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Abstract
This work focuses on the verification of pendulum dynamics[1]. First identified by Galileo in c.1583[3], a

pendulum consists of a swinging body in the presence of a uniform gravitational field. This paper discusses
a simple mass-on-string system, which was created using fishing line, epoxy, and smooth marbles of various
sizes. The purpose of this paper was to explore and verify certain theoretical models regarding pendulum
motion, such as period analysis, decay constants due to damping, and fitting the acquired data to the model
θ(t) = θ0e

−t/τ cos(ωt+ ϕ0). These behaviours were rigorously investigated to eventually conclude that (i) the
period of a pendulum is independent of the bob mass m and release angle θ0, (ii) the amplitude of pendulum
motion exponentially decays, (iii) the nonlinearities in the motion arise from the failure of the small-angle
approximation and drag on the mass[2], and (iv) the model of the characteristic damping coefficient in terms
of the release angle θ0 and bob mass m fits the relation k(m, θ0) = (125 ± 1) × 10−7(m2s) gρ/m(1 − cos θ0).
Appropriate error analysis was carried out along with an estimate of the system’s asymmetry and χ2

r fits.

Introduction
First noted by Italian physicist Galileo in c.1583,

a pendulum is a rotating mass in the presence of
gravity[3]. The most typical kind of pendulum is a sim-
ple mass on a string, however numerous variations ex-
ist, such as compound (rigid) pendulums, driven pen-
dulums, and damped pendulums.

This paper discusses the period analysis and
damping effects of a simple mass on string pendu-
lum constructed from marbles and fishing line. It was
found that the period approximations made were con-
sistent with acquired and theoretical results (and is
therefore independent of the mass m and initial re-
lease angle θ0), that the amplitude decay of a pendu-
lum is exponential, and that the acquired results accu-
rately match the theoretical predication given in Equa-
tion (4.2).

This work is important because the verification of
a well-known and applied law in physics proves that
any previously derived mathematical model for sim-
ple harmonic motion are still valid.

Mechanics of a Pendulum
Mathematically, modelling the motion of a simple

mass hanging from a string may not seem challeng-
ing, but after further examination can become quickly
complicated. Consider first the equations of motion

which govern the behaviour of the system. For an un-
damped pendulum, the equations of motion are only
governed by the value of gravity,

d2θ

dt2
+
g

`
sin θ = 0 (1)

which can be determined by Newton’s second law. In
the presence of damping, a velocity-dependent decay
must be accounted for[5], making (1) of the form

d2θ

dt2
+ k

dθ

dt
+
g

`
sin θ = 0. (2)

Equations (1) and (2) are valid for all angles and
require no approximations, so algebraic solutions for
explicit motion from which they yield are typically im-
possible to derive (these are chaotic systems). Rather,
to determine solutions, these equations may be solved
using the ‘small angle approximation’ method[2].

The small angle approximation requires taking
only the first-order term in the Taylor expansion of
sin θ, that is, sin θ ≈ θ, for θ � 1. Under this assump-
tion, equations (1) and (2) become simple second or-
der differential equations

θ̈ +
g

`
θ = 0 (3.1)

θ̈ + kθ̇ +
g

`
θ = 0 (3.2)
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where a ‘dot’ denotes a time derivative operation. In
the case of pendulum modelling, their respective so-
lutions are

θ(t) = A cos(ωt+ ϕ0) (4.1)

θ(t) = Ae−kt/2 cos (Ωt+ ϕ0) , (4.2)

where ω2 =
g

`
, Ω =

1

2

√
4ω2 − k2, k = 2/τ , and A is

initial release angle[2].
Generally, for a pendulum with angular frequency

ω =

√
g

`
, the period of the pendulum is similarly given

through the ω =
2π

T
relation, hence

T = 2π

√
g

`
. (5)

Theoretically, then, T is independent of the release
angle θ0, the mass m, and any damping terms, which
will be investigated throughout the analysis of this ex-
periment. For earth gravity, the approximation π2 ≈ g
may be made[1] so that the period may be written as

T ≈ 2
√
`. (6)

Now consider a more sophisticated model, such as
the one applied in this experiment. In the experimen-
tal setup, the primary source of damping is caused by
air resistance on the mass. For small masses, the drag
force may be written proportional to the cube of the
velocity[5],

FD =
1

2
ρβ|v|3 θ̂, (7)

where ρ is the fluid density, β is a constant established
by physical properties of the mass[2], and |v| = `|θ̇| the
absolute speed of the motion relative to the fluid ve-
locity.

