′) after. According to the
Fynman rules, we work backwards from each fermion line, including each encountered vertex
factor:

u(r
′)

p3 (ige1)u(r)p1 [electron] (4.1)

u(s
′)

p4 (ige1)u(s)p2 [muon] (4.2)

We also have two delta functions at each vertex, and we integrate over all internal momenta. (4.1),
(4.2) in product then allows us to calculate the amplitude:

iAfi =

∫
d4q

(2π)4
−i

q2 −m2
γc

2

[
u(r

′)
p3 (ige1)u(r)p1 u

(s′)
p4 (ige1)u(s)p2

]
× (2π)4δ(4)(p2 + q − p4)(2π)4δ(4)(p1 − q − p3) (4.3)

Taking out the integral and bringing all constants outside of the integrand, also observing that for
any two spinors u(r)p and usk, u(r)p 1usk = u(r)p usk (the identity matrix does not act on the spinors at
all, and the Dirac adjoints reduce to a single number), we have that

iAfi =
ig2e

(p4 − p2)2 −m2
γc

2

[
u(r

′)
p3 u

(r)
p1 u

(s′)
p4 u

(s)
p2

]
(4.4)

where I have also cancelled the second delta function δ(4)(p1 + p2− p3− p4) by energy-momentum
conservation. Cancelling the second i (for brevity), we obtain the Feynman amplitude at O(g2e),

Afi =
g2e

(p4 − p2)2 −m2
γc

2

[
u(r

′)
p3 u

(r)
p1 u

(s′)
p4 u

(s)
p2

]
. (4.5)
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(b) We now take the spin-average square of the Feynman amplitude |Afi|2. First, we write the
amplitude in terms of seperate spinor contractions for both the electron and muon:

Afi =
g2e

(p4 − p2)2 −m2
γc

2

[
u(r

′)
p3 u

(r)
p1

] [
u(s

′)
p4 u

(s)
p2

]
. (4.6)

Taking the complex square then yields

|Afi|2 =
g4e

[(p4 − p2)2 −m2
γc

2]2

[
u(r

′)
p3 u

(r)
p1

] [
u(r

′)
p3 u

(r)
p1

]† [
u(s

′)
p4 u

(s)
p2

] [
u(s

′)
p4 u

(s)
p2

]†
(4.7)

We can expand the Hermitian conjugate expressions and use (2.26), then invoke the completeness
relations of the Dirac bispinors when the initial and final spins are summed over. By (2.32), we
have

|Afi|2 =
g4e

[(p4 − p2)2 −m2
γc

2]2

[
u(r

′)
p3 u

(r)
p1 u

(r)
p1 u

(r′)
p3

] [
u(s

′)
p4 u

(s)
p2 u

(s)
p2 u

(s′)
p4

]
(4.8)

We aim to invoke the completeness relations (for particles, and antiparticles respectively)∑
r=1,2

u(r)p u(r)p = /p+mc (4.9)

∑
s=1,2

v(s)p v(s)p = /p−mc (4.10)

into (4.8), however we notice that only two of the four spinor pairs are grouped in the uu form
(namely, the incoming pairs) in (4.10). This is an easy fix however, because we have already de-
fined the Dirac adjoint contraction of a spinor ψ as ψψ = ψψ, which is just a scalar bilinear form,
and hence can commute through other spinor contractions when we take its trace (the trace is
invariant under cyclic permutations of factors). Then

|Afi|2 =
g4e

[(p4 − p2)2 −m2
γc

2]2
tr
[
u(r)p1 u

(r)
p1 u

(r′)
p3 u

(r′)
p3

]
tr
[
u(s)p2 u

(s)
p2 u

(s′)
p4 u

(s′)
p4

]
(4.11)

and hence, summing over the spins r, r′, s, s′,

1

4

∑
r,r′,s,s′=1,2

|Afi|2 =
1

4
F (p2, p4)

∑
r=1,2

∑
r′=1,2

tr
[
u(r)p1 u

(r)
p1 u

(r′)
p3 u

(r′)
p3

] ∑
s=1,2

∑
s′=1,2

tr
[
u(s)p2 u

(s)
p2 u

(s′)
p4 u

(s′)
p4

]
(4.12)

