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Problem 1
In lecture, we discussed the decay rate of the muon, given by
mugw ' muc?
D(pu~ Tre) = | 5 L 1.1
(™ = vueve) < My > 12h(87)3 (1.1)

in the limit that m. < my,.

(a) We now consider the leptonic decay rate of the tau lepton, that is, the combine rate of the
processes 7~ — v-u v, and 77 — vre” v.. We similarly approximate and neglect the masses of
the electron and muon compared to that of the tau. First observe that all three processes (including
the muon decay) have identical feynman diagrams:
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which implies that each amplitude is also identical upon evaluation and spin-averaging. Since the
amplitudes of contributing diagrams superpose, we have that (|A;[*) — (|244]%) = 4(JAp%),
where we also write the mass of the tau instead of the muon. Since the constant 4 is taken out of
the integrand upon decay width calculation, then the rate of the combined processes is simply
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(b) We now wish to extend this idea into the regime of the tau’s hadronic decay modes, 7~ — v du
and 7~ — v,su. Again, the relative masses of the quarks compared to that of the tau is negligible,
and therefore we can approximate them as zero. The corresponding diagrams are
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This is very similar to the leptonic processes, however, we now have flavour changing quark mech-
anisms occuring at each vertex, which just contribute to each vertex by a factor

—idu 1~y (1.3)

where V;j is now the CKM matrix elements corresponding to the change in mass bases of the
quarks. The contribution from the first diagram is simply V,4 at the end of the W propagator
(this is just a constant anyway and can be commuted through to the front) and Vs for the second
diagram. Therefore, upon summing the amplitude contributions and averaging over spins, we
have

(A1 + Aol?) = (ViaAgi + VasApl®) = (Vaa + Vo) (A1) (1.4)

which only works because Ay; can be factored out and the Vj; elements are constants. The super-
position of both contributing amplitudes for the hadronic decay modes therefore give
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It is also important to discuss the lifetime of the tau, now taking into account both leptonic and

1
hadronic decay modes. Since 7, = [, wesum the contributions from (1.2) and (1.5):
TOT
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which implies that rror = 3.47 x 1071 s with m, = 1776.99 MeV /%, M,, = 80420 MeV/c?, and
gw = 0.6295. Using the same constants, we can determine the individual branching ratios for the
muon, electron, and hadronic decay modes. Both the electron and muon branching ratios should
be similar, determined by
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= 0.184 [PDG : 0.178(e), 0.174(y)]. (1.7)
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Similarly, for the hadronic modes,
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'k V2,
5 = 0.009 [PDG : 0.007] (1.9)

FTOT - 4+ (Vud + Vus)

It can be seen that the decay probabilities are similar to that of the PDG values and are good esti-
mates, however not exact. This is because there are many more decay modes available to the 7~
than just the ones listed above, as well as leptonic modes involving the secondary emission of a
photon. We furthermore assume the masses the distinguishable particles to be zero except from
that of the tau, which will also contribute to the magnitude of the decay width.



Problem 2
In this problem, we aim to determine the charged weak couplings for up and down type quarks.
Given the coupling to the Z° boson and the electromagnetic/neutral currents
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we may utilize the chiral spinor projections and the charges ofthe quarks () to determine the vector
and pseudovector couplings c?, ¢. Beginning with up-type quarks ( jf; doesn’t include the second

term) of charge 3 we have
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which immediately corresponds to vector and pseudovector couplings for the up-type quarks ¢’ =
1 4

———sin?f,, ¢ = % which correctly matches table 9.1 (Griffiths). We may perform the exact same
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calculation for down-type quarks, this time taking the second term in (2.2) and with Q = —=:
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thus corresponding to ¢” = —3 + 3 sin” 0,,, c* = Y which are also consistent with Griffiths.