For thin pendulum strings, the damping torque
caused by string motion may be neglected. Instead,
considering energy conservation for a pendulum re-
leased from initial anngle θ0,

m`2θ̇2 = mg`(1− cos θ0) =⇒ θ̇2 =
2g(1− cos θ0)

`
.

(8)
Invoking equation (9) into (8) yields the drag force

in terms of fluid velocity and initial release angle:

FD = ρβ`2g(1− cos θ0)θ̇, (9)

where it is assumed the force opposes the motion in
the θ̂ direction.

The equation of motion for the system may there-
fore be determined by equation (10):

F = FD + FG

=⇒ m`2θ̈ = −ρβl2g(1− cos θ0)θ̇ −
g

`
sin θ

=⇒ θ̈ = −k(m, θ0)θ̇ − ω2 sin θ (10)

where
k(m, θ0) =

βρg(1− cos θ0)

m
(11)

is the drag coefficient as a function of the mass and ini-
tial release angle, with units s−1, andω is as previously
defined. As mass increases, then, k should decrease,
and as mass decreases, k should increase proportional
to 1

m
[2]. It is important to note that the decay constant

is, theoretically, independent of string length. This is
as expected, since the drag force should only depend
on the topological properties of the bob.

For various given uncertainties, statistical analysis
yields that fractional uncertainties are given by

δz =

√√√√ k∑
i=1

(
δxi
xi

)2

z, (12)

which may be used to determine period and damping
uncertainties for a given k parameters. Lastly, χ2 fits
may be used in determining the quality of the fit:

χ2
r =

k∑
i=1

(
xi − xfit
σi

)2

. (13)

For a given set of data and a fit, a small χ2
r value (. 1)

typically implies an ideal fit.

Experimental Methods
To begin pendulum construction, a bag of glass

marbles of various sizes was purchased. These were
ideal bobs due to their sleek, uniform shape to mini-
mize external force effects, but also due to the range of
mass selection. Two marbles were chosen, a small mar-
ble of diameter 12.97±0.01 mm and mass 2.77±0.01 g,
and a large marble of diameter 35.36 ± 0.01 mm and
mass 58.75 ± 0.01 g. These attributes were measured
using a microscale and a caliber ruler. A roll of fine,
2.7 kg monofilament fishing line was purchased as
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string, since monofilament fishing line is stiff, air re-
sistance, and extremely lightweight.

Using an epoxy adhesive, the marbles were glued
to the tip ends of two fishing lines of long lengths.
Epoxy was used for its strength and smoothness once
adhered, and it was assumed that the mass of the
epoxy drop was negligible along with the string. To
mount the pendulum, an overhang in a ceiling was
found and a push pin pinned the end of the line into
the drywall so that the line directly hung straight
down and was not brushing up against anything. This
allowed the pendulum to swing symmetrically and
freely, and it was a rare occurrence to observe the mar-
ble swinging outside of the plane in which it was re-
leased in. The experimental setup is shown in Figure
1.

Trials took place in the presence of air damping. It
was assumed that the air density was approximately
1.204± 0.001 kg m−3 at 273± 1 K [4].

[Figure 1] The experimental setup used in this lab.
(Left) The small mass. (Right) The large mass. The
geometrical properties of these systems may be found
in Table 1.

Overall, seven trials were performed for various
string lengths, switching between the two marble
sizes. Only five trials were selected due to trouble with
Tracking mass positions. Each string length was mea-
sured with a ruler from the pivot point to the bob cen-
ter, and the trial data was recorded in Table 1. All of
the trials were filmed at 60 frames per second with

an iPhone camera until the pendulum’s amplitude ap-
peared to be virtually zero or uniform with a small
amplitude. Then, each of the videos were format-
converted and imported into the ‘Physlet Tracker’ ap-
plication to be analyzed. The uncertainty in angle
tracking was taken to be ±5◦, since this is the max-
imum angle-center of mass deviation which was ob-
served in the automatic tracking of the masses.