=
1

4
F (p2, p4)tr

[
( /p1 +m1c)( /p3 +m3c)( /p2 +m2c)( /p4 +m4c)

]
(4.13)

where I have defined the function F (p2, p4) =
g4e

[(p4 − p2)2 −m2
γc

2]2
to be a function of the outgoing

four momenta. To obtain an answer in terms of the four-momenta of the particles, we must expand
and simplify the trace of the matrix product in (4.13):

( /p1 +m1c)( /p3 +m3c)( /p2 +m2c)( /p4 +m4c)

= ( /p1 /p3 + /p1m3c+ /p3m1c+m1m3c
2)

× ( /p2 /p4 + /p2m4c+ /p4m2c+m2m4c
2) (4.14)
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= /p1 /p3 /p2 /p4 + /p1 /p3 /p2m4c+ /p1 /p3 /p4m2c+ /p1 /p3m2m4c
2

+ /p1 /p2 /p4m3c+ /p1 /p2m3m4c
2 + /p1 /p4m3m2c

2 + /p1m3m2m4c
3

+ /p3 /p2 /p4m1c+ /p3 /p2m1m4c
2 + /p3 /p4m1m2c

2 + /p3m1m2m4c
3

+ /p2 /p4m1m3c
2 + /p2m1m3m4c

3 + /p4m1m2m3c
3 +m1m2m3m4c

4. (4.15)

Although this expression may appear complicated, it simplifies significantly once we take it’s trace.
This is because the trace of any odd number of gamma matrices is zero (this is easy to verify) (4.16).
Furthermore, we may use the metric identities (4.17), (4.18)

tr(γµ) = tr(γµγνγλ) = 0 (4.16)

tr(γµγν) = 4gµν (4.17)

tr(γµγνγλγσ) = 4(gµνgλσ − gµλgνσ + gµσgνλ). (4.18)

For instance, for any three ’slashed’ four-vectors, it’s trace is zero:

tr(/a/b/c) = aµbνcλtr(γµγνγσ) = 0 (4.19)

and similarly for any single slashed four-vector. Taking the trace of (4.15) then reduces the expres-
sion to

tr[( /p1 +m1c)( /p3 +m3c)( /p2 +m2c)( /p4 +m4c)]

= tr[ /p1 /p3 /p2 /p4] +m2m4c
2tr( /p1 /p3) +m3m4c

2tr( /p1 /p2) +m2m3c
2tr( /p1 /p4)

+m1m4c
2tr( /p3 /p2) +m1m2c

2tr( /p3 /p4) +m1m3c
2tr( /p2 /p4) +m1m2m3m4c

4tr(1).

(4.19)

The last trace simply reduces to 4. The traces of any two four-momenta i, j go to

tr( /pi /pj) = piµpjνtr(γµγν) (4.20)

= 4piµpjνg
µν (4.21)

= 4pi · pj . (4.22)

We may similarly expand the first term in the trace, utilizing (4.18), to find

tr( /p1 /p3 /p2 /p4) = p1µp3νp2λp4σtr(γµγνγλγσ) (4.23)

= 4p1µp3νp2λp4σ(gµνgλσ − gµλgνσ + gµσgνλ) (4.24)

= 4[(p1 · p3)(p2 · p4)− (p1 · p2)(p3 · p4) + (p1 · p4)(p2 · p3)]. (4.25)

Implementing these into (4.19), we find the trace to be

tr[( /p1 +m1c)( /p3 +m3c)( /p2 +m2c)( /p4 +m4c)]

= 4[(p1 · p3)(p2 · p4)− (p1 · p2)(p3 · p4) + (p1 · p4)(p2 · p3)] + 4m2m4c
2p1 · p3