Problem 3
Consider a massive vector field whose plane wave propagates with momentum p = pZz. Ac-
cording to the principle of least action, the massive vector field must satisfy the Proca equation:

" +m*A” =0 (3.1)

where m parametrizes the mass of the field and F* is the field tensor. As with the Dirac equation,
we search for free plane wave solutions of the form A* = Ae™" @/heh(s) with a polarization vector
with 3-spin components (s) €/(*) specifying direction, and A is a normalization constant. Since F**
is constructed out of the derivatives of the fields A* (see definition) and is antisymmetric, then any
contraction of two indices yields 9,0, F'*" = 0 or that

D A" =0, (3.2)

which is the choice of Gauge condition on the field. The expansion of the field implies that p,e* = 0
for any polarization vector, where the spatial components of polarization must obey normalization
and mutual orthogonality

el = _grs (3.3)

3 K3
(the minus sign arises from the choice of metric signature, which here is (+ — — —)) where i is a
spatial index (no contraction). We wish to construct the completeness relation for these polariza-
tion vectors, which is different from the photon case because we must now consider a massive field.
As specified, we choose the momentum four-vector of the field to lie along the z-axis direction:

p* = (E/c, 0, 0,p). (3.3)

It is easy to see that the first two vectors can be constant and lie anywhere in the zy plane, as their
z-component yields spatial orthogonality, and their temporal component of zero yields timelike
orthogonality:

ep(1) = (0, 1,0, 0) (3.4)
2 = (0,0, 1, 0). (3.5)
The challenge is now constructing a third polarization vector orthogonal to the other two polar-
izations (3.4, 3.5) and p”. Since the only nonzero components of p* are p° and p?, then we can

guess the same structure of the third polarization vector ef’) and force it to obey normalization and
orthogonality:

ew(3) = (a, 0,0, b) (3.6)
from which p#¢(¥) = 0 gives
pe(s) — ¢
e, . bp (3.7)
B (3.9)
pc

hence (3 = (a, 0, 0,aE/pc). We can then plug this into our normalization expression to obtain a
condition on a:
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Therefore b = —; as well, so our third polarization vector is
mc?
E
M3 — <p, 0, 0, 2) . (3.12)
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We now proceed by constructing the completeness relation, which, simiarly to spinor complete-
ness, is assumed to be of the form

Z ﬁﬁf)ﬂ(f) — e/(})e,(jl) + 6/(3)61(/2) + 623)653) (3.13)

s=1,2,3
where the spatial indices are now lowered and each polarization is summed over. It is convenient
to evaluate each term individually, as each vector was constructed independently. First observe
that eff)e,(,l) is only non-zero if 4 = v = 1 and yields a factor of (—1)?. Similarly with e/(f)e,(?), is only
non-zero if y = v = 2 (and gives 1 as well).
The third term is a bit more complicated, as we also must consider cross-terms. Thus

() 7562 (3.14)

_ p%i;;n?c‘* 1 (3.15)

O = (3.17)

—1- mP;QCQ (3.18)

D P~ IE 519
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It is now easy to observe that when four-indices are the same, we obtain factors of 1 and —1 cor-

pu2pu2, which can be seen from (3.14, 3.18,
c

3.20). Since the choice of axis of p loses no generality, this relation can generalized as

bub
S D = g + Ly (3.21)
s=1,2,3

responding to —g,,,. We also always subtract the term

which is the completeness relation for the massive vector field polarization, following the Lorentz
gauge.



Problem 4
(a) We desire to calculate the decay rate for the Z° boson into each possible fermion, antifermion
pair. We therefore aim to evaluate the Feynman amplitude for the decay diagram

a® (p1)

U(sl)(m)

where f is either a lepton, lepton neutrino, or quark (excluding the top, antitop quark). The
incoming boson has a polarization vector e/(f), which will be contracted with the vertex factor
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2gz (et — c‘}ﬂy5), where cf, ¢ are vector and pseudovector coupling constants determined by the

electroweak interaction for each fermion with the electromagnetic current j;™ and the z-component

of the weak curren j,‘j. Luckily, these were calculated in problem (2) for quarks and are listed in
Table 9.1 in Griffiths:
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Therefore, we can just calculate the general amplitude for the process and then sum over every
contributing coupling constant given above. From hereon, for no loss of generality, I will refer to
¢y = v and ¢} = a. Working backwards along the fermion line, we have

, B —i , :

iAgi =T (p1) =55 (0 = ")) (p)ell) (4.1)
where we contract the boson polarization vector with the vertex factor gamma matrix. At first
order, this is therefore the only contrtibuting factor to the amplitude. Squaring, we find
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which follows from the fact that (v +a~®)" = v +a~® ((7°)" = ~° and the v, a are real), and the fact
that 8 = 7 anticommutes with 7°. We can invoke Casimir’s trick and take the trace to sum over all
initial and final spins (of both the polarization vector and the spinors) following the completeness
relations