Data Analysis
Using the ‘Tracker’ application, the pendulum tri-

als were tracked and the data was exported into .txt

files of two columns: timestamps (s) and angles θ(t)
(deg). An instance of this is shown in Figure 7 (Ap-
pendix I). From here, the data was loaded into a
python file. The primary task was to fit the data to
determine and compare periods with expected val-
ues (Equation (5)), and determine the decay constant
and compare it with expected values (Equation (11)).
Overall, throughout the process of data analysis, lin-
ear and nonlinear methods were used to compare the
data with theoretical models.

To fit the data, an envelope method was used along
with a Fast-Fourier Transform (FFT) algorithm. For
each data set, scipy.signal.relargmax was used to
determine the local maxima of the data throughout
the timestamps, which was then curve fitted with
an exponential model function e−t/τ , where τ is de-
termined by k as in Equation (4.2). Equivalently,
scipy.signal.relargmin was used to determine the
envelope values of the lower bounds. The popt, pcov

values were extracted and utilized in the sinusoidal
motion fitting equation (4.2), hence determining the
decay constant and frequency for the mass in the data.

To determine the oscillation period, the
angle-dependent data was transformed using the
np.fft.rfft algorthim. The peak was determined us-
ing the scipy.signal.relargmax, from which the ap-
propriate oscillation was determined byN/(60∗ fpeak).
Each of these frequency values were computed from
the θ(t) data arrays by taking the maximum valued-
peak of the FFT data, since this resembled the most
prominent frequency in the data.

The decay constants for each trial, along with the
FFT-determined frequency, was plotted and compared
with expected values of the damping k defined in
equation (11), since k = 2/τ (Equation (4.2)) and the
period (Equations (5), (6)). This fitting process is de-
picted in Figure 2 for the instance of Trial 3.
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[Figure 2] The acquisition of measured decay con-
stant and frequencies via envelope fitting and Fourier-
Transforming for Trial 3. (Top) The envelope fit of the
data. (Center) The corresponding FFT depiction of
the initial data sample. (Bottom) The respective curve
fit, implementing the acquired data from enveloping
and the FFT-period.

Next, the corresponding damping coefficients
were plotted against the expected values as deter-
mined by Equation (11). A curve_fit was taken
out to determine the constant β, a constant which de-
pends on the topological properties of the mass in the
air flow[2]. A corresponding χ2

r value was obtained,
which will be described in the process of the uncer-

tainty propagation.
To begin uncertainty propagation, it was im-

portant to first consider the determination of curve
fitting error. All covariant errors determined
by curve fitting were acquired via the function
np.max(np.sqrt(np.diag(pcov[i]))), where the
[i] indicates the i-th parameter’s uncertainty, since
this determines the maximum uncertainty given via
the curve fit covariant matrix. A χ2 fit was carried
out to determine the quality of each fit using the FFT
period and envelope decay parameters, as given in
equation (13). This included any data compared
against the damping model (Equation 11). It is im-
portant to note that there are three sources of error
whilst comparing expected and fitted k values: δm,
δθ0, and the curve fititng covariant errors. The un-
certainties of the FFT peak transformations were de-
termined by taking the half-width of the peak, using
the scipy.signal.find_peaks function. Most uncer-
tainties were propagated in relative error (fractional
uncertainty), by which error manipulation is given by
Equation (12).

Lastly, a quantitative estimate of the pendulum
asymmetry was completed for each trial, which was
done by comparing the average amplitude value of
each trial with the zero (θ = 0 axis) of the rotation
axis defined in Tracker.

Results and Discussion
Overall, seven trials were performed, however two

trials were insufficiently Tracked and were discarded.
The trial information is found is Table 1.

Trial Mass (g) Mass-Pivot Approx. Release
±0.01 Length (cm) Angle (deg ◦)

±0.05 ±5

1 2.77 57.60 8

2 2.77 22.10 68

3 58.75 51.00 42

4 58.75 31.00 73

5 2.77 3.10 30

[Table 1] Controlled variables regarding each trial.
This table includes initial release angles, string lengths,
and masses with uncertainties.