+ 4m3m4c
2p1 · p2 + 4m2m3c

2p1 · p4 + 4m1m4c
2p3 · p2

+ 4m1m2c
2p3 · p4 + 4m1m3c

2p2 · p4 + 4m1m2m3m4c
4 (4.26)
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which is indeed a scalar value. (4.13) then gives the appropriate squared Feynman amplitude,
using (4.26):

1

4

∑
r,r′,s,s′=1,2

|Afi|2 =
1

4

4g2e
[(p4 − p2)2 −m2

γc
2]

[
(p1 · p3)(p2 · p4)− (p1 · p2)(p3 · p4) + (p1 · p4)(p2 · p3)

+m2m4c
2(p1 · p3) +m3m4c

2(p1 · p2) +m2m3c
2(p1 · p4) +m1m4c

2(p2 · p3)

+m1m2c
2(p3 · p4) +m1m3c

2(p2 · p4) +m1m2m3m4c
4

]
(4.27)

where the momenta of the incoming/outgoing particles are depicted in the above Feynman dia-
gram (these will eventually be rescaled in the calculation of the differential cross-section by the
energy-momentum conserving delta function), and m1 = m3 = me, m2 = m4 = mµ.

(c) If we consider a high-energy limit where me = mµ = 0, the squared amplitude (4.27) reduces

significantly, and we may calculate the differential cross-section dσ

dΩ
, given by

dσ =
1√

(p1 · p2)2 − (m1m2c2)2

∫
FINAL STATES

|Afi|2(2π)4δ(4)(p1 + p2 − p3 − p4)
d3p3

(2π)32E3

d3p4
(2π)32E4

.

(4.28)

In the massless limit, any energy Ei = |pi|c. In the center of mass frame, p1 = −p2, so with these
simplifications the first term (outside the integrand) goes into (see problem set 3, question 4b)√

(p1 · p2)2 − (m1m2c2)2 = (E1 + E2)
|p1|
c

= 2|p1|2. (4.29)

I will also break the energy-momentum conserving four-delta function into energy and momentum
components seperately:

δ(4)(p1 + p2 − p3 − p4) = δ(p1c+ p2c− p3c− p4c)δ(3)(p1 + p2 − p3 − p4) (4.30)

= δ(2p1c− p3c− p4c)δ(3)(p3 + p4) (4.31)

since both particles are massless and p1 = −p2 in the center of mass frame. Due to the massless
high-energy limit, the delta functions in (4.31) enforce that p3 = −p4 as well. At this point, it
should really be argued whether or not the particles are still distiguishable or not, because both
have the same mass and momenta. In this case we would need to include a statistical factor of 1

2
in (4.28) as well, but I will still ride the assumption that no degeneracies occur following from the
previous parts of this problem. The differential cross section is then

dσ =
1

8(2π)2|p1|2

∫
|Afi|2

d3p3d
3p4

|p3||p4|c2
δ(2p1c− p3c− p4c)δ(3)(p3 + p4) (4.32)

=
1

8(2π)2|p1|2

∫ [
g2e

[(p4 + p1)2 −m2
γc

2]2
[(p1 · p3)(p2 · p4)− (p1 · p2)(p3 · p4) + (p1 · p4)(p2 · p3)]

]
× d3p3d

3p4
|p3||p4|c2

δ(2p1c− p3c− p4c)δ(3)(p3 + p4) (4.33)

=
1

8(2π)2|p1|2
g2e

[(p1 + p4)2 −m2
γc

2]2
[(p1 · p4)2 − (p1)

2(p4)
2 + (p1 · p4)2]

d3p4
|p4|2c2

δ(2p1c− 2p4c)

(4.34)
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=
1

4(2π)2|p1|2
g2e

[(p1 + p4)2 −m2
γc

2]2
(p1 · p4)2

d3p4
|p4|2c2

δ(2p1c− 2p4c). (4.35)

where we have invoked the mass-shell relations p21 = m2
e = 0, similarly for p24. In (4.34) we take

out the 3-momentum space integral d3p3, which by the delta-function sends the three-momentum
p3 → −p4. The four-momentum dot product simplifies to

p1 · p4 =
E1E4

c2
− p1 · p4 (4.36)