Y uP P (p) = p - me (4.3)

s=1,2
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since the trace is invariant under cyclic permutations of the factors in the argument. We then have
from (4.1)

1 2 / :
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from which we now must evaluate the trace of the spinors. Note that the polarization vectors
were factored out of the spinor trace because the trace of spinors is just a number and therefore
commutes with the contraction between the polarization vectors, which is also just a number. For
brevity, let me denote the trace as M*":

M = tr((ph — me)(v + a’yE’)’y“(gé +me) (v + ay’)y") (4.7)
= tr([upiay® + apiar™y® — mev — meay’ IV [upasy” + apas’y + mev + mear®ly”)  (4.8)
= tr(fopiay™ " + apiay™y Py — mevyt — meary®y¥)

o. 5. Vv

X [Up20s77Y” + apas YO y” + mevy” + meay®y"]) (4.9)

= tr(v*p1AP207 7Y + vapiap2s Y 7 + (0 + 0)
o b5 v

+ vapirpaoy P17y + vapiapaey Y7y + (0 4 0)
+ (0 + 0) — m2v®yH " — m2EavytySy”

+ (0 +0) — m*cavy’yy” — m*a’y ) (4.10)
= tr(V’p1Ap207Y VYV — vapiap2ey VYTV Y — vapiapeey VY Y
+vapiap2oy YTy — mPvPy Y + mPctaytY) (4.11)

where I have used the fact that the trace of an odd number of gamma matrices is zero in (4.10) and
that tr(y°y#4”) = 0in (4.11). Since the trace is a linear operator on matrices, we can invoke the
identities

tr(AyH~Y) = 4Agh” (4.12)
tr(Ay'y"y 7)) = 4A(g" g7 = 9" 9" + 9" ") (4.13)
tr(AyHyY 474 5) = 4 Aiet oA (4.14)

to further simplify (4.11) into

MM = 40%p13pas (g™ g7 — g7 g™ + g™ g"7) — Sivapiapase ™"
+ dvapiapas (997 — 7" + g g") + AmPcP(a® — v?) g (4.15)
= 40> (p'Ph — p1 - p2g™ + PYPs) + Bivapiapaoe M
+ dva(plpy — p1 - p2g™ + piph) + Am>cP(a® — v?) g™ (4.16)



Under contraction with the polarization completeness,

([ Agil?) = % par G+ ey (4.17)
8 M M2e?

we obtain a contribution from the metric tensor and one from the momentum terms:

M gy = 0% (DD Gy — D1 - D2g™ Gps + DY Db Gpuv) + Bi0aP1AD2o €

+ dva (P} Py gus — p1 - P29™ G + DYDEGu) + AmP e (a® — v*) 9" g (4.18)
= 4v*(p1 - p2 — 4p1 - P2 + p1 - P2) + Sivapiaparguwe T

+4va(py -p2 —4p1 - p2 +p1 - p2) + 16771202(a2 — v2) (4.19)
= —8u(v +a)p1 - po + 16m3c%(a® — v?) (4.20)

where the complex term was evaluated to be zero, because g, is symmetric and the Levi-Civita
four-tensor is anti-symmetric. Similarly, for the momentum contraction term,
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+ da(p!' Py auay — p1 - P29™ Quay + iP5 quay) + 4m*c(a® —v*) g quq,  (4.21)
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+ 4m2c?(a® — v?)¢? (4.22)

where the complex term may or may not be zero, so we’ll observe what the decay rate evaluation
yields. We have, from the Golden rule,

pv WDy — p —
M Qu%x)d (g —p1—p2) (4.23)
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where the evaluation of the incident momentum is in the rest frame of the particle, therefore giving
qu = (Ez/c,0,0,0) as the incident four-momentum. The only nonzero terms are gy (so the complex
term in (4.22) also vanishes), and the delta function in (4.23) simplifies to §*) (p; + p2)d(E, — E; —
E,). We then have that
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where the angular components of the integral (4.26) can be taken out (the integrand only depends
on the momentum magnitude). Furthermore, since we may assume that fermion masses can be
neglected (mfc ~ 0) when compared to that of the Mz, (4.26) may be drastically simplified to a
form where the dp; integral can be taken out (for brevity I will no longer write bolded vectors):