First, the periods acquired by the expected rela-
tionship equation (5), the Fast-Fourier transform al-
gorithm, and the period approximation given in equa-
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tion (6) were catalogued in Figure 3 for comparison.

[Figure 3] Graphical depiction of the comparison of pe-
riod values. Errorbars are too small to be seen in the
plot. (Black) The expected period, as calculated by
Equation (5). (Magenta) The period computed via the
FFT algorithm. (Cyan) The period computed by ap-
plying the approximation formula (6). The residual
plot is shown in the lower-right hand corner.

Due to the small error differences in the residual
period, it can be said that the fitting and approxima-
tions of the periods were consistent with the theoreti-
cal prediction.

Drawing attention to the errorbar size, it is impor-
tant to notice that the Fourier-Transform errorbar in
trial 2 is widest, and this may be attributed to nonlin-
earities caused by drag on the small mass. The mass
used in this trial was light, so nonlinear damping ef-
fects were expected as in Equation (11). This may be
reflected in the trial 4 errorbar. Since the mass used
was larger, it would be expected that the drag effects
producing nonlinearities in the period are smaller,

hence implying thinner FFT-peaks. Otherwise, it is ob-
served that the period is independent of the release
angle and bob mass, and instead only string length.

Now, consider the damping effects of the pendu-
lum. Envelope functions were defined to extract the
characteristic time coefficient τ for each trial, as de-
scribed in the data analysis. These values were ex-
tracted from the curve fitting and included in Table 2
(Appendix II).

One crucial observation to be made from this data
is how the larger masses take significantly longer to
decay, as depicted by Equation (11). This implies a
small damping coefficient k. On another hand, it had
appeared how the initial release angle affected the de-
cay term. The larger the release angle, the lower the
decay time. Once again, this observation is consistent
with Equation (11), since as θ0 →

π

2
, |1− cos θ0| → 1.

The acquired damping constant data was plotted
along with the expected k value as determined by
Equation (11) and is shown in Figures 4 and 5. This
data was fitted to determine the constant which char-
acterized the drag in terms of the topological proper-
ties of the bob, and this value was determined to be
(125±1)×10−7m2 s. The respective χ2

r value was com-
puted to be 0.93, which implies that the relationship is
a relatively good fit for the data.

[Figure 4] Graphical depiction of the damping coeffi-
cient relationship between the mass of the bob and the
initial release angle. This model compares expected
data (shown in blue) in accordance with Equation (11)
with measured data obtained from envelope fitting,
shown in red.
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[Figure 5] The corresponding contours of the damping coefficient relationship. (Left) The mass-damping con-
tour, as projected from Figure 4 on the yz-plane. The respective contours of k(m, θ0) are shown. (Right) The
initial release angle-damping contour, as projected from Figure 4 on the xz-plane. All corresponding errorbars
are shown.

Shown in Figure 5 are the contours of the projected
and expected data from Figure 4 on the yz- and xy-
planes. It can be easily observed how the larger the
mass, the more significantly reduced the value of the
damping coefficient is. As stated before, k ∝ 1

m
. It

was noted that the measured data point for Trial 5
is relatively high, and this was be attributed to addi-
tional damping terms caused by restoring torques on
the fishing line because it was so short.

Applying the acquired data to a fitting function,
such as the one derived in Equation (4.1), curve fits
were taken out. An instance of this was previously
shown in Figure 2. Each χ2

r value was computed and
included in Table 2 (Appendix II).
[Figure 6] Arising nonlinearities in period value due
to the initial release angle and damping. (Top) Trial
1, released in a small-angle approximation. (Bottom)
Trial 3, released from an angle where the small angle
approximation failed.
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For all trials, nonlinearities were observed in the
pendulum’s dynamics as it swung, however these
were most prevalent in cases where the initial re-
lease angle θ0 violated the small angle approximation.
These nonlinearities were found to produce small fluc-
tuations in period measurements, which may be di-
rectly observed by examining the peaks of the FFT.
An instance of this is shown in Figure 6 for Trials 1
and 3. It was found through the comparison of the
other four trials that nonlinearities arised for values of
θ0 > 10◦ ± 5◦.