= |p1||p4| − |p1||p4| cos θ (4.37)

= |p1||p4|(1− cos θ) (4.38)

=⇒ (p1 · p4)2 = |p1|2|p4|2(1− cos θ)2 (4.39)

where θ is the scattering angle. We therefore have

dσ =
g2e

4(2π)2c2
|p1|2|p4|2

|p1|2|p4|2
(1− cos θ)2δ(2p1c− 2p4c)

[(p1 + p4)2 −m2
γc

2]2
d3p4 (4.40)

=
g2e(1− cos θ)2

4(2π)2c2
δ(2p1c− 2p4c)

[(p1 + p4)2 −m2
γc

2]2
p24dp4dΩ (4.41)

where I am now including the differential solid angle dΩ (in whichAfi is independent of, so it’s ok
to take it out of the integrand). Taking out the radial p4 component of the remaining differentials, to
remove the last delta function, we find that |p1| → |p4|. We can use this to compute the four-vector
sum in the denominator:

(p1 + p4)
2 =

(E1 + E4)
2

c2
− (p1 + p4)

2 (4.42)

=
|p1|2c2 + 2|p1||p4|c2 + |p4|2c2

c2
− |p1|2 − |p4|2 − 2|p1||p4| cos θ (4.43)

= 2|p1||p4|(1− cos θ) (4.44)

=⇒ = 2|p1|2(1− cos θ) (4.45)

where the last line follows from the delta function integral. In terms of the incident electron energy
E1 = p1c, we find the differential cross section to be

dσ

dΩ
=
g2e(1− cos θ)2

4(2π)2c4
E2

1

[2E2
1(1− cos θ)/c2 −m2

γc
2]2

(4.46)

where E1 is now the incident electron energy. Using the identity (1 − cos θ)2 = 2 sin2 θ

2
and ex-

panding out the c4 in the denominator yields

dσ

dΩ
=
g2e sin4 θ

2

4π2
E2

1

[4E2
1 sin2 θ

2 −m2
γc

4]2
(4.47)

as desired, and θ is the scattering angle. Backscattering (θ = π) then implies a maximum in the
differential cross-section.
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Problem 5
Next, we consider pair annihilation into gamma rays e+e− → γγ using the same spin-0 massive

scalar photon model from the previous problem.

(a) There are now two leading order (O)(g2e) Feynman diagrams due to the degeneracy of the
final state (photons are indistinguishable), so we must also include the S factor of 1

2
for identical

final-state particles. We have

e+(r′)

e−(r)

γ

γ

p2

q

p1 p3

p4

e+(r′)

e−(r)

γ

γ

p2

q

p1

p3

p4

where the propagator is now the fermion propagator
i(/p+mc)

q2 −m2
ec

2
and we still include the vertex

factors of ige1. Let’s begin constructing the amplitude factors. For the first diagram, we have an
incoming fermion and antifermion, and two outgoing ”mesons”. Working backwards along each
fermion line, according to the Feynman rules, we include a Dirac adjoint antispinor v(r′)p3 for the
incoming e+ and a regular spinor u(r)p2 for the incoming e−. We have, for the first diagram,

iAfi =

∫
d4q

(2π)4
v(r

′)
p1 (ige1)

[
i(/q +mec)

q2 −m2
ec

2

]
(ige1)u(r)p2 (2π)4δ(4)(p1 + q − p3)(2π)4δ(4)(p2 − q − p4)

(5.1)

= i3g2ev
(r′)
p1

[
( /p2 − /p4 +mec)

(p2 − p4)2 −m2
ec

2

]
u(r)p2 (2π)4δ(4)(p1 + p2 − p3 − p4) (5.2)

= −ig2ev(r
′)

p1

[
( /p2 − /p4 +mec)

(p2 − p4)2 −m2
ec

2

]
u(r)p2 . (5.3)

Since both photons are spinless and indistinguishable, the amplitude for the second diagram is
equivalent to that of the first, so we may just omit the statistical factor of 1

2
and only work with the

amplitude determined above. In the case that the photons were (at least) polarizable, there would
be a second term in the amplitude arising from the exchange of polarization vectors in the second
diagram.
Also notice that the 4 × 4 identity matrices have been multiplied into the expression (they do not
change anything; the matrix element is still a number).