= 64:5]\/[2 p?dp1W5(MZc2 —2p1c?) (4.28)
4g2 M
e 22 o
2 M
- W (4.30)
(the integral is then constant). For any fermion then, the decay rate is as follows:
r, = fgé\fé [Neutrinos ] (4.31)
Iy = <32 sin? @, — 3sin% 6, + ;) 963 4]\:5 [Leptons] (4.32)
Ly = <196 sin® 0, — 2sin? 6, + ;) % [Up, Charm Quarks]| (4.33)
Lassip = <;l sin? 6, — sin® 6, + ;) 963 4]\735 [Down, Strange, Bottom Quarks ] (4.34)

where the decay rates are identical regardless of quark color or lepton flavour, assuming the color
of the quarks are distinguishable in producing one of the color doublets (so I have set S = 1, butin

1
the case that quark colors are indistinguishable, we must include an additional factor of _7). I'have

explicitly chosen to leave the weak mixing angle in variable form, for generalization, although we
may take the value sin? §,, ~ 0.2314 (Griffiths).

(b) To calculate the total decay width I'ror, we must now account for every possible combination
of fermions which could be produced from the decay. That is, for each of the 2+3 quark flavours
we are examining, we must consider the fact that there are 3 quark flavours of each which could
arise in the decay (assuming they’re initially indistinguishable, but summing over all possible color
combinations makes the decay width symmetric under the exchange of two or more quark colors).
Since I'tor = Z I';, then

7

Iror = (3)I'y, + 30+ (2)(3)Tu/e + (3)(3)aysyp (4.34)
= (Z +3 [4sin49w — 3sin? 6, + ;] +6 [196sm49w — 2sin? 6, + %

+9 [3 sin® 0, — sin? 6, + ;] )% (4.35)

- <221 — 30sin2 0, + ? sin ew) 963 4]\:7? (4.36)

When taking values sin? 6, = 0.2314, i = 6.582 x 107" MeV, My = 91.2 x 10* MeV/c?, we find
that the total decay width is
Iror = 3.43597 x 10**s7! (4.37)
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which implies that
T ~2.91 x 107 s (4.38)

which falls within the expected value of 2.64 x 1072 s.

%

. Since the fraction terms

(¢) The individual branching ratios may also be determined via

TOT
M
9272 cancel out, only the sin? 0,, terms contribute:
64rh
T, !
- 4.39
Tror (% —30sin?6, + Lsin'6,) (4.39)
Iy (32 sin* 6, — 3sin? 0, + %)
(= 2 80 4 (4.40)
Fror (3 —30sin® 6, + § sin? 0,,)
Tue _ (§ sin' 6, — 25in® 0, + 3) (4.41)
'or (% —30sin®6,, + 2Lsin?4,,) -
2 w 3 w
Lajop _ (gsin* 0, —sin® 0y + ) (4.42)
TCror (% - 30sin? 6, + L sin?6,,)
which yields
Lv 0.100 (4.43)
I'ror
T
—f —0.305 (4.44)
Iror
T
—we _ 0.027 (4.45)
I'ror
T
—dlsIb _ .058 (4.46)
I'ror

which once again corresponds to each individual lepton/quark flavour and color. To evaluate the
expressions, we just took sin? 6, = 0.2314.

(d) If there were to exist a fourth generation of quarks (assuming their a, v couplings are identical
as before, and that their masses are light enough to be approximated as zero), the total decay rate
would then add the extra widths corresponding to each quark (still neglecting top quark mass):

Tror = (3)L'y, + 300+ (3)(3)Tuses + (4)(3)Tassp,. (4.47)

w

1 16 1
i . 4 g2 1 10 . 4 g2 1
<2 3 {45111 0, — 3sin” Oy, + 2] +9[9 sin® 6, — 2sin” 0, + 5