Lastly, the quantitative estimate of the system’s
asymmetry was assessed by invoked the process de-
scribed in the data analysis. This information is in-
cluded in Table 2 (Appendix II). It was found that the
estimate values were very small when compared to the
uncertainty of the angle tracking, and therefore errors
were omitted because each value was approximately
zero anyway. These estimates seemed to be so small
as to have no bearing on the behaviour of the system.

Conclusions
In conclusion, the period of a pendulum is inde-

pendent of its release angle θ0, its mass m, and the
characteristic decay time τ , which is consistent with
the theoretical model (Equation (5)). Furthermore, it
was found that the approximation T ≈ 2

√
` is valid for

determining period values.
It was concluded, by using a Fast-Fourier trans-

form algorithm, that period fluctuations are more
prominent for release angles violating the small an-
gle approximation. For the system constructed in this
experiment, the maximum release angle which kept
the bob in the small-angle régime was approximately

10◦ ± 5◦. This period information is located in Figure
3 and in Table 2 in Appendix II.

After fitting the data and establishing an efficient
fitting method, it was verified that pendulum decay
is exponential. This is most prevalent in cases where
the small angle approximation is valid, as decay times
become more unstable as the initial release angle is in-
creased. Due to this exponential decay property, mo-
tion of a pendulum may be modelled as in equation
(4.2)[1],[2].

The determined decay constant fit appropriately to
the model k(m, θ0) = (125± 1)× 10−7(m2s) gρ/m(1−
cos θ0), verifying that the drag on the mass was pro-
portional to the cube of the velocity. These relation-
ships between k,m, and θ0 are shown in Figures 4 and
5. The respective decay times were then determined
by τ = 2/k, and these values may also be found in
Table 2 in Appendix II.

Due to the quality of the experimental setup, there
is minimal asymmetry in the system and in the data
acquired from the video footage. These estimates were
always often less than one degree, which allowed for
an excellent comparison with the theoretical model.

Lastly, it is recommended to not use 2.7 kg fishing
line for short pendulums, as a restoring force is estab-
lished in the line resistance. This increases nonlineari-
ties in the system and the drag-torque imposed on the
mass. While tracking in Tracker, it is highly recom-
mended to use a mass of a different color than the wall,
else the tracking may become highly chaotic. This is
what was noted to change for the next experimental
setup, however it is unclear how these variables affect
any of the final results.
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Appendix I: Large Figures
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Appendix II: Data Table of Results

Trial Mass Mass-Pivot Release Decay Expected FFT Approximate Estimated Curve
Length Angle Time Period Period Period Asymmetry Fit

(g) (cm) (deg ◦) τ (s) Texp (s) TFFT (s) Tapprox (s) (deg ◦) χ2
r

±0.01 ±0.05 ±5 ±0.01 ±0.01 (×10−14)

1 2.77 57.60 8 90 1.53 1.52 1.52 1.56 0.14
±2 ±0.02

2 2.77 22.10 68 41.9 0.96 0.92 0.95 1.64 0.93
±0.6 ±0.09

3 58.75 51.00 42 221 1.45 1.43 1.45 1.67 2.07
±1 ±0.03

4 58.75 31.00 73 363 1.15 1.14 1.14 4.19 0.89
±4 ±0.01

5 2.77 3.10 30 4.7 0.39 0.38 0.39 0.53 8.22
±0.2 ±0.01

[Table 2] The data table including every acquired result from the five trials completed. (Col. 1) The trial
number. (Col. 2) The mass utilized. (Col. 3) The pendulum string length. (Col. 4) The initial release angle,
accounting for Tracking error. (Col. 5) The decay constant, determined by envelope fitting. (Col. 6) The
expected period value, from Equation (5). (Col. 7) The period obtained by taking the maximum FFT peak
value. (Col. 8) The approximate period, as given in Equation (6). (Col. 9) The estimate asymmetry of the
pendulum, as described in the data analysis. Due to the small estimate values, uncertainties were chosen to be
omitted in this column for the sake of not neglecting small estimate values. (Col. 10) The χ2

r value produced
from curve fitting each of the data sets.
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