(b) Similar to problem 4, we now square the amplitude and take the spin sum-averages of the
spinors. Let’s take the high energy limit such that the electron and photon masses can be set to
zero. Take me = 0 (mγ should not be in the above expression anyway), we have that

Afi = −g2ev(r
′)

p1

[
/p2 − /p4

(p2 − p4)2

]
u(r)p2 (5.4)
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by which can be expanded under the expansion of the slashed contractions:

Afi =
−g2e

(p2 − p4)2
[
p2µv

(r′)
p1 γ

µu(r)p2 − p4νv
(r′)
p1 γ

νu(r)p2

]
. (5.5)

Squaring gives

|Afi|2 =
g4e

(p2 − p4)4
[
(p2µv

(r′)
p1 γ

µu(r)p2 )− (p4µv
(r′)
p1 γ

µu(r)p2 )
] [

(p2νv
(r′)
p1 γ

νu(r)p2 )† − (p4νv
(r′)
p1 γ

νu(r)p2 )†
]
(5.6)

=
g4e

(p2 − p4)4
[
(p2µv

(r′)
p1 γ

µu(r)p2 )− (p4µv
(r′)
p1 γ

µu(r)p2 )
] [

(p2νu
(r)
p2 γ

νv(r
′)

p1 )− (p4νu
(r)
p2 γ

νv(r
′)

p1 )
]

(5.7)

=
g4e

(p2 − p4)4

[
p2µp2νv

(r′)
p1 γ

µu(r)p2 u
(r)
p2 γ

νv(r
′)

p1 − p2µp4νv
(r′)
p1 γ

µu(r)p2 u
(r)
p2 γ

νv(r
′)

p1

− p2µp4νv(r
′)

p1 γ
µu(r)p2 u

(r)
p2 γ

νv(r
′)

p1 + p4µp4νv
(r′)
p1 γ

µu(r)p2 u
(r)
p2 γ

νv(r
′)

p1

]
(5.8)

so we must deal with the various spinors and adjoints in product with the gamma matrices. This
again can be taken care of by taking the trace of the expression (it is just a number). Again using
the fact that the trace of a product of matrices is invariant under cyclic permutations of factors, we
can calculate one term and apply it to all four (since the only differing terms are the four-momenta
involved). We have (since electrons are ”massless” in this limit)

tr(piµpjνv(r
′)

p1 γ
µu(r)p2 u

(r)
p2 γ

νv(r
′)

p1 ) = piµpjνtr(v(r
′)

p1 γ
µu(r)p2 u

(r)
p2 γ

νv(r
′)

p1 ) (5.9)

= piµpjνtr(v(r
′)

p1 v(r
′)

p1 γ
µu(r)p2 u

(r)
p2 γ

ν) (5.10)

=⇒
∑

r,r′=1,2

tr(piµpjνv(r
′)

p1 γ
µu(r)p2 u

(r)
p2 γ

νv(r
′)

p1 ) = piµpjνtr( /p1γµ /p2γν) (5.11)

= piµpjνp1λp2σtr(γλγµγσγν) (5.12)

= 4piµpjνp1λp2σ(gλµgσν − gλσgµν + gλνgµσ) (5.13)

= 4 [(pi · p1)(pj · p2)− (p1 · p2)(pi · pj) + (pj · p1)(pi · p2)]
(5.14)

thus, averaging over all initial spins yields

1

2

∑
r,r′=1,2

|Afi|2 =
2g4e

(p2 − p4)4

[
(p2 · p1)(p2 · p2)− (p1 · p2)(p2 · p2) + (p2 · p1)(p2 · p2)