4 1 M
+12 [9 sin® 0, — sin® 0y, + 2} ) %Z M; (4.48)
2 1 M
= (27 — 39sin’ 0, + % sin’ 9w> 96Z47rf§ (4.49)

which implies that the total rate increases, or that the lifetime of the Z 0 would decrease (to about
1.99 x 10™%%s when evaluated). Due to the specific measurement of the true Z 0 lifetime, we know
that a fourth generation of quarks cannot exist, because our lifetime measurement for the Z° is

11



greater than that of the lifetime if four quarks were to exist. Furthermore, each branching ratio
decreases (having to account now for 12 more particles, 4 quarks/antiquarks each with 3 colors):

r,
— =0.069
Iror
Iy
=0.209
Iror
I
u/c/
— =0.018
I'ror
sy _ g 040
I'ror

12

(4.50)
(4.51)
(4.52)

(4.53)



Problem 5
Assume that the top quark ¢ always decays into a W boson and a bottom quark:

a*) (p2)

where we assume that the mass of the bottom quark is negligible compared to that of the top and
W™ boson. The arrangement of the amplitude is similar to that in problem 4, however the vertex
factor must also contribute a flavour-changing CKM matrix element V};,. Working backwards along
the fermion line, we have that

iAp =1 (ps) - ;Z\%"’V“(l — )W - u (pr) - )" (5.1)

where the outgoing W polarization vector is contracted with the gamma matrix at the vertex. We
now work through the process of squaring the amplitude and averaging over the initial and final
spins:

21,2
ng —(s’ s — (s’ v s ) (r
A2 = 2V ) )1 4P ()] (o) (1 — P )] )
(5.2)
21,2
ng — (s’ s —(s v, (s ) (r
= 21 (p2)r" (1= 9*)u (o)) (p1) (1 +9%)7"u™) (p2)] e el))
(5.3)
1 2 9V (') (1 \—(s") u 5y, (s) (0 \—(s) 5y v
- 5 Z Z |Api|” = 16 Z tr(u'®’ (p2)u®’ (p2)y* (1 — v”)u' (p)u™” (p1) (1 + 7))
s,8'=1,2r=1,2,3 s,8'=1,2
3
X Zel(f)*e(f) (5.4)
r=1
21,2
2 _ng;tb 5 5\ v qudv
43 = 52t (g, = el (1= 2)lp, = mel(1+9°7") | =+ 1
(5.5)
21,2
2\ g’w‘/tb pr | quqv
A = 2280 | =g, + Il 5:6)

where (5.5) follows from the completeness relations for spinors and polarization vectors (problem
3), and I have defined

M = tr ([, =ty (1 = 77)[p, = muc (149717 (5.7)
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so the trace can be evaluated independently to keep things neat. We have that

MM =t (pzwAv“ (1 =) (P10 — muc) (1 + 75)7”) (5.8)

5.0V

=tr <p10pmkv“v"v” — P1oPaAY VYTV — paamey Y + paxmgey PP yY
T — PP Y VY YTYP Y — paamucy AP A paampey Yyt

STy + mymy PPy — mymec® iy

+ Propaay Yy
— PiompcY 7" 4 prompeyty

— PLompeY* 7YY + Prompey* 7Py + mymyc® Py — mmw%“v%%“) (5.9)

= tr (—plapzwxv"v“v” R T N i e L L e o AP G e e L G plaPQA'V)\'VU'Y“’Yll)

(5.10)

where we have used anticommutation to rearrange the gamma matrices, as well as the fact that the

trace of an odd number of gamma matrices is 0 in (5.10). Notice that the top and bottom quark

masses both cancel and/or vanish due to odd numbered-products of gamma matrices. Since the

trace is a linear operator on the matrices, we can add the like terms and use equations (4.13), (4.14)
to find

MM = —8p1opaa(g*7g" — gMg™ + g™ g™) + Bipigpaae (5.11)

= —8(p1 - p2g"” — PiPs + PI'Dy) + Bip1opare . (5.12)

This may now be evaluated under the contraction of the W boson completeness relation,

v q q 17 2 vV . v q q
MH [—guﬂr M%V;} = [—8(171 - p2g" — PYPh + PiPY) + Bipiopare } [—Quﬂr M%VZQ] (5.13)