+ (p2 · p1)(p4 · p2)− (p1 · p2)(p2 · p4) + (p4 · p1)(p2 · p2)
+ (p2 · p1)(p4 · p2)− (p1 · p2)(p2 · p4) + (p4 · p1)(p2 · p2)

+ (p4 · p1)(p4 · p2)− (p1 · p2)(p4 · p4) + (p4 · p1)(p4 · p2)
]
. (5.15)

Since all particles are massless, we can compute the inner product for any two four-momenta, then
substitute appropriately to simplify (5.15):

pi · pj =
EiEj
c2
− pi · pj (5.16)

=
|pi||pj |c2

c2
− |pi||pj | cosαij (5.17)
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= |pi||pj |(1− cosαij) (5.18)

where αij is now the angle between the particles’ three-momenta. This implies that for i = j, their
four-momenta inner product is zero. Furthermore, since the four-momenta inner product is com-
mutative, more terms cancel in (5.15), simplifying the spin-averaged squared Feynman amplitude
to be

1

2

∑
r,r′=1,2

|Afi|2 =
2g4e

(p2 − p4)4
[2(p4 · p1)(p4 · p2)] (5.19)

=
4g4e

(p2 − p4)4
(p1 · p4)(p2 · p4) (5.20)

which is the spin-averaged amplitude.

(c) We lastly calculate the differential cross section of the pair annihilation in the center of mass
frame (as before, p1 = −p2 so pµ1 = pµ2) using (5.19) as the spin-averaged Feynman amplitude. As
I mentioned before, the statistical factor would be 1

2
for photon degeneracy, however both Feynman

amplitudes are equivalent and do not differ by a minus sign (the photon is scalar-valued, so there’s
no polarization to account for), so the 1

2
factor cancels when amplitudes are summed. We have

dσ =
1

2|p1|2

∫
FINAL STATES

|Afi|2(2π)4δ(4)(p1 + p2 − p3 − p4)
d3p3

(2π)32E3

d3p4
(2π)32E4

(5.21)

=
4g4e

8(2π)2|p1|2

∫
(p1 · p4)2

(p1 − p4)4
d3p3d

3p4
|p3||p4|c2

δ(2p1c− p3c− p4c)δ(3)(p3 + p4). (5.22)

Taking out the d3p3 integral removes the 3-delta function and sends p3 → −p4, hence

dσ =
g4e

2(2π)2|p1|2
(p1 · p4)2

(p1 − p4)4
d3p4
|p4|2c2

δ(2p1c− 2p4c) (5.23)

=
g4e

2(2π)2|p1|2
|p1|2|p4|2(1− cos θ)2

(p1 − p4)4
d3p4
|p4|2c2

δ(2p1c− 2p4c) (5.24)

=
g4e

2(2π)2|p1|2c2
|p1|2(1− cos θ)2

(p1 − p4)4
δ(2p1c− 2p4c)d

3p4 (5.25)

where the last line follows from (5.18) and θ is now the scattering angle. As in the previous prob-
lem, we can expand (p1 − p4)4 and then take out the radial momentum dp4 integral. Again, notice
that

(p1 − p4)2 =
(|p1|c− |p4|c)2

c2
− (p1 − p4)

2 (5.26)

= |p1|2 + |p4|2 − 2|p1||p4| − |p1|2 − |p4|2 − 2|p1||p4| cos θ (5.27)

= −2|p1||p4|(1− cos θ) (5.28)

=⇒ (p1 − p4)4 = 4|p1|2|p4|2(1− cos θ)2. (5.29)

Therefore, with d3p4 = p24dp4dΩ, we have the differential cross section

dσ

dΩ
=

∫
dp4

g4e
2(2π)2|p1|2c2

|p1|2(1− cos θ)2

4|p1|2|p4|2(1− cos θ)2
|p4|2δ(2p1c− 2p4c) (5.30)
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=
g4e

8(2π)2E2
1

(5.31)

where E1 = |p1|c is now the incident electron energy. Observe that the differential cross section
is independent of the scattering angle, which arises from the high-energy limit taking a massless
fermion propagator me = 0.
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