= 8(4p1 - pa +p1 P2 — p1 - P2) — SiProPargue T

8
— 2P p)d = (2 a)(pr-0) + (21 @) (P2 )
w
81 Ao uv
+ V2.2 P1oP2xdudve (5.14)
w
8q? 8i o
= P12 (32 - M3v02> + 17, 2P 1P dude e (5.15)
81
= 24p1 P2+ S 5 P1ePGude (5.16)
WC

where the last few lines followed from the fact that the metric is symmetric while the Levi-Civita
four-tensor is anti-symmetric (the product of a symmetric and antisymmetric tensor gives zero)
and that ¢*> = M, I%V 2. Eventually, we should expect the complex term to resolve into a real number
upon integration, since the decay rate must be real, so I will label it 8E(p;, p2, ¢) for now. The total
squared amplitude is then

2 _ 90Vid
(Asil") = =55 Bpr-p2 + B(pr,p2,0)]. (5.17)
We now proceed by evaluating the decay rate:
I (p1 — g —pa)
4E> By

AL
1672 hm,

d*padq[3p1 - p2 + E(p1,p2, )] (5.18)
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where we choose the momentum of the top quark to be zero so that we examine the decay in the
frame of the top quark. Seperating the energy and momentum delta functions,

90 Vi, 63 (q + p2)d(mic® — Ew — E»)

=29t | PBpyd® : E 5.19
R — / P2d°q[3p1 - p2 + E(p1,p2, q)] EyErm (5.19)

21,2 (3) 2 _
= "=© | d’pad E FE 5.20
647T2hmt P2 Q[gmt 2 + (pl)p27 Q)] EQEW ( )

27,2 2
g Vi / 3 d(mic® — Ew +|q]c)

S TR PP E(piq, . 5.21
6472 hmy al=3milale + Bp1,a, )] —Ewl|qlc ( )

where I have invoked the approximation m; ~ 0 in (5.21) and taken out the p; integral. Before
taking out the last integral, however, we must note how E(p1,q,q) reduces. Notice that, upon
integration of py in (5.20) and choosing p; = 0 due to the tau rest frame (only nonzero components
are spatial in ps, q),

?
E(p1,q,q) = Wploq/\qquEO)‘W (5.22)
WC
=0

since the contraction of permutations cancels the terms to zero:

1
E(p1,q,q) = Mgmngwi” (0123 4 (0132 4 (0312 4 0521 | 0231 4 (0213] (5.23)
WC
P10
= — 1-1+1—-14+1-1 5.24
M2 419293 [+ + + ] (5.24)
P10
=5 5 0 5.25
M2, 419243(0] (5.25)
Therefore
21,2 2
9wV / 3 d(mec” — Ew + |q|c)
I'=—=-"— [ d’q3 5.26
6472 hmy asmelale Ewlqlc (5.26)
_ 30V / 23q 01" = Bw + qc) (5.27)
167h Ew ‘

(I won't bold spatial vectors from now on, since we are only radially integrating from here). We
now must integrate the last delta function in ¢. Note that the ¢ integral sends myc® — By + qc— 0,
so we can solve for ¢ this way:

mic® — By +qc=0 (5.28)
— B} = M+ ¢ = (m® + qe)* = m2ct + ¢° + 2myqc?® (5.29)
= (Mjy, —mj)c' = 2myc’q (5.30)
(M, — M¢)e
q o (5.31)
which then implies that
2

Ey = [ M2c* + 4—2(MV2V — M2)2ct (5.32)

my
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4M2 2 M4 4 2M2 2\ 4
- \/ My + W4;;:1 Lo 2Mam)e (5.33)
¢
(M + mp)2ch
=y W (5.34)
\/ 4m?
(MG, +mi)c?
= S (5.35)
and therefore (5.27) integrates to
167h 4m? (M3, + m3)c?
32rhmy (ME, + m3) ‘
1
which is the decay width of the top quark. The lifetime is then T
2mh M?2 2
= 32whmy ( W +mt> (538)

392 Vi (Mg, —m7)?

which, if taking My, = 80420 MeV/c?, m; = 174000 MeV/c* and Vj;, = 1.014, we have that 7, =
6.19 x 1072° s, which is close enough to the expected lifetime of ~ 5 x 107?® s considering the
approximations which we made.